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PREFACE

This text is intended as an introduction to the renormalization group
(RG) in physics. The term ‘“group,” when used in this context, is
somewhat misleading because the renormalization transformations do
not form a mathematical group (there is no inverse transformation),
and one rarely needs the machinery of group theory in applying RG
methods. It is also misleading to refer to the RG as if it is a
well-defined mathematical procedure. Although a great deal of for-
malism has been developed for the RG in field theory and in statisti-
cal mechanics, RG approaches have been applied successfully to a
large variety of problems in physics, ranging from classical mechanics
to the ground states of quantum many-body systems.

By treating examples taken from these diverse fields which contain
all of the characteristics of more complex RG calculations, but which
are mathematically transparent enough so that one does not get
bogged down in formalism, we hope to bring out the essential features
they share in common. For this reason no attempt has been made to
treat the RG in field theory, a discussion of which is beyond the scope
of this text.

The underlying philosophy of the book is that one learns best by
doing, and therefore problems are included at the end of each
chapter, which hopefully illuminate and extend the material covered
in the text. Some of the problems require simple numerical calcula-
tions for which a microcomputer should prove adequate.

xiii



Xiv PREFACE

The text is intended for use in a one-semester second- or third-year
graduate course. Although we have done everything possible to make
the book as self-contained as possible, due to the diverse nature of the
material covered, we must rely on the student to have a good under-
graduate background in classical mechanics, statistical physics, and
quantum miechanics. ,

If imitation is the greatest flattery, then this text flatters many. By
design we cover a wide range of fields and can claim expertise in none
of them. Therefore, we are forced to borrow heavily from the litera-
ture. )

Several texts and review articles exist that treat the RG within the
more restricted context of field theory and statistical physics, and they
are highly recommended as supplements to this book. The standard
against which any text on RG theory is measured is Ma’s excellent text
Modern Theory of Critical Phenomena. More recently, and at a more
introductory level, is Introduction to the Renormalization Group and to
Critical Phenomena by Pfeuty and Toulouse. For those who have more
of an inclination toward field-theoretical methods, we recommend
Field Theory, the Renormalization Group and Critical Phenomena by
Amit. We should also mention the review article by M. N. Barber,
“An Introduction to the Fundamentals of Renormalization Group in
Critical Phenomena” [Phys. Rep. 29C 1 (1977)] and of course the
standard review of Wilson and Kogut, “The Renormalization Group
and the e-Expansion” [ Phys. Rep. 12C 75 (1974)].

We would like to thank the Fereydoon Family for many helpful
suggestions and Michael Schick and Per Hemmer for elucidating their
work on RSRG calculations for two-dimensional Ising models. We
would also like to thank M. Mesa, C. Sisson, and J. Lane for help in
preparation of the text and figures.

R.J. CrEswick
H. A. FaracH
C. P. PooLk, Jr.
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SELF-SIMILARITY
AND SCALE INVARIANCE

1.0 INTRODUCTION

Although the renormalization group (RG) is not restricted to the
study of systems at their critical points, it is here that it has achieved
its greatest success. This is fortunate because in the critical region the
traditional tools of the physicist, principally perturbation theory, fail
completely. The critical behavior of a system is characterized by a loss
of scale; the system fluctuates strongly at all wavelengths and there is
no natural “small parameter” on which to base a perturbation expan-
sion. The critical point is also characterized by nonanalytic behavior in
the various correlation functions of the system; so again perturbation
theory cannot be expected to yield good results. In this chapter the
concepts of scale invariance and self-similarity are introduced through
the fascinating class of geometric objects called fractals [5, 8].

An object is self-similar if every part of the object, when magnified
by a suitable scale factor, is identical to the original object. A related
and stronger property is scale invariance, which can be thought of as
self-similarity on all scales.

The idea of dimension plays an important role in RG theory, and
the structures that one encounters at the critical point of a system do
not always fit into our intuitive idea of dimension. To begin, we define
the “Euclidean” dimension d as the dimension of the space in which
the system resides; this will always be an integer, 1, 2, 3, and so on.

1



2 SELF-SIMILARITY AND SCALE INVARIANCE
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Fig. 1.0.1 Covering the plane by circles of radius a. The minimum number needed is
N(a) ~a~ 2

The “topological dimension” d; of a curve or surface conforms to our
intuitive idea of its dimension. A continuous curve has topological
dimension 1, a continuous surface has topological dimension 2, and so
on.

Because a curve or surface cannot have a larger dimension than the
space in which it is embedded, we have d, < d. We now define a third
dimension, which we denote by D, called the fractal (or Hausdorff)
dimension. A fractal is an object with a nonintegral dimension. This
term was coined by Mandelbrot [5] who has more or less single
handedly brought fractals to the attention of physicists.

The fractal dimension may be defined as follows: Cover the object
whose dimension you wish to find by d-dimensional balls’ of radius a,
and let the minimum number of balls needed be N(a). Then the
fractal dimension D is defined by

N(a)~a® a—0 - (1.0.1)

A ball in a space of dimension d is the generalization of a ball in three-dimensional
space (the interior of a sphere). The 1-ball of radius a is a line segment of length 2a,
a 2-ball is a disk of radius @, and so on. '

1.1 SELF-SIMILARITY AND DIMENSION OF CANTOR SETS 3

Equation (1.0.1) is an example of a scaling relation. We say that the
number of balls scales with the radius, and the scaling exponent,
which in this case is D, is the fractal dimension. o
The fractal dimension D satisfies the inequality
p

dy<D<d (1.0.2)

That D < d is clear; no curve, no matter how convoluted, can do

more than fill the space in which it is embedded. The lower limit is

also clear; an object must at least have a dimension equal to that of its
elements.

Clearly, (1.0.1) gives us the answer we should expect for a smooth
curve or surface: This is shown in Fig. 1.0.1 for the case of a square
(d, = 2) in which the fractal dimension is the same as the topological
dimension, d; = D = 2. To see that this is not always identical to our
usual notion of dimension, we now consider the case of Cantor sets.

1.1 SELF-SIMILARITY AND DIMENSION OF CANTOR SETS

Many of the self-similar geometric structures that we will consider are
constructed recursively, and this is nicely illustrated by the Cantor set
in Fig. 1.1.1.

Take a line segment (d = 1) of length a, and divide it into thirds;
remove the middle third. Repeat this process with the remaining two
line segments and so on ad infinitum. In the limit one is left with a
countable set of isolated points so d, the topological dimension, is 0
and the Euclidean dimension is 1. Now let us calculate the fractal
dimension of the preceding Cantor set using the prescription (1.0.1).

The covering “balls” in this case are simply line segments, and as
the length of these segments is reduced, more and more of the
structure of the Cantor set is revealed. The simplest approach is to
choose line segments of length a = a,37", n = 1,2,3,... . At the nth
level of detail, we will need N(a) = 2" line segments to completely

Fig. 1.1.1 Recursive procedure leading to
- a e e = = = = a Cantor set.



4 SELF-SIMILARITY AND SCALE INVARIANCE

cover the Cantor set. The dimension can then be determined by
eliminating #»:

In(a/a,)
= —— 1.1.1
" In3 (1.1.1)
We have N(a) = 2" or
In(a/ay)
N(a) = 2[— In3 ]
g \—(n2/ln3)
= (a—o) | (1.1.2)
which by (1.0.1) gives
D n2 0.6309 ' 1.1.3
I3 (1.1.3)

The Cantor set is self-similar in the following sense. Imagine taking
a part of the set, for example, the first third, and magnifying, or
rescaling, the unit of length by a factor of 3. The resulting set is again
a Cantor set and indistinguishable from the original set. The Cantor
set is also scale invariant because it looks the same on any length
scale. There is no smallest length scale beyond which the set looks
“smooth,” but rather one encounters structure on all scales, and this
is just what is reflected in the scaling relation (1.0.1). -

The calculation of the dimension of the Cantor set can be reformu-
lated by making direct use of its self-similarity. Because each piece of
the Cantor set is itself an identical Cantor set apart from a scale
factor, we can write for the previous example,

N(a) = 2N(3q) (1.1.4)

That the same function N appears on both sides of (1.1.4) reflects the
self-similarity of the Cantor set.
Assuming that (1.0.1) holds, we have

D =2.37D.g7D (1.1.5)

1.2 _.FRACTALS 5

or
1=2-3"P (1.1.6)

from which (1.1.3) follows immediately.

For many years Cantor sets were familiar only to mathematicians,
but recent work in the field of nonlinear dynamics has brought them
to the attention of physicists. In Chapter 2 we will see that the
trajectory of a simple two-dimensional map is a Cantor set in the
chaotic region of parameter space.

1.2 FRACTALS

It is possible to construct self-similar structures like the Cantor set in
higher Euclidean dimensions as well. Consider, for example, the
“triadic Koch island” (Fig. 1.2.1).

. /\

Fig. 1.2.1 Triadic Koch island [5].
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The boundary is formed by taking each side of a unit equilateral
triangle, dividing it in thirds, and erecting on the middle third another
equilateral triangle of side 1/3. As with the Cantor set, this process is
repeated for each element of the boundary ad infinitum, and the
resulting curve has a dimension greater than 1 but less than 2.

The fractal dimension of the triadic Koch island can be calculated
just as for the Cantor set. In this case the Euclidean dimension is 2,
and we are interested in the number of 2-spheres (circles) needed to
cover the boundary. After each iteration there are four times as many
sides as in the previous iteration, each of which is one-third as long.

Fig. 1.2.2 Quadric Koch island [5].

12 FRACTALS 7
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Fig. 1.2.3 The Sierpinski carpet.

Therefore, the number of circles needed to cover the boundary
increases as

N(a) = 4N(3a) (1.2.1)
from which we conclude that the fractal dimension is

D In 4 1.262 1.2.2
=5 =1262... (1.2.2)

In Problem 1.2 you are asked to calculate the dimension of the
quadric Koch island shown in Fig. 1.2.2.

As a final example, we consider the Sierpinski carpet (Fig. 1.2.3),
which is a generalization to two-dimensional Euclidean space (d = 2)
of the Cantor set. In this case the unit square is divided into nine
squares, the middle square is removed, and the process is repeated for
the remaining eight squares ad infinitum. In this case the topological
dimension d; = 1, and we have

N(a) = 8N(3a)

In8 (1.2.3)
D=——=1.8928...
In3



8  SELF-SIMILARITY AND SCALE INVARIANCE
1.3 FRACTALS WITH MORE THAN ONE SCALE FACTOR

Thus far we have considered fractals that are generated by taking an
elementary geometrical figure (the generator) and scaling each part of
it by » < 1. More general fractals can be created by allowing each
element of the generator to be scaled independently by a factor 7,
i=1,...,N,where Lr; < 1 for a generator of N components.

The simplest example of this is again a Cantor set in which we
introduce two scales r, and r,. As before the Cantor set is con-
structed recursively by taking a line segment of unit length and
dividing it into segments of length r,, 1 —(r; +r,), and r, and
removing the middle segment. This procedure is illustrated in Fig.
1.3.1 for r, = 0.4 and r, = 0.25 [4]. Each of the remaining segments is
treated in the same fashion ad infinitum.

As before, let N(a) be the number of line segments of length a
needed to cover the Cantor set. We now make explicit use of the
self-similarity of the Cantor set by observing that the subsets that lie
in the intervals [0, 7,] and [1 — r,, 1] are identical to the whole set
apart from a scale factor. ’

Imagine that we have covered the whole set with line segments of
size a. Now take the left part of the set in the interval [0, r,;] and
magnify, or rescale, it by a factor of 1/r,. The covering line segments
also become rescaled. Because this part of the set is similar to the
whole set, on rescaling it actually becomes congruent, and so the
number of covering line segments on the left part of the set is
N(a/r,). The same argument can be made for the right part of the set
with scale factor 1/r,. Therefore, we have

N(a) =N(i) +N(—a~) (1.3.1)

81 Ty
Because we expect N(a) ~ a~ P, we find immediately that

rP+ry =1 (1.3.2)

Fig. 1.3.1 Cantor set with two scales, r; = 0.40 and r, = 0.25. For further details see
Halsey et al. [4].

1.4 DIMENSION OF THE RANDOM WALK 9

In the general case where the generator is composed of n elements,
the fractal dimension is determined by

n
Y er =1 (fl 3.3)
i=1
For the Cantor set of Fig. 1.3.1, D is approximately 0.611.

1.4 DIMENSION OF THE RANDOM WALK

The scale-invariant objects we have studied thus far have been rather
artificial, and here we shall consider a problem of a more physical
nature, the random walk (RW). Random walks underlie the whole
important field of stochastic processes, including Brownian motion
and diffusion. ,

First, we will address the question of the dimension (in the fractal
sense) of an RW in a space of Euclidean dimension d > 2. A random
walk is made up of statistically independent steps r of fixed length a,
with the direction of each step arbitrary or unrestricted. The mean
distance from the starting point can be determined by calculating the
mean square of the net displacement

M
R= ) (14.1)
i=1

By symmetry, after M steps the mean displacement is (R) = 0.
Because the individual steps are statistically independent, (r; * rj) =0
if i # j, and we have

M M M
(IR*) = 21 Zl<r,~ ‘1) = Y (r?)y = Ma} (1.4.2)
i=1j= i=1

and the root mean square (RMS) displacement is

R =V(RI”) =VMa, (1.4.3)

Now let us assume that M > 1 and that we divide the random walk
of M steps into n subwalks of M/n steps. Taking 1 < n < M, the
preceding argument can also be made for each of the subwalks; the
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RMS distance covered by each subwalk is
r(n) =Vna, (1.4.4)

Thus the random walk of M steps each of length g is self-similar to
the RW of M /n steps, each of length \[n_ao.

The statistics of these “coarse-grained” steps is discussed in Sec.
1.6. Here we will assume that we can treat the coarse-grained RW as a
new RW with step size a = Ve a,. For large n the relative error made
in treating the step size as fixed is negligible. Let N(a) be the number
of balls of radius a needed to cover the walk. If we take a = a,, then
let us assume that in general we need

N(ag) ~ M (1.4.5)

balls to cover the walk. However, if we subdivide the walk into M /n
subwalks of n steps, then we can, as we have argued previously, treat
this as a new random walk with step size a = \/r7a0 of M/n steps. By
(1.4.5) we then have ‘

M
N(Vnag) ~ — (1.4.6)
Putting these two relations together, we have
N(a) = nN(\/rT;z) (1.4.7)
From which we see that
N(a) ~a™? (1.4.8)

and the fractal dimension of the random walk is D = 2. It is interest-
ing to note that the dimension of an unrestricted random walk is
independent of the Euclidean dimension of the space in which the
walk takes place (so long as d > 2).

The preceding argument is only heuristic, and a more complete and
.rigorous treatment will be given in Sec. 1.6.

We really ought to call the assumption of (1.4.5) into doubt.
Essentially what it says is that on the smallest scales, where the
covering balls are just one step in size, we need one such ball for every
step of the RW. This is a good assumption if the RW turns out to be
fairly ramified, that is, if D < d. For d = 2, (1.4.5) is certainly not

1.5 ANATOMY OF A RENORMALIZATION GROUP TRANSFORMATION 11

consistent with D = 2, although this turns out to be correct also in
d = 2. In two dimensions the balls of radius a, do overlap frequently.
We can, however, argue that even for d = 2, (1.4.5) is reasonable. The
RW will essentially cover an area ~ R?, and so the number of 2-balls
needed to cover this area is '

RZ
N(ay) ~ 3 ~ M (1.4.9)

where we have used (1.4.3). In d = 1, the RW completely covers the
line and so D = 1 as well.

4

1.5 ANATOMY OF A RENORMALIZATION
GROUP TRANSFORMATION

Now that the ideas of scale invariance and self-similarity as applied to
the RW have been discussed, we are ready to embark on our first RG
calculation. Before we do, it is a good idea to try and formulate a
general notion as to just what is an RG. ,

Although RG transformations on parameter space do not actually
comprise a mathematical group, there is very often a kind of invari-
ance principle at work. For example, we shall see in Chap. 4, when
RGs for equilibrium critical phenomena are constructed, the partition
function is invariant under the RG transformation. In the case of the
RW to be considered presently, the RG is constructed in such a way
as to keep the RMS length of the random walk invariant; in the case
of the self-avoiding walk, Sec. 1.7, the RG keeps the generating
function invariant. )

RG calculations generally are composed of two steps. In the first
step, which is sometimes called “decimation” or “coarse graining,”
one “averages out” a subset of the degrees of freedom of the system.
Usually this set includes the degrees of freedom which vary on very
short scales, the motivation being that at the critical point the behav-
ior of the system is dominated by fluctuations on arbitrarily large
scales.

The second part of the RG transformation, called rescaling, is to
redefine the unit of length. The scale factor, which we shall denote by
b, is the ratio of the coarse-grained unit of length to the original unit
of length. In the first step, coarse graining has smeared out everything
so that the smallest scale on which the system changes has been
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increased. In the rescaling part of the RG, the unit of length is
redefined so that, in terms of the new length scale, this smallest
distance is restored to its original value.

As a result of these two operations, the parameters of the system
h s k=1,2,. for example, the coupling constants in a Hamilto-
nian, will be renormahzed The equations relating the new, renormal-
ized, parameters A, to the original parameters h; are called the RG
equations, which we may formally express as

K, = R.({}}) (1.5.1)

Imagine for the moment that for an initial choice of parameters hj-c)
the renormalized parameters tend, under repeated applications of the
RG, to a fixed point A},

nh_rg) h = Rk(Rk( ... n renormalizations Rk(hgc)) . ) - ki (15.2)
Equation (1.5.2) implies that in the limit of many renormalizations,
corresponding to very large length scales, the system and its renormal-
ized copy are identical. If we now recall that the unit of length has
been rescaled by a factor b in the RG, we see that the system is in fact
self-similar at a fixed point of the RG. The special set of values ("
for which (1.5.2) holds defines the “critical surface” in parameter
space, which includes, but should not be identified with, the fixed
point. Another way of putting this is the critical surface is the “basin
of attraction” of the fixed point of the RG transformation.

The scaling behavior characteristic of systems near a critical point
follows in a very natural way from the properties of the RG equations
in the neighborhood of a fixed point. Near the fixed point the RG
equations can be linearized. Writing h;, = h} + g, with |g,| < 1,

Z ah’ (1.5.3)

The general solution of this set of linear equations can be expressed in
terms of the right eigenvectors of the linear operator 9k}, /dh; = R,;:

R, ¢\ = XMpr 1.54
- ijry i
J

1.5 ANATOMY OF A RENORMALIZATION GROUP TRANSFORMATIbN 13

Generally, the operator R, ; j is not symmetric, and a complete solution
of the linearized RG equations also requires the left eigenvectors ¢(”)
which obey the relation

Y R, = APGD (1.5.5)
k

The left and right eigenvectors are orthonormal
Z(Z)'gcn)(ﬁ;cn,) = 6nn’ (156)
k

and complete

L b = 8 (1.5.7)

If the initial point in parameter space is close to thc fixed point, we
can use (1.5.7) to write

&= 2" (1.5.8)
where

= Y %, (1.5.9)
k

is the amplitude of the scaling field ¢ at the point h* + ¢,. If the
eigenvalue A associated with the eigenvector ¢{® satisfies [A"] < 1,
then on repeated application of the RG, u, tends to 0 and we say that
¢™ is “irrelevant.” On the other hand, if |A*| > 1, then u, increases
exponentially, and ¢™is said to be “relevant.” If |\"| = 1, then ¢ is
“marginal.”

In order for the trajectory in parameter space to reach the fixed
point, the amplitudes of all the relevant scaling fields must vanish. If
there are r relevant scaling fields, this places r constraints on the
initial set of parameters, and unless there are as many physically
adjustable parameters, the fixed point will be inaccessible. Or, to put
it another way, physically realizable Hamiltonians will comprise a
subspace in parameter space which is generally much smaller in
dimension than parameter space itself. The intersection of the sub-
space of physical Hamiltonians and the critical surface defines the set
of physically accessible critical points. This set can be a single point, as
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in the case of an ordinary ferromagnet, a line as one finds in the
superfluid transition in He*, or possibly a set of even higher dimen-
sion.

To put this general discussion on a more concrete basis, consider
the critical properties of a magnetic system. The parameter space in
this case will consist, first of all, of the temperature and external
magnetic field, both of which are “physically adjustable parameters”
in the sense of the preceding paragraph. In addition, the Hamiltonian
will depend on the exchange couplings between spins. For the sake of
argument, let us assume that the original Hamiltonian contains a
coupling between pairs of nearest-neighbor spins only. Under the
action of the RG, couplings between second-neighbor spins and
four-spin interactions may emerge. It is usually the case that an RG
transformation produces a proliferation of new couplings, and one is
generally forced to truncate parameter space at some point. For a
more complete illustration of this point, see Chap. 6.

If any of these new couplings are relevant with respect to the fixed
point of interest, then, because we have no control over their ampli-
tude, the fixed point will be unstable.” é

1.6 RENORMALIZATION GROUP ANALYSIS
OF THE RANDOM WALK

The usefulness of the RG approach is well illustrated by the example
of the RW. In order to make the calculation easier, we relax the
constraint that each step in the RW is of length g, and let the length
of the step be governed by the Gaussian probability distribution

p(r) = (2770()2)-d/2 exp[— %} (1.6.1)

The direction of each step is still unrestricted. Typically, in RG
calculations one is not interested in the microscopic behavior of the
system, but rather its large-scale properties. The natural thing to try
then is to ‘“‘average out” the small-scale details. This process is also

TOf course properly speaking all nontrivial fixed points are unstable because there
must be at least one relevant scaling field to yield critical behavior. However, within
the context of the literature on the RG, we call a fixed point stable if there are as
many physically adjustable parameters as there are relevant scaling fields. In many
cases there is just a single relevant scaling field.
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sometimes referred to as “coarse graining.” For the random walk,
coarse graining, can be accomplished by constructing the probability
distribution P(r’), where r’ is a new random variable related to the
old variables by
;
n
r= ) (1.6.2)

i=1
Note that r’ is a “rescaled step” in a new random walk. The probabil-

ity distribution for r’ is given by

P(') = [dr, - - -drna(r’ - éri)p(rl) woop(r) (1.6.3)

If the Dirac delta function is represented by its Fourier transform, the
integrals over the old variables can be performed, giving

dk ol
-wmﬂg—mw

exp

P(r) = (1.6.4)

(27T)d.

The integral over k can also be performed, which yields for the
coarse-grained probability distribution

1 Ir'|?
P(r') = )d/z exp — [naz] (1.6.5)

(2mnog 0

Note that this distribution is of the same form as the original; the only
difference is that the parameters (in this case there is only o) are
changed. The coarse-grained o is given by

o' =Vno, (1.6.6)

The second step in the RG procedure, called “rescaling,” is to
redefine the unit of length. We choose to construct the RG in such a
way as to preserve the width of the Gaussian. This requires that we
define rescaled random variables r”:

r'=vVnr" (1.6.7)
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The rescaled probability distribution P(7”) is related to P(r’) by
P(r')d%r = P(x")d*r" (1.6.8)

which gives for the renormalized probability distribution

(r") }

@mad) [" 208

P(r") = (1.6.9)

(Note that d%' = n%/?2d%".) The renormalized probability distribu-
tion is identical in form to the original, and the full renormalization
group equation for o is

o® =g, (1.6.10)

Because o remains unchanged by the RG procedure, it is a “margi-
nal” variable. )

A consequence of the identity of the original and renormalized
distributions is that there is no way of distinguishing, by any of its
statistical properties, a random walk from its renormalized copy,
which is illustrated in Fig. 1.6.1. This is what is meant by self-similarity
in a probabilistic context. '

Returning to (1.6.6), consider the RMS distance R(M) covered by a
walk of M steps. R(M) must be a function of M and the typical step
size o. Because o is the only quantity in the problem with the
dimension of length, we can assume that R is given by

R(M,c) ~ oM” (1.6.11)

Note that (1.6.11), like (1.0.1), is a scaling law and embodies the idea
that, at least in a statistical sense, the trajectory of a random walk is
self-similar. From (1.6.6) and the observation that the coarse-grained
random walk is of M’ = M /n steps, we must have

v

oM” = ﬁa(%) | (1.6.12)

from which we conclude that the scaling exponent » must be 1/2. The
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(b)

Fig. 1.6.1 (a) Random walk. () Renormalized copy' of random walk shown in (a).

relationship between the scaling exponent » and the fractal dimension
of the random walk is evidently

y=— (1.6.13)

This result is quite general (Prob. 1.4), although for other kinds of
random walks, for example, the self-avoiding random walk, which does
not permit self-intersections, the exponent v will take on a different
value. :

The RG equation (1.6.10) given above for the random, walk is
typical of “Gaussian” models in that we have constructed it in such a
way that the coefficient of the Gaussian term ¢ remains invariant
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under the RG transformation. The model is so simple, however, that
most of the details of a general RG outlined in Sec. 1.5 are missing.
Therefore, let us generalize the simple Gaussian model (1.6.1) to
include a systematic drift in the direction r,, and take for p(r):

(r — ro) 1.6.14
p(l’) - (2170_2),1/2 €Xp 20_2 ( eV )
Coarse graining just as in (1.6.2) to (1.6.5), we find
, 1 (r — nro)2 615
p() = (2'77'ncr2)d/2 exp 2no? (1.6.15)
The coarse-grained parameters o' and ry, are therefore
o' =vVno : (1.6.16)
ry = nr, (1.6.17)
If we now rescale as in (1.6.7), the RG equations are
o® =¢ (1.6.18)
r® =vVnr, (1.6.19)

Again by construction o remains unchanged under renormalization,
whereas r scales with n as Va. In the language of the RG, the
systematic drift r, is a relevant variable and the scaling exponent for r
is 1/2. For a given value of o, the RG equations (1.6.18) and (1.6.19)
have fixed points (o,r = 0) and (o,r, = ). The first fixed point,
which we call the Brownian fixed point, corresponds to the pure or
unbiased random walk. To interpret the second fixed point, let us
calculate the dimension of the walk. The RMS distance covered by a
walk of M steps governed by (1.6.14) is

VARZ) = YM7r} + Mo (1.6.20)

For M large the first term dominates and the number of spheres of
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(@)

(c)

Fig. 1.6.2 Random walk with a drift term. (a) A small segment of the walk is shown
and should be compared with the pure random walk, Fig. 1.6.1a. (b) A larger scale
view of the same walk shows one-dimensional behavior beginning to emerge. (c) At
even larger scales the random component of the walk is much less noticeable and its
ultimate one-dimensional nature emerges.

size a needed to cover the walk is just

N(a) ~ % (1.6.21)

and the dimension of the walk is D = 1. ’

The Brownian fixed point is unstable with respect to inclusion of a
drift term in the distribution function. For |r|/oc < 1 the walk looks
Brownian, or two dimensional, on small scales, but as one examines
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the walk on larger and larger scales it crosses over from being two
dimensional to one dimensional. This is illustrated in Fig. 1.6.2.

1.7 UNIVERSALITY CLASS OF THE RANDOM WALK

Here we consider a simple extension of the probability distribution
(1.6.1) to include any distribution that is a function of the magnitude

of r only
p(r) = p(Irl) (1.7.1)

In addition to the Gaussian distribution considered in the previous
section, the family of distributions we are now considering also in-
cludes the case of a random walk of fixed step size a, for which the
distribution is (in three dimensions)

—a) * (1.7.2)

p(r) - 47ra?

The only restriction, besides (1.7.1), which we place on the probability
distribution is that all the moments of the distribution be finite.

We again want to construct the probability distribution for the
coarse-grained step

- ¥, (1.7.3)

i=1

- which, with the help of the Dirac delta function, can be written as

P(r) = fd Fiseoordir, 6(1‘— Zr)p(rl) .op(r,) (1.7.4)

Introducing the Fourier transform of the delta function, (1.7.4) be-

comes

dk
2m)"

P(r') = [ e~ [(emry]" (1.7.5)
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where

(efTy = fddre'k r (I’)
= g(k) | (f1.7.6)

The function g(k) is sometimes called the characteristic function of
the probability distribution p(r). It can be thought of as a generating
function for the moments of p(r) because any moment of p can be
calculated by taking the appropriate derivatives of g. In order to
evaluate g(k), we invoke the cumulant expansxon (see App. A), which
tells us that

(™) = exp(ik (1) = 3 Lk, k,((ror) = (r)(r)) + )
| (1.7.7)

By symmetry (r) = 0, and defining the matrix of second moments,
ol =r,r,) — (r,)(r,) =038, (1.7.8)
the coarse-gained distribution now becomes

'k
P) = [ Gye N re e (1.7.9)

The contribution of the higher cumulants to the integral in (1.7.9) can
be neglected for large n. To see this, let us assume that the Gaussian
part of the exponent dominates the integrand. Then the integrand will
be appreciable only for

1
k~

(1.7.10)

2
nog

In the mt.h cumulant there are m factors of k, and so the mth
cumulant is of order n'™™/2 and can be neglected for large » and
m > 2. The remaining integration is Gaussian and we finally find for
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the coarse-grained distribution

1 1 ')

P(I") = W eXp(—E;;g) (1.7.11)

We have arrived back at the starting point of the previous section,
with a Gaussian distribution, and we can now simply follow the same
steps that led to the scaling behavior (1.6.12).

The observation that coarse-grained random variables are governed
by Gaussian distributions was first proved by Bernoulli and is usually
referred to in probability theory as the “law of large numbers.” In the
context of RG theory, we would put things a little differently and say
that all probability distributions of the form (1.7.1) belong to the same
universality class. By this we mean that in the limit of very long
random walks (very many independent statistical events), all random
walks of this class have the same statistical properties. In particular,
the RMS distance R covered by such a walk will scale with N as

R~ N2 (1.7.12)

1.8 REAL-SPACE RENORMALIZATION GROUP
FOR THE SELF-AVOIDING RANDOM WALK'

The unrestricted random walk is physically interesting as a micro-
scopic model of the diffusion of noninteracting particles and Brownian
motion. A type of restricted RW called the self-avoiding random walk
(SAW) is also interesting physically as a model of the behavior of long
chain molecules. .

The probability distribution (1.6.1) is not a very realistic model of a
real linear polymer, and so it is interesting to explore models that
embody some of the properties of real polymers. A very detailed
account of these various models can be found in the text by Freed [3].

A SAW is any connected path on the lattice that does not intersect
itself, Fig. 1.8.1. This restriction models in a simple way the short-range
repulsive force between monomers in a long polymer, and therefore
the SAW has been considered a good statistical model for the config-

In the literature one generally distinguishes between RG transformations formulated
in terms of the degrees of freedom at each point in real space, and those formulated
in terms of the degrees of freedom in momentum space. The former is called the
real-space renormalization group (RSRG).
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Fig. 1.8.1 A SAW Note the E{bsence of self-intersections.

urations of this important class of molecules. Just as for the unre-
stricted random walk, we expect that the characteristic length of a
SAW will depend on the number of steps (monomers) according to a
scaling law of the form

R~N" (1.8.1)

Unfortunately, because of the complicated geometrical constraint
on self-intersection, we cannot construct the renormalized probability
distribution for the SAW in closed form as we did for the RW.

Define M,(R) to be the number of SAWs of n steps that connect
the origin to the point R. M, (R) is a rapidly increasing function of n,

- and for fixed n these walks will cover a typical distance R, as given in

(1.8.1). Then the mean square displacement for all SAWs of n steps is

LxIRI"M,(R)

2y
<Rn> - ZR]‘ln(l{)

(1.8.2)
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One possible approach to solving this problem is to explicitly enumer-
ate all the walks of n steps and evaluate (1.8.2) directly, but this
program can only be carried out for n < 100 even on large computers.
We can make some progress if we borrow a trick from statistical
mechanics and introduce a “grand canonical” ensemble in which
walks of all values of n are included.

In going from the canonical (fixed number of particles) to the grand
canonical (variable number of particles) ensemble, one takes the
canonical partition function Z,_, weights it with z”, where z = eP* is
the fugacity (u is the chemical potential), and sums over n to give the
grand canonical partition function

0(z) = Y27, (1.8.3)

In the same way let us assign to each step in the walk a weight K so
that walks of n steps receive a weight K” and form the “generating
function” G(K), where

G(K) = Y K") M,(R) (1.8.4)

The generating function allows us to study the whole range of SAWs
rather than SAWs with a fixed number of steps. The correlation
length ¢(K) is defined in a way analogous to (1.8.2)

ZRzanlanMn(R)
G(K)

E(K) = (1.8.5)

The correlation length may be thought of as the typical size of a
walk for given fugacity K. The number of SAWs of n steps, M, =
YrM,(R), is a rapidly increasing function of n, whereas, for K <1,
K" is rapidly decreasing. Assuming M, does not increase faster than
exponentially, the product of these two factors in the sum (1.8.4) will
therefore have a sharp maximum for a particular value n = n(K). By
varying K we can therefore study the entire family of SAWs. For
small K only SAWs of finite length contribute to the generating
function. As K increases so does ny(K), and finally as K approaches
the critical value K_, ny(K) diverges and the generating function
exhibits singular behavior. It is the region K < K, that will yield
information about the incipient infinite SAW.
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In order to clearly establish the connection between the critical
behavior of the generating function and the scaling law (1.8.1), let, us

assume that for large n, M, is given by (see [6] for details)
M, ~ K "n?"! (1.8.6)

Each term in the sum (1.8.5) is then

K"M, = exp{nIn K/K_ + (y — 1)ln n} (1.8.7)
The value of ny(K) is determined by the condition that the expo-

nent in (1.8.7) be maximal. Differentiating with respect to n, we see
that n,(K) is given by

no(K) = E(Yz?/—% (1.8.8)
As K = K, ny(K) does indeed diverge as
K. -K\'
Jim ng(K) > (v - 1)( e ) (1.89)

The peak in the function K"M,, is very sharp, and the sum (1.8.5) will
therefore be dominated by terms with n = n,. Assuming that R,
scales as in (1.8.1), we have

K

lim £(K )~ (K=K}
m — Ry ~
Jim §(K) = ng(K) ) (1.8.10)

We see from (1.8.10) that the class of incipient infinite SAWs
corresponds to the critical value of the weight factor K = K, and by
(1’.8.10) as the critical value is approached the typical length of a walk
diverges with the critical exponent » defined in (1.8.1). This is the
com}ection we were looking for which allows us to transcribe the
scaling law R ~ N into the language of critical behavior and the RG.
Tf(le problem now is to formulate the RG for the generating function
G(K).

In (1.8.4) the weight associated with each SAW depends only on the
puml?er of nearest-neighbor steps or “bonds.” It is, however, easy to
imagine generalizing the generating function by introducing a weight
K, for each pair of next-neighbor sites visited by the walk, K, for
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third neighbors, and so on. In this way the generating function can be
formulated in such a way as to contain whatever statistical information
about the SAWSs one is interested in. Let us denote this general set of
parameters by {K,} and the generalized statistical weight function by
W(T,{K,}), where T stands for a particular SAW (or “graph”).

The object of the RG transformation is to map all SAWs I' on the
original lattice which connect the origin to a point R, to a single SAW
I" on the coarse-grained lattice. In order to preserve the statistical
properties of the SAW, the statistical weight associated with I must
equal the sum of the statistical weights of the walks that map into r,

W, (K)) = T W(E(K) (1.8.11)

The symbol I' € I" indicates that the sum is over all SAWs T that
map under the RG into I".

Following Shapiro [10], we construct an RG that maps a segment of
a SAW with fugacity K within a region of size b on the original lattice
to a single step in a SAW with fugacity K’ on the coarse-grained
lattice. It then follows that the renormalized correlation length ¢'(K')
is related to the original correlation length by

£(K) = b&'(K') (1.8.12)

where b, the scale factor, is the ratio between the coarse-grained
lattice spacing and the original lattice spacing. If K is the only
relevant parameter near the fixed point, then ¢&'(K) is the same
function of K as &(K).

Consider the cell of bonds shown in Fig. 1.8.2 for which b = 22, 9,
11]. A vertical step in the renormalized SAW (with renormalized
fugacity K') is given by all SAWs in the cell that start at the lower-left
corner of the cell and exit the top edge. Similarly, all SAWs in the cell
that start at the lower-left corner and leave the cell by the right edge
map into a single horizontal step on the coarse-grained lattice. By
symmetry the sum over the weights of all SAWs in either case is the
same, so it is sufficient to consider only the SAWs that map into a
vertical step..

Note that not all SAWs on the original lattice map unambiguously
to a SAW on the coarse-grained lattice if we use the simple one-
parameter weight function of the corner rule. Figure 1.8.3 shows two
SAWSs on the square lattice. In Fig. 1.8.3a the corner rule with the
nearest-neighbor fugacity K gives the proper renormalized weight on
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o o
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Fig. 1.8.2 Cell of bqnds (b = 2) for the RSRG for the self-avoiding walk.

the coarse-grained lattice, whereas in Fig. 1.8.3b the corner rule does
not give the weight associated with the renormalized walk. To obtain
the proper result, one needs to introduce weights associated with
second- and third-neighbor sites. This approach has been explored by
Napiorkowski, Hauge, and Hemmer [7], and a similar calculation for
the Ising model is described in detail in Chap. 6.

Figure 1.8.4 shows the SAWs that contribute to a vertical step in
the renormalized SAW together with their proper statistical weights.
The renormalization transformation is therefore

K'=K*+ 2K% + K? (1.8.13)

The ﬁx;l points of this transformation are the two trivial fixed points
K* = 0 (finite SAWs), K* = « (lattice filling SAW), and the nontriv-
ial fixed point K* = K_ = 0.4655..., which is the fixed point of
interest and corresponds to the incipient infinite SAW.

In order to determine the exponent v, we must examine the
renormalization equations in the neighborhood of the nontrivial fixed
point K . For K slightly smaller than K_, the renormalization trans-
formation will drive K to 0, whereas for K greater than K, repeated
applications of (1.8.13) drive K to «. For K < K_, we assume that
£(K) diverges as K — K, according to

§(K)~IK-KI™” (1.8.14)
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(@) (b
Fig. 1.8.3 (a) A SAW on the square lattice that maps properly under the corner rule
to a SAW on the coarse-grained lattice. (b) A SAW that does not transform properly
under the simple corner rule with nearest-neighbor fugacity only. After Redner and
Reynolds [9].

Because K’ is an analytical function of K, we have

(K - K,) (1.8.15)

, lﬁK' .
K-Kc_ﬁ( c)

Putting this together with (1.8.12) gives

K’ -
- V= ||—(K K—-K,|™" 1.8.16
K-k = |Gl K-k s
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Fig. 1.8.4 SAWs in the cell of Fig. 1.8.2 that contribute to the renormalized fugacity.

Solving for », we find

Inb

Vv =

i = 0.715 (1.8.17)

In W(KC)

The values K, = 0.4655 and v = 0.715 should be compared with the
best numerical estimates [10]

K, =0379

(1.8.18)
v = 0.74-0.75
Typically, the accuracy of RGs formulated on small cells is difficult
to establish a priori, but can be systematically improved by considering
larger cells (see Prob. 1.5) [9].
Note that because v is larger for the SAW than for the RW, a SAW
of N steps has a greater RMS size than the RW of the same number
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of steps. This is reasonable as the SAW cannot double-back on itself.
Also the fractal dimension d = 1/» = 1.34 is smaller than that of the
RW, reflecting the greater ramification of the SAW.

When the scaling properties of two RWs are the same, as in the
examples considered in Sec. 1.7, we say they belong to the same
universality class. On a microscopic level the two types of walks may
look very different—for example, one may be made up of steps with
fixed length, whereas the other may have steps of all possible
length—and yet on a sufficiently large scale they are indistinguishable.

On the other hand, if we consider the SAW, because it scales
differently from an RW, as reflected in the exponent v, we say that
the SAW belongs to a different universality class than the RW.

PROBLEMS

1.1 Calculate the dimension of the Cantor set shown in Fig. 1.P.1.

1.2 Calculate the dimension of the quadric Koch island shown in
Fig. 1.2.2.

1.3 As an alternate definition of the fractal dimension, consider a
hypersphere of radius R, and let the number of points of a set
within R be N(R). Then N(R) will increase as

N(R) ~ RP
Use this definition to derive the relationship between the expo-

nent v and the fractal dimension (1.0.1).

1.4 As a variation of the RG transformation, (1.6.16) to (1.6.19),
choose the scale factor so that the RMS distance covered by the
walk is invariant (instead of the coefficient of the Gaussian

S Ny

}q——z/s __[l< s {‘ 2/5

1 [

Fig. 1.P.1 Recursive procedure for Cantor set for Prob. 1.1.

1.5

1.6

1.7

1.8

1.9
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Fig. 1LP2 A Siepinski carﬁet [5].

term). Rederive the RG equations. In this formulation are o
and r relevant, irrelevant, or marginal?

Eind the RG transformation for SAWs on a 3 X 3 cell. Write a
simple computer program to find the fixed point and evaluate v.

Calculate the fractal dimension of the Sierpinski carpet shown
in Fig. 1.P.2.

What is the dimension of the two-scale Cantor set if r; = 0.5
and r, = 0.257

Calculate g(k) explicitly for the distribution (1.7.2). Find the
ﬁrsF two nonvanishing moments and estimate the value of n for
which the Gaussian approximation is valid.

Calculate the fractal dimension of the Sierpinski sponge shown
in Fig. 1.P.3 [1]. Note that in each iteration a six-pointed star,
something like a child’s “jacks,” is removed from each elemen-
tary cube. What is the topological dimension of the sponge?
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1.10 Using the same corner rules of Sec. 1.8, construct the RG for

the simple cubic lattice.
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RENORMALIZATION GROUP
APPROACH TO CHAOS

2.0 INTRODUCTION

We continue our study of RG methods in physics with an example
taken from the literature on chaos in nonlinear dynamics. Good
reviews of the subject are Helleman [15] and Hao [14]. Once the basic
concepts of chaotic behavior have been described and the motivation
for studying mappings is established, we will examine the theory of the
onset of chaos through a sequence of period-doubling bifurcations due
to Feigenbaum [6-10]. The universal behavior of one-dimensional
maps is demonstrated by Feigenbaum’s functional renormalization
method. In section 2.3 we discuss the structure of the aperiodic
attractor. We then present an approximate RG due to Helleman for
treating two-dimensional maps [12], which is very close in spirit to
Feigenbaum’s method. ‘

One of the most active areas of physics in the past few years has
been the study of nonlinear dynamical systems. Nonlinear dynamics is
at least as old as Newton and one may well ask: Why is this area so
active today? The reason is that, except for a few visionaries such as
Poincaré, it was not until recently that the implications of “noninte-
grability” were fully appreciated. Much of the renaissance of interest
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in problems in nonlinear dynamics can be ascribed to the extraordi-
nary growth in computer technology in recent years.

A typical course in mechanics deals in problems that are essentially
one dimensional; either there is a single degree of freedom, or there
are enough conservation laws to reduce the problem to one dimension
by quadrature. Problems that do not fall in this category, such as the
three-body problem, are ‘“unsolved,” although one has the vague
notion that, given sufficient computational resources, a solution of
arbitrary accuracy can be constructed for any set of initial conditions.
The situation in nonlinear dynamics is actually much worse than this.
It is not that the solutions to most of the problems of interest are
known, or at least known to exist. Rather, the set of problems we
know how to solve is of measure zero; the rest are nonintegrable.

For the moment, consider Hamiltonian systems. One might take the
point of view that even if it is not possible to construct an analytic
solution, or express the solution in terms of integrals of the motion,
one can always construct a “numerical solution.” To qualify as a
solution of Hamilton’s equations, the result of any numerical process
must be stable; otherwise there is no way to estimate the accuracy of
the method. For most Hamiltonians, no such guarantee of stability can
be made and so in this sense the numerical solution also may not exist.

The equations of motion of a system are integrable if there exists a
sufficient number of conserved analytic functions of the ‘coordinates to
completely specify the orbit. Put another way, it is possible to con-
struct, either analytically or by a convergent canonical perturbation
series, the action-angle variables of Hamilton—Jacobi theory. When
this program fails, when the action integrals are nonanalytic functions
and the canonical perturbation series does not converge, the system is
called nonintegrable. '

A good way to contrast integrable and nonintegrable systems is to
look at the behavior of two nearby orbits. If the system is integrable,
then each orbit will be specified by the values of the integrals of the
motion. Because these are analytic functions of the coordinates and
momenta, the difference between the values taken by the integrals of
the motion for two nearby orbits will also be small. If we follow the
evolution of these two orbits, they will move apart for short times at a
rate proportional to the time (Prob. 2.1). On the other hand, if the
system is nonintegrable these integrals of the motion do not exist and
two nearby orbits will generally diverge exponentially. .

If all of the phase space is this pathological, that is, if every orbit
diverges exponentially from nearby orbits, then a single orbit comes
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Fig. 2.0.1 Poincaré map for the Henon-Heiles Hamiltonian. Figures on the left are
several orbits calculated by computer. Figures on the right are orbits of the map
calculated by canonical perturbation theory. Note that the scattered points for
E = 1/6 are intersections of a single chaotic orbit [10, 17]. See also [13].
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arbitrarily close to every point in phase space: The system is ergodic
and mixing. Clearly, there is little interest in constructing such an
orbit because a small change in the initial conditions leads to a
completely different (also phase space-filling) orbit. However, the
ergodicity of the system leads to a new level of simplicity: We know
from statistical mechanics that when the system is ergodic time aver-
ages over a particular orbit can be replaced by phase space averages,
and so the statistical properties of the system can be calculated.

The structure of phase space in the generic case is much more
interesting than either the completely integrable or ergodic cases.
According to the KAM [14, 1, 16] (Kolmogorov, Arnold, and Moser)
theorem, there are regions of phase space where the system is inte-
grable as well as regions of nonintegrability, and what is worse, the
regions of integrability and nonintegrability are nested one inside the
other on all scales in phase space. This situation is illustrated in Fig.
2.0.1 for the famous Henon—Heiles Hamiltonian

B4 ) ety - b (o)

which was developed to model the motion of stars in the galactic disk.
The figures shown [10, 13, 17] are called Poincaré maps, and are made
by taking a cross section of the three-dimensional energy surface in
phase space. ,

The orbit of the system is confined to the energy hypersurface by
energy conservation, and every time the orbit crosses the plane of
intersection a dot is drawn on the figure. Note that at low energy
(E = 1/12 in dimensionless units), the true orbits lie very close to
those calculated from canonical perturbation theory [13, 17]; the
system appears to be regular and integrable. However, as the energy is
raised, “chaotic” regions appear along with some islands of integrabil-
ity. Note that in the chaotic region all the dots are made by a single
orbit. Finally, at an energy of 1/6, the chaos is widespread.

One might be tempted to say that for low energy the Henon—Heiles
Hamiltonian is integrable. Certainly the perturbation calculation gives
very good results. However, if one were to make an enlargement of
the region around one of these supposedly integrable orbits, one
would find a thin region called a stochastic layer in which the orbits
are chaotic. As the energy increases, the width of the, stochastic
regions increases and eventually they merge into large-scale chaos. A
similar situation is illustrated in Figs. 2.0.2a and b for the intersecting
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Fig. 2.0.2 (a) Stroboscopic map for the infefsecting storage ring equations (2.0.2) [5].
(b) Magnified view of the circled region in Fig. 2.0.2a4 showing chaotic behavior. All
points belong to a single chaotic orbit.
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storage ring model [5]

S )P
Q! ,
P, = —SQY, + CP, + BF(Y,,,) (2.0.2)

Y1 =CY, +

I

C = cos(27Q) S = sin(2w Q) F(Y) = 1_2/[1 _ e—y2/2]

From the upper half of Fig. 2.0.2a you would guess that the system is
integrable, but a closer examination, as in the blowup of the circled
region of Fig. 2.0.2b, reveals chaotic behavior. Again remember that
all the dots in the chaotic region are created by a single orbit.

One of the consequences of nonintegrability is the difficulty in
predicting the long-time behavior of dynamical systems. If a small

error is made in the initial conditions, this error will grow exponen-

tially with time, and eventually one will have no idea what the system
is doing. To extend the time over which the orbit can be followed with
confidence, the error in the initial conditions must be reduced by
others of magnitude. One of the central problems in nonlinear dynam-
ics is estimating the degree of chaotic behavior and the time scale over
which an orbit can be followed with confidence.

A related problem, which is of importance to statistical physics,
is the transition to chaos that occurs when the stochastic layers
merge and the last vestiges of integrability disappear. As stated by
Boltzmann, in order to apply statistical mechanics to an isolated
system, it must be ergodic. The assumption is usually made that any
system with a large number of degrees of freedom is ergodic, but this
has been proved in only a very small number of cases. We observed
for the Henon—Heiles Hamiltonian that the degree of chaotic behav-
ior increased with the energy. If the “transition to chaos” for a large
system occurs at an energy E(N), where N is the number of particles,
then the behavior of E(N) in the thermodynamic limit determines
whether the system is properly ergodic or not.

2.1 ONE-DIMENSIONAL MAPS AND THE PERIOD-DOUBLING
ROUTE TO CHAOS

For many purposes it is more convenient to study discrete dynamical
systems, or dynamical maps, rather than their underlying differential
equations. This approach is convenient because it lends  itself to
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numerical studies carried out by computer. Indeed, the work of
Metropolis, Stein, and Stein [15] laid the foundation for the discovery
by Feigenbaum that the period-doubling route to chaos is universal [2,
4-8].

The simplest dynamical map is the one-dimensional map, which we
write in the form

Xpr1 = f(x,,C) (2.1.1)

The constant C, called the control parameter, plays the role of an
adjustable parameter such as the energy in the Henon-Heiles system,
the Reynolds number in a flow, or the temperature difference in a
Rayleigh—Bernard cell. By varying C we can control the degree of
nonlinearity of the map. For definiteness and to make contact with the
original papers of Feigenbaum [4-8], we will take for f the well-known
logistic map

f(x,C) =4Cx(1 —x) (2.1.2)

We should emphasize, however, that the theory we are about to
develop is completely independent of the particular choice of the
function f(x,C). For example, we might consider the map

f(x,C) =Csinmx (2.1.3)

which is of historical interest because it was the comparison of the
period-doubling sequences of (2.1.2) and (2.1.3) that led Feigenbaum
to the observation of universality in period doubling. The “fig tree”
diagram of bifurcations of this map is shown in Fig. 2.1.1 and should
be compared with that of logistic map (Fig. 2.1.2). If f(x,C) is
monotonic, then the behavior of the iterates is qualitatively simple.
Nontrivial maps are “folded over,” that is, they exhibit an extremum,
and in the generic case the second derivative of f at the extremum
does not vanish. Therefore, the theory of Feigenbaum covers most
one-dimensional maps.

The simple graphical construction in Fig. 2.1.3 shows that the map
has a fixed point or period-1 orbit, which is given by

xj = f(x5,€) (2.1.4)

If we set x, =x, in (2.1.1), we obtain x,,, = x,, so the point is
“fixed.” If we now consider small perturbations around the fixed
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Fig. 2.1.1 Period-doubling sequence for the sine map, Eq. (2.1.3).

point, these perturbations will tend to 0 so long as
|£(x5,0)] < 1 (2.1.5)

In this situation we say the period-1 orbit is an “attractor.” The
stability of the period-1 orbit is illustrated in Fig. 2.1.4. Note how the
iterates of the map rapidly converge on the fixed point.

As the control parameter C increases, the magnitude of the slope
of the map at the fixed point also increases, and at some value
C = C,, condition (2.1.5) will be violated. In this case, the period-1
orbit is unstable, and a stable period-2 orbit emerges as shown in Fig.
2.1.5. The period-2 orbit is given by the pair of equations

x=1k = f(x?;’c) (2.1.6)
x5 =f(x1,C)
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Fig. 2.1.2 The full sequence of period-doubling bifurcations for the logistic map
leading up to the aperiodic or chaotic attractor at C,.

The phenomenon of a period-1 orbit becoming unstable and a stable
period-2 emerging is called a “pitchfork bifurcation” or a period
doubling. As C is increased still further, the separation between the
period-2 iterates increases as shown in Fig. 2.1.6. At the value C = C,,
the period-2 orbit becomes unstable and bifurcates in turn into a
stable period-4 orbit. The elements of the period-4 orbit are given by
the set of four coupled equations

xg =f(x1,C) x5 =f(x3,C)

(2.1.7)
x5 = f(x¥,C) xg = f(x%,C)
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Fig. 2.1.3 The logistic map f(x,C) for C = 0.50. The intersection of the graph of f
with the line y = x is the fixed point x,.
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Fig. 2.1.4 Orbit of a point within the basin of attraction of the period-1 attractor.
The iterates can be determined graphically as shown. Logistic map, C = 0.75.
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Fig. 2.1.5 Orbit attracted to the period-2 attractor. Logistic map, C = 0.80.

Fig. 2.1.6 The first two bifurcations of the logistic map, Eq. (2.1..2).
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Fig. 2.1.7 The function f®(x) and f(x). Note that for the penod 2 orbit of f(x),
X, X, are fixed points, or period-1 orbits of f@(x).

i

In general, we define C, to be the value of C at which the period-2*
orbit becomes unstable.

We now want to argue that this sequence of period doublings
continues ad infinitum, and that the period of the attractor increases
exponentially as the control parameter approaches a finite limit. The
first step in this demonstration is to show that each successive bifurca-
tion follows recursively from the previous one. Therefore, we begin by
studying the first bifurcation.

As shown graphically in Fig. 2.1.7, each of the elements of the
stable period-2 orbit of f(x,C) is a period-1 orbit, or fixed point, of
the map f®(x,C) = f(f(x,C), C) formed by composing f with itself.
The function f®(x,C) possesses a simple quadratic extremum and
each of its period-1 orbits will in turn become unstable and bifurcate
into a pair of stable period-2 orbits as the control parameter is
increased beyond the value C,. This simple observation is essential to
understanding the infinite sequence of period doublings because now
we can take f@(x, C) as our map.

The elements of these two stable period-2 orbits of f@(x,C)
comprise a stable period-4 orbit of the original map. Following the
same line of reasoning, each of the elements of the period-2 orbits of
F®(x,C) are period-1 orbits of f@(x,C) = f@(f@(x,C),C). Note
that although f®(x, C) can be regarded as the fourth iteration of the
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original map f(x, C), we can build it from f®(x,C) and do not need
to make reference to f(x, C) itself.

One might think that as this line of reasoning is followed the
proliferation of period-1 orbits will quickly render the problem in-
tractable, but it turns out the behavior of the map at each fixed point
is identical, so we only need to focus our attention on one of them.

To see this, consider the map f®(x,C), which in the range
C,_, < C < C, will have 2" stable period-1 orbits. The set of fixed
points of f@7(x,C) are the elements of the period-2" orbit of f. The
stability of each of these orbits is governed by the condition that the
magnitude of the slope of f@(x,C) at the fixed point be less than
unity, (2.1.4). Differentiating the map, one finds by the chain rule that
the slope at one of these period-1 orbits is

2n—1
: ifa")(x,c) = f(x%,C) (2.1.8)

dx x=x* k=0
Thus the slope of the map f®”(x,C) is identical at each of its fixed
points, and all 2" period-1 orbits will simultaneously bifurcate at the
value C,,.

To summarize, we have first demonstrated the mechanism by which
a stable period-1 orbit bifurcates into a stable period-2 orbit. The
recursive nature of the period-doubling sequence then follows from
the observation that all of the 2” period-1 orbits of f®"(x,C) bifur-
cate simultaneously, that is, for the same value of C = C,.

Several successive period doublings are illustrated in Fig. 2.1.8.
There are two important observations to make with regard to this
figure. The first is that the sequence of values C,, C;, ... at which the
bifurcations take place continually become more closely spaced, and
in fact they converge geometrically to a finite value C,,

lim C, — C, ~ 87* (2.1.9)

k— 00

In addition, the ratio of the spacing A, between the kth and k + 1st
branches of the “fig tree” tends to a finite limit

. Ay
lim
ko Apyq

Sa (2.1.10)

The remarkable discovery of Feigenbaum is that the values of the
parameters o and & are universal for the broad class of one-dimen-
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Fig. 2.1.8 Scaling properties of the period-doubling éequence.
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sional maps that we have defined, and they take on the Values

a = 2.50290787...

(2.1.11)
= 4.6692016. ..

The scaling properties of the orbits reflected in (2.1.9) and (2.1.10)
and the universality of the period-doubling scheme are a strong
indication that the recursive nature of successive bifurcations be-
comes, in the asymptotic limit, self-similar. The universal nature of the
period-doubling, or Feigenbaum, sequence can be understood by
taking the recursive procedure outlined previously and using it as the
basis of an RG on the space of functions with a quadratic maximum.

2.2 RENORMALIZATION THEORY OF THE UNIVERSALITY

- OF PERIOD DOUBLING IN ONE-DIMENSIONAL MAPS

As we have argued previously, to clarify its general properties, we
need to consider the behavior of the map in the neighborhood of only
one fixed point, and for the logistic map it is convenient to focus our
attention on the fixed point closest to x = 1/2.
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Fig. 2.2.1 The maps f(x,A,) and f®(x, A,) for the period-2 superstable orbit.

At C = C, the slope of f(x¥,C,)is —1 and the slope of f®(x§,Cy)
is therefore +1. As C is increased the elements of the period-2 orbit
separate until at the value C = A, one of the fixed points is at
x = 1/2 and the slope vanishes. This situation is shown in Fig. 2.2.1.
[By symmetry the point x = 1/2 is an extremum of fXx,C).)]
Because the magnitude of the slope determines the rate at which
iterates converge to the attractor, when the slope vanishes the attrac-
tor is said to be superstable. In fact, one can show (Prob. 2.3) that the
iterates converge faster than exponentially.

In general, we define A, to be the value of C at which one of the
fixed points of f@(x,C) lies at x = 1/2,

FEE0,) =4 (2.2.1)

Figure 2.2.2 shows in a similar way f@(x, A,) and f®(x, A,) for the
superstable period-4 orbit. If we compare these two figures in the
neighborhood of x = 1/2, the first thing we notice is that in Fig. 2.2.2
the “circulating square,” that is, the area containing x = 1/2 and its
image under the map, is reduced in size by a factor «,. Defining the
distance of the fixed point from x = 1/2,

d, =@ (50,) — 3 (2.2.2)
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Fig. 2.2.2 The maps f®(x, A,) and f®(x, A,) for the period-4 sur‘J‘ersAtable orbit.

the ratio «,, is given by

a, = — , (2.2.3)

The minus sign in (2.2.3) is introduced because the fixed point
closest to x = 1/2 shifts from left to right of 1/2 in successive
self-compositions, as can be seen by comparing Figs. 2.2.1 and 2.2.2

If we now take the region enclosed in the dotted square in Fig. 2.2.1
and first reflect f@(x, A,) in the point x = 1/2, y = 1/2 and then
rescale by the factor a, we see, as shown in Fig. 2.2.1, that this
“renormalized” map resembles quite closely the original map. Simi-
larly, applying the renormalization transformation (reflection and
rescaling) twice to f®(x, A,), we get a map that is nearly indistin-
guishable from the renormalized f®, as shown in Fig. 2.2.3.

If the renormalized and original maps were exactly equal, then the
sequence of bifurcations would be exactly self-similar. Once we had
worked out the first period doubling, all the rest would follow auto-
matically. Although the first few renormalized maps differ slightly, as
we consider maps of higher and higher degree of composition and
renormalization, the transformation converges rapidly to a unique,
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Fig. 2.2.3 Comparison of the original map and the renormalized versions of the
maps f®(x) and f®(x) after shifting the origin of the coordinates.

universal limiting function, which Feigenbaum [4-8] calls g(x).
At this point it is convenient to shift the origin of coordinates by
x = x — 1/2. Then g,(x) is given by

X

g.(x) = ’}i_EI:O(_a)"f(z")( i /\n+1) (2.2.4)

In fact, one can define a family of universal functions g,(x) by
n n x '
£.(x) = lim (=)' 20, (2.25)
n—>® (81

It then follows (Prob. 2.4) under composition and rescaling that

gr-1(x) = —ag,(gr(x )) (2.2.6)

(43

Taking the limit r — o, or in (2.2.5) keeping A fixed at the special
value A, leads to the Feigenbaum-Cvitanovic universal function
g(x), which is a fixed function of the RG, and which, by (2.2.6),
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satisfies
g(x) = ——ag(g(z)) (2‘.2:\.7")

The solution to the Feigenbaum—Cvitanovic equation (2.2.7) is uflique
if we specify the order of the maximum (quadratic in this case) at
x = 0 and the scale of g(x) by requiring that g(0) = 1. One can in
fact show that if g(x) is a solution of (2.2.7), then g,(x) = ng(x /) is
also a solution (Prob. 2.5). The first scaling parameter « is then given
simply by

1
g(1) = —— (2.2.8)

The RG transformation, which we call T, acts on a function §(x)
according to the rule

Tw](x) = —aw(u] )] (229)

The universal function g(x) is a fixed point (in the space of functions)
of T,

g(x) = T{](x) BENCERT)

whereas the action of T on the sequence of universal functions g,(x)
is given by

g,-1(x) = T[g,](x) (2.2.11)

In order to complete our analysis of the asymptotic properties of the-
period-doubling sequence, we must extract the second universal scal-
ing parameter & from the RG theory.

As with any RG calculation, we are interested in the behavior of
the transformation not only at the fixed point, but also in the neigh-
borhood of the fixed point. This is where we discover scaling behavior,
and so it should not come as any great surprise that 8, which governs
how the sequence of universal functions g, converges to g, is the
single relevant eigenvalue of the RG transformation linearized about
the fixed point.

The function g,(x) for large r is a good approximation to g(x), but
by (2.2.11) we see that on repeated applications of T we move away
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from the fixed point in the sequence g,, 8,_, 8,_,,... . Therefore,
the fixed point is unstable and the asymptotic properties of the
bifurcation sequence are determined by a relevant scaling field, which
we call A(x), and its associated eigenvalue 8.

First, we linearize the transformation T about the fixed point g(x),
defining the linear operator L by

1 ,
LI](x) = lim —[T[g + ev](x) ~g(x)]  (2212)
Explicitly, by (2.2.9), L is given by

L) = el (s ol )+ ole( )

Because Ag,(x) = g(x) — g,(x) is small for large », we can apply L to
Ag,, which gives

(2.2.13)

L[Ag,]

~T|g—Ag,] +g
= -T[g,] +g=4¢,, (2.2.14)

by (2.2.11). Using the explicit form of L, (2.2.13), this becomes

el e 2] ae o] -

The operator L is indepehdent of the index r, and therefore we can
solve (2.2.15) by a “separation of variables” and assume that the
solution can be written in the form

Ag.(x) =p,h(x) (2.2.16)
Substitution of (2.2.16) into (2.2.15) then yields
p,L[k](x) = p,_,h(x) - (22.17)
For this equation to hold for all » and x, we must have

L[h](x) = 8h(x) (2.2.18)
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where & is a constant and therefore
ap r = p r—1
which has the solution r

p,=08" (2.2.19)

To finally identify the eigenvalue 8 of the linearized RG transfor-
mation with Feigenbaum’s universal parameter, we must show that in
fact the values of the control parameter for superstable orbits A,
converge geometrically to A, according to (2.1.9). The careful reader
will have noticed that in (2.1.9) 8 is defined in terms of the values C,
at which the bifurcations take place, not the values A,. Because the A,
are bounded by C, and C,; and because we have firmly established
the smooth scaling properties of highly iterated maps, we are safe in
assuming that if the A, converge geometrically, so will the C;. Return-
ing to the definition of A g, (x), we see that asymptotically, that is, for
large r, g,(x) is given by :

g.(x) = g(x) — 8 "h(x) (2.2.20)

Let us now define Ag,(x) =g,, (x) — g,(x). From the definition
of the g,, (2.2.5), we have

g n n x n X
Agr(x) = nh”rgo(—a) [f(z )(E?An+r) _f(z )(E’ An+r+1)]
(2.2.21)

and by (2.2.20)
Ag,(x)=6""Ag,_\(x) (2.2.22)

which can be written as

n n x n X
lim (— ) [f(Z )(Tv/\nﬁLr) ___f(2 )(——ann+r+l)]
n—o a a
L en( * e X
= 5 lim f (?_’?An’-kr—l —f -6.27’/\"’+r (2223)

Hn—> 0
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Taking #n' = n + 1 on the right-hand side then gives, for large n,

X X
(2/1) _ _ 2" e
f (an ’/\n+r) f( )( n7/\n+r+1)

I

For convenience we now set x = 0, r = 0, and by (2.2.24) we have

f(zn)(O’ /\n) - f(2")(0, An+1) s - (%)[f(Z"“)(O’ An) - f(2n+l)(0? An+1)]
(2.2.25)

Because we are only interested in asymptotic properties, we can relax
the restriction that » is large and extrapolate (2.2.25) back to n — 1,

f(zn)(o, /\n) - f(zn)(o, An+1) ~ (— g) [f(l)(o’ An) . f(l)(()’ )"”'H)]
(2.2.26)

Multiplying both sides by (—a)” and using the fact that f®(1/2,C)
= (C yields

£1(0) — &0(0) = 8"(A, 11 — A,) (2.2.27)
Because g,(0) — g,(0) is a constant of order unity, we have

1. An —An—l 5
m-——-——-= L
Jim | (2.2.28)

from which it follows that A, — A, ~ 87" in agreement with (2.1.9).

2.3 GLOBAL STRUCTURE OF THE APERIODIC ATTRACTOR

By construction, the region around the maximum of g,(x) accommo-
dates a period-2 orbit, g,(x) accommodates a period-4 orbit, and in
general g,(x) will accommodate a period-2” orbit in the same region.
The limiting function g(x) accommodates the entire aperiodic (or
chaotic) attractor. What is perhaps more surprising is that, apart from
a trivial translation and scale factor, this attractor is universal for all

o n+l n+1 X ‘
_(6)[f(2 )(a,,+1,/\ ) —-f¢ )(an+1,,\n+r+1)] (2.2.24)
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quadratic maps. That is to say the sequence of iterates of the point
x = 0 for the special value C = C,, of any map will be identical, and in
particular it is equal to the sequence generated by the universal
function g(x) itself.

Let us denote the elements of the attractor by x,, x,, xf,...,
where x, = 0 and

%01 = 8(x,) (23.1)

By (2.2.6) it follows that the subset of even iterates xg, X,, x4...
reproduces the entire sequence scaled by —1/a«,

xk = _aka (2.3.2)

To see this, first observe that, because g(0) =1, x; =1 and x, =
—1/a, so (2.3.2) is correct for k = 1. Substituting (2 3.2) into (2.2.7)
then gives

X =8(X5_1)

ax2k~2))
a

= ax,, (2.3.3)

= "048(8

which proves (2.3.2) by induction. Therefore, the even elements of the
aperiodic attractor reproduce the entire attractor scaled by «, the set
of every fourth element reproduces the entire set scaled by a?, and so
on. This self-similarity is just what we have come to recognize as the
hallmark of a fractal, in this case, a Cantor set. Unfortunately, the
odd iterates are not so well behaved, and although they resemble
the original set scaled down by a?, there is some “distortion,” and the
aperiodic attractor is only approximately described as a Cantor set
with two scales, « and «?. In fact, the aperiodic attractor contains an
infinite number of scales. However, within the “two scales” approxi-
mation the dimension of the aperiodic attractor is given by

1 1
a_D + -a% = 1 . ’ (2.3.4)

This gives D = 0.524, which is close to the exact value D = 0.538 [9].
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24 RENORMALIZATION THEORY
OF TWO-DIMENSIONAL MAPS

Now that we have established the universal nature of the period-dou-
bling route to chaos for one-dimensional maps, it is important to
extend these insights to higher-dimensional maps. First, very few
dynamical systems are one dimensional, and yet many physical systems
have been found that exhibit period-doubling routes to chaos. Also, all
one-dimensional conservative systems are, as was mentioned in Sec.
2.0, integrable and therefore incapable of complicated behavior. Nu-
merical experiments, however, show that conservative systems in higher
dimensions are indeed capable of complicated behavior, and in partic-
ular period doubling to chaos. In this section we present an approxi-
mate RG treatment of the period-doubling route to chaos due to
Helleman [13].
A general two-dimensional mapping can be expressed as

X1 =F(x,,9,)

(2.4.1)
Yer1 = G(x,, yt)

Two-dimensional maps can be classified as conservative or noncon-
servative (dissipative) depending on whether they are area preserving
or not. By area preserving we mean that the set of points that occupy
an area Ax Ay before a mapping occupy the same area, Ax' Ay’ =
Ax Ay, after the mapping. The same distinction holds for higher-
dimensional maps. The area-preserving quality of a conservative map
is an example of Liouville’s theorem.

Numerical experiments on conservative and nonconservative maps
show that both types of maps exhibit period doubling to chaos, and
one can define parameters a and & just as for the one-dimensional
map. What is perhaps surprising is that the values for « and § found
for two-dimensional nonconservative maps, (2.1.11), are identical to
those for one-dimensional maps, whereas the conservative two-dimen-
sional map vyields distinct values as shown in Table 2.4.1. To see why
all two-dimensional maps might exhibit universal behavior, recall from
Feigenbaum’s theory that at each level of bifurcation the region of
interest around the fixed point is reduced by a factor of «, so that
asymptotically all maps with the same local properties, that is, a
nonvanishing second derivative, will follow the same route to chaos.

The difference in behavior between conservative, or area-preserv-
ing, maps and nonconservative maps has to do with the manner in
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TABLE 2.4.1 Comparison of Exact and RG Values for Feigenbaum’s Universal
Parameters for Conservative and Dissipative (Nonconservative) Maps [12]

Universal Conservative Dissipative t
Parameter Exact RG Exact RG
f
C, —1.2663 —1.2656 —0.78497 —0.78078
) —4.1081 —4.0955 —2.5029 —2.2399
a 8.7211 9.06 4.6692 5.1231

which areas contract under a nonconservative mapping. Consider a
region around the point x, and the image of this region about the
image point x,, as shown in Fig. 2.4.1. Linearizing the map within this
small region and defining x = x, + Ax,, x' = x; + Ax, we have

A dx, 0x A
o ol
V1 ax ay o
o (2.4.2)
dy; Ay,
Ax, — — || Ay, ‘
dIx, v,

xpyp)

(Xqr yo)

Fig. 2.4.1 Image of the neighborhood of the point x, under a general two-dimen-
sional map.
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The area around the image point is

d(xy,¥1)

dA, = det
' [6(x0, Yo)

} dA, (2.4.3)

If the Jacobian in (2.4.3) is unity, the map is area preserving. If it is
less than unity, it is nonconservative. If the Jacobian is greater than
unity, we simply take the iterates of the map in reverse order and the
map is again nonconservative.

One can define eigenvectors of the linearized map, y® and @,
which satisfy

i)ﬁ & l/f(m) ,,,(m)
dx, y, 1
= \(m (2.4.4)
2& é_y_l (m) w(m)
dx, Iy, 2 2
Then the Jacobian is
J = D)@ | (2.4.5)

Typically, the two eigenvectors will not be equal, and so it follows that
an element of phase space will contract the fastest along the eigenvec-
tor with the smallest eigenvalue, call it AV, Therefore, after only a few
iterations the map is essentially one dimensional, the A’ dimension
being, in the language of the RG, irrelevant.

The same cannot, however, be argued for conservative maps, which
retain their true two-dimensional behavior no matter how many itera-
tions one performs. This then is the heuristic argument for why the
nonconservative two-dimensional maps share the same universality
class with one-dimensional maps, and why conservative two-dimen-
sional maps fall into a separate universality class.

As we saw in the case of the one-dimensional map, the scale on
which bifurcations take place is reduced by a factor of « in each
successive bifurcation, and therefore only the local properties of the
map in the neighborhood of a fixed point are relevant. To lowest
order then most two-dimensional nonlinear maps can be replaced by a
pair of first-difference equations. This pair of first-difference equa-
tions can then be further reduced to a single, second-difference
equation called the “standard map,”

Yey1 + By,oy = 2Cy, + 2y/ (2.4.6)
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2.5 RENORMALIZATION GROUP
FOR THE PERIOD-DOUBLING ROUTE TO CHAOS

The RG analysis of the standard map using the Feigenbaum sequence
proceeds as follows. First, we find the value of C for which the trivial
period-1 orbit, y, = 0, becomes unstable. We then construct an exact,
stable, period-2 orbit. Using the original map T and expanding about
the stable period-2 orbit, a new map 7’ is constructed with twice the
time step. By rescaling the dynamical variable and the time step, this
new map can also be cast in the standard form, but with renormalized
values for the parameters B and C. Note that because the time step
has doubled, a period-2 orbit of T is a period-1 orbit of 7".

The origin, y, = 0, is clearly a fixed point of the standard map. To
find out for what range of values this orbit is stable, let

y=y,+ (2.5.1)

Linearizing the map (2.4.6) about the period-1 orbit, that is, simply
dropping the quadratic term, we have

Yier + Byi =20y, (2.5.2)

As with a linear differential equation, this linear difference equation
has exponential solutions

i~ N (2.5.3)
Substitution of (2.5.3) into (2.5.2) yields the exponents A,

A,=C+VC?—B (2.5.4)

Both values of A are less than 1, and therefore the orbit is stable, if

1+B
ICl <

<— (2.5.5)

Beyond this value of the control parameter C, the period-1 orbit is
unstable. For smaller values of C there is, however, a stable period-2
orbit, which we can assume takes the form

yvi=a-(-1)b - (25.6)
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SO ¥,,1 = ¥,_;- Substituting this expression into (2.4.6) gives for a
and b,

5 1+ B
a — — —
. 2
(2.5.7)
4b* = (1+B +C C—§(1+B)

2 2

The solution is real if
1+ B
C< —( 5 ) (2.5.8)

which is just the value of C for which the period-1 orbit becomes
unstable. Thus we have constructed exactly the first bifurcation of the
standard map.

The next step in the renormalization procedure is to construct the
renormalized map T” from T, (2.4.6), and cast it in the standard form.
We can then, by the previous calculation, construct the first bifurca-
tion of T’, which is equivalent to the second bifurcation of the original
map 7. Because 7' takes the iterate y, into y,,,, the “time scale” for
T' is doubled; to regain the standard form for the map 7’, the time
will be rescaled.

Let y* be the period-2 orbit constructed previously. Defining y; by

v =y +y (2.5.9)
the mapping T in terms of y, takes the form
Yooy + By, =2Cy, + 4y¥y + 2(y)) (2.5.10)
Now let ¢ = 27 + 1; by (2.5.10) one has
Vorra + By = 2C + 4%, )it + 2(¥hier)”  (2.5.11)
and similarly for ¢t = 27 — 1 one has
! ! ! ! 2
Yoo ¥ BYy oy = (2C + 4y3, _)yo1 + 2(¥5-1) (25.12)

Using the fact that we are expanding about the period-2 solution y/,
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y

c

Fig. 2.5.1 Second iterates v}, ., — y5,_, differ in O(¢?).

9

one finds, after a little algebra, :

|

Vorea + B2, = [(2C + 4y¥)(2C + 4y§) — 2B] vy,

+2(2C + 4y5)(v5) + 2] (Varr)” + B(¥o1)]
(2.5.13)

Except for the last term on the right-hand side of (2.5.13), which
contains the iterate at times that are not even multiples of the original
time step, this is nearly in the form of the standard map. We can get
rid of this term (and here is where we make an approximation), by the

following argument.
Let us assume that y, is of O(e), where ¢ < 1. Because we are
expanding about a stable orbit, we will show that

Vair1 = Va1 ~ O(e?) (2.5.14)

This idea is illustrated in Fig. 2.5.1. Accepting (2.5.14) for the mo-
ment, we can then write

Va1 = (1 +Ae)ys (2.5.15)
where A is a constant of order unity. Then

(1+ B + Ag)y,,_, = (2C + 4y¥)yh, + 2(¥5,)"  (25.16)
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Comparing terms to lowest order in &, we must require

2C + 4y¢

' 2
— Y T 0(e7) (25.17)

! A~ ’ o~
Y2r+1 F Y21 E

which verifies the consistency of (2.5.14). From these results we can
then express the term involving y, at odd times as

2
, 2 , . (2C+ 4y5)
(Yor41)” + B(¥5, 1) E-—II—B—

Neglecting terms of O(e?), one has for the new mapping
! 14,1 14,/ i 2
Yarer + By, =2C"y; + 2a(y],) (2.5.19)
where the scaling parameter « is

(2C + 4y5)’ .

= 2C + 4yF +
“ i 1+ B

(2.5.20)

As is typical with RG transformations, in order to regain a map in the
standard form we must perform some scale transformations. The
coeflicient of the quadratic term a can be eliminated by rescaling the
dynamic variable y. Defining

z=ay (2.5.21)
and a new time variable
=21 (2.5.22)

the new mapping is of the standard form
Ziy1 + Bz, =2C'z, + 2z} (2.5.23)
The renormalized values for B and C are

B' = B? (2.5.24a)
C'=2(1+B)*+2C(1+B)—2C>*—B  (2.5.24b)

If our renormalization transformation were exact, then the se-
quence of bifurcations of the map (2.5.23) would correspond exactly to
the bifurcations of the original map. In Prob. 2.7 you are asked to
compare the RG results for the values C,, where the nth bifurcations

(43 + O(*) (25.18)
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| J L L1
Co €1 C,C5CN C
Cs C.

Fig. 2.5.2 Original bifurcation sequence for the logistic map.

occur with exact results. The approximation can be improved, at the
cost of a great deal of effort, by finding the stable period-4 orbit of T
and constructing a map with four times the original time'step.

The scaling relations, (2.1.9) and (2.1.10), imply that as C ap-
proaches C*, the pattern of bifurcations becomes self-similar. This is
illustrated in Figs. 2.5.2 and 2.5.3.

| | L 114 -
Co RN AN c

(@)

Fig. 2.5.3 The three steps in renormalizing the logistic map. (a) Bifurcation se-
quence when the time step is scaled by a factor of 2.
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Fig. 2.5.3 (continued) (b) x, is scaled by a. (¢) The control parameter C is scaled
by 8.

In Fig. 2.5.2 one sees the Feigenbaum sequence showing several
levels of bifurcation. In Fig. 2.5.3 three scaling operations have been
performed: The time step has been rescaled by a factor of 2, the
dynamical variable has been enlarged by a factor «, and the horizontal
scale has been enlarged by a factor of 8. The congruence of the two
figures is clear. It is also apparent that the mapping for C = C,, is
invariant under this procedure. This invariance is reflected in the RG
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approach by the existence of a fixed point of the RG equation,
(2.5.24),

B' =B = B* (2.5.25)
C'=C=c* (2.5.25b)

In order to avoid confusion between the exact value C, fﬁ)r the
standard map and the fixed-point value obtained by solving (2.5.25),
we denote the fixed-point value by C*. We will now show that the
existence of a fixed point of the RG equations implies self-similarity
and leads in a natural way to the scaling properties of the Feigenbaum
sequence.

Let C = C* and let {y,, k = 1,} be the trajectory of the map for
this value of C. Under the three operations outlined previously, the
time step is doubled so half, say all the odd k, of the points in the
orbit are retained and the spacing between iterates is reduced by a
factor of a. Let this new set be {z,}. Because the map is invariant
under renormalization the two sets are equal. Therefore the orbit is
self-similar on arbitrarily long time scales.

Equations (2.5.24a) and (2.5.25a) have two poss1ble solutions, B* =
1 and B* = 0. Note that for any value of B < 1 (dissipative map) B
tends to 0 under repeated applications of the RG transformation.
Therefore, all dissipative maps share the same fixed point, although
the particular values of C at which the bifurcations take place differ.
This explains the universal behavior of all dissipative maps in the
neighborhood of the onset of chaos. Here we also find the reason why
the conservative case, B = 1, is distinct. In the language of the RG we
say that conservative and dissipative maps fall into different universal-
ity classes.

2.6 UNIVERSAL PROPERTIES OF CONSERVATIVE MAPS

It will be constructive to evaluate the Feigenbaum universal parame-
ters C,, a, and B for conservative maps and to compare the RG
values with their exact values.

Setting B = 1, (2.5.24b) and (2.5.25b) can be solved for C*. Be-
cause we are interested in the parameter range C < 0, we have by
(2.5.24b)

C* = —2(C*)* + 4C* + 7 . (2.6.0)
3 - V65
C* = —— = —1.26%6.... (2.6.2)

which should be compared to the exact value [12], C, = —1.2663...



66 RENORMALIZATION GROUP APPROACH TO CHAOS

The behavior of the map as C approaches C* is governed by the
RG in the neighborhood of the fixed point. According to Feigenbaum,
the value C, at which the kth bifurcation takes place approaches C*
geometrically

lim C, = C* + 5" | (2.6.3)

n—>oo

The kth bifurcation of the renormalized map corresponds to the
k + 1st bifurcation of the original map. Therefore, by (2.5.24b), with
B?=1,

Ck = ""2C1§+1 + 4Ck+1 + 7 . (2.6.4)

Substituting the asymptotic form (2.6.2) in (2.6.3) and comparing
lowest-order terms in 0 gives

8=1v65+1=29.06... (2.6.5)

whereas the exact value [15] is § = 8.721.

Finally, the ratio «, which is defined in (2.5.20), can be identified
with the scaling factor (2.1.10). Substituting the fixed-point values for
B and C gives

o = —4.0955 (2.6.6)

whereas the exact value [15] is « = —4.1081.

The results for the dissipative map are left as an exercise. The
results of the RG analysis are compared to the exact numerical values
in Table 2.4.1.

PROBLEMS

2.1 Show that if a system is integrable, nearby orbits diverge lin-
early in time. (You may assume that a transformation to
action-angle variables is possible.)

2.2 Show that the slope of the function f®(x,C) is equal at each
point of a period-2 orbit. Generalize this result for a period-2*
orbit.

2.3 Show that if the slope of the function f(x) vanishes at the fixed
point, then the iterates of the map in the neighborhood of the

2.4

2.5

2.6

2.7

2.8

2.9

2.10

2.11
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fixed point converge faster than exponentially to the fixed point.
Such an orbit is called superstable.

Derive the recursion relation (2.2.6) from the definition of the
universal functions (2.2.5).

Show that if g(x) is a solution of (2.2.7), then g (x) = p,g(x/,u,)
is also a solution.

Following the method used in Sec. 2.6 for the conservative case,
derive the universal Feigenbaum numbers for the dissipative
case.

For B = 0 (the logistic map) use the RG equations to deter-
mine the values of C, and compare with the following table of
exact values [6]:

-C,
0.618034

0.7492808
0.7773203
0.7833336 |
0.7846217
0.7848976
0.7849566
0.7849693

OO N AW &

Show that every feature of the standard map for a value C of
the control parameter is mirrored at another value C' =1 +
B - C.

Show that an area A in the (y,_,, y,) plane is mapped to an
area A = BA,0 < B < 1, in the (y,, y,, ;) plane under the map
(2.4.6).

Show that the standard map (2.4.6) with B = 0 can be recast in
the form (2.1.2).

The fractal dimension of the aperiodic attractor is given by [11]

21 1
lim Y, ————— =1
h—>x j=1 |xj_xj+2n—l|

where the x; are the iterates of x, = 1/2 under the map (2.1.2)
with C = C,_. Write a simple computer program to generate a
series of approximations for d for increasing values of .
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2.12 Find the range of values C, < C < C; over which the period-2

orbit (2.5.6) is stable.
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RENORMAILIZATION APPROACH
TO PERCOLATION

3.0 INTRODUCTION
\

The flow of oil through fractured rock, dielectric breakdown, the
statistical properties of macromolecules, gellation, random resistor
networks, and the behavior of disordered media are all problems, to
name just a few, which involve the idea of percolation. Clear discus-
sion of percolation can be found in references [9, 10] and a good
review of real-space renormalization group approaches to this prob-
lem is reference [8]. In this chapter we will be concerned with models
of percolation on a lattice, in particular the uncorrelated site and
bond problems.

Mathematically, the problem of percolation is most easily for-
mulated on a lattice. We will begin the chapter by treating site per-
colation, which is concerned with the distribution of occupied and
unoccupied lattice sites. Later we will examine bond percolation in
which all sites are assumed occupied and a fraction of them have
connections or bonds to some of their nearest-neighbor sites. For
uncorrelated site percolation, each site is occupied with probability p
or empty with probability 1 — p. Similarly, for bond percolation each
bond on the lattice is assigned an independent probability to be
present or absent. We begin our study of site percolation by descnbmg
the connectivity properties of the lattice: A group of 51tes, called a
cluster, is said to be connected if all sites in the cluster are connected
to at least one other site in the cluster.

69
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(a)

Fig. 3.0.1 Largest connected cluster on L X L square lattices with periodic bound-
ary conditions. (@) p = 0.58, L = 120. (b) p = p. = 0.59275, L = 100. (¢) p = 0.60,
L = 120.

For small values of p the lattice is essentially empty, and one finds
mainly isolated occupied sites and very few clusters. As p increases
both the number of clusters and their mean size grow until, at a
critical value of the probability called the percolation threshold p,,
many of the isolated clusters finally merge into a highly ramified
cluster that spans the infinite lattice. At percolation, the fraction of all
sites in the incipient infinite cluster is quite small, and in fact the
perimeter of the incipient infinite cluster is fractal. Above percolation
the infinite cluster fills out and the number of sites in isolated clusters
decreases to 0 as p approaches unity.

The dramatic change in the connectivity of the lattice as one passes
through the percolation threshold is illustrated in Figs. 3.0.1a—c,
which show the largest connected clusters for p near p.. In Fig.
3.0.1a, p = 0.58, slightly below percolation, and the largest cluster
does not span the lattice. At p. = 0.59275 the largest cluster, which

contains many more sites than the cluster at p = 0.58, spans the
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Fig. 3.0.1 (Continued)

lattice, but just barely. Increasing the concentration just 1%, to
p = 0.60, gives the cluster shown in Fig. 3.0.1c, which fills a large
fraction of the lattice.

The behavior of percolating systems is best described in terms of
the cluster number 7 p), which is the number of clusters of s sites
per lattice site. To get some idea of how one can calculate the cluster
numbers, let us consider n(p) for small s on the square lattice. The
probability of finding a single isolated occupied site (s = 1) is

ny(p) =p(1 - p)* (3.0.0)

because the probability that the one site is occupied is p and the
probability that each of the four neighboring sites are empty is
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(c)
Fig. 3.0.1 (Continued)

(1 — p)*. Similarly, the probability of finding a cluster of two sites is

na(p) = 4p*(1 =p)° (3.02)

The factor of 4 in (3.0.2) arises from the four possible orientations of
the 2-cluster.

For larger clusters there are many possible ways of arranging the
occupied sites, and each of these different shapes will have its own
number of boundary sites b. If we denote the number of distinct
clusters of s sites with b boundary sites by g,,, we obtain

ny(p) = §gsbp‘(1 -p)’ (3.0.3)

The configurations g, associated with the s,b clusters are called
“lattice animals” because they resemble the various conformations of
single-celled organisms such as paramecia that are seen under a
microscope.

30 INTRODUCTION 73

The numbers g, are themselves independent of the concentration
p and depend only on the details of the lattice. One approach to
percolation theory is to try and calculate the number of lattice animals
g, for reasonably large s, a task that is not trivial as one may discover
by calculating the g, for s up to 4 in Prob. 3.2. In defining n ( p) we
specifically exclude the infinite cluster, if one exists, and we assume
that the lattice is sufficiently large so that clusters in contact with the
outer boundary can be neglected.

The total number of clusters per lattice site I" is then

=) n(p) (3.0.4)

I' is small both for p << 1 and p < 1 and exhibits a cusp singularity at
the percolation threshold or critical point p,,

[ ~|p—pl T (3.05)

which defines the critical exponent «.

The order parameter for percolation is the probability P that a site
chosen at random will belong to the infinite cluster. The behavior of P
with p is shown in Fig. 3.0.2.

P(p)

10— e —_————

P(p) ~ (p — pp)?

P 10 p

Fig. 3.0.2 Percolation order parameter P as a function of the occupation prob-
ability p.
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P is given in terms of the cluster numbers by the relation

P+ Y sn(p)=p (3.0.6)

Below p, there is no infinite cluster and P = 0, whereas as p — 1 the
fraction of sites not in the infinite cluster vanishes, and P — 1 as well.
For 0 <p — p. < 1, P increases as

P~ (p-p)° (3.0.7)

which defines the order parameter exponent S.

The probability that a site chosen at random is part of an s cluster
is sn(p), and so the relative probability that, among all finite clusters,
the site belongs to an s cluster is

sn(p)
Zs’slns'(p)

Note that by (3.0.3) if p < p,, then the denominator is simply p, but
above p, the denominator tends to 0 and strongly modifies w,(p).
Given w,(p), we can calculate the average number of sites in finite
clusters

wi(p) = (3.0.8)

Y, s2n,
S = Zws(p)ns(p) = ZT((pp)) (309)

As p = p_, S diverges as shown in Fig. 3.0.3, according to
S~lp—pl” (3.0.10)

which defines the critical exponent 7.
In the context of the RG the exponent most often encountered is
the correlation length exponent v defined by

§~lp—pl™” (3.0.11)

where ¢ is the average size of a cluster, or correlation length.
The definition of the correlation length requires some care. We
begin by defining the “radius of gyration” of an s cluster

1
2
R = = 2l =)l (3.0.12)

i<j

where the double sum runs over all pairs of sites in the s cluster.
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Fig. 3.0.3 Average numbers of sites in a (finite) cluster S as a function of the
occupation probability.

¥

The statistical weight attached to the s clusters is the probability
sn(p) that a given site is a member of an s cluster, times the number
of sites s in the cluster, or s’n (p). Therefore, the average radius of
gyration of all the finite clusters is given by

L,R2s’n(p)

2 -
¢ Lysny(p)

(3.0.13)

Although an exact enumeration of n,( p) has not yet been achieved,
for p close to p. and large s it is believed that n(p) is of the form

n(p) ~sf[(p — p.)s] (3.0.14)

where the form of the function f(x) is not known a priori. Equation
(3.0.14) is called the scaling hypothesis, and it has been found to be of
quite universal applicability independent of the dimensions and the
details of the system. Its power lies in the fact that all the critical
exponents we have defined thus far can be expressed in terms of o
and 7 without knowing f(x) explicitly.

To see how this works, we will calculate « and leave the calculation
of B and vy as an exercise (Prob. 3.3). We first replace the sum in
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(3.0.4) by an integral, which gives
= fo sTf[(p = p.)s7] ds (3.0.15)

Making the change of variable x = |p — p_|s” gives

1 ©
=—|p —pcl“_l)/"f x~re=D/of(sgn(p — p.)x) dx (3.0.16)
o 0

Comparison of this expression with (3.0.5) gives
a=Q2oc—-7+1)/0 " (3.0.17)

If all the critical exponents are determined by o and 7, it follows that
there must exist relations between them, and it can be shown that the
scaling hypothesis implies the scaling law

a+2B8+7y=2 ‘” (3.0.18)

As we mentioned earlier, the incipient infinite cluster is fractal, and
in fact for p < p, the largest clusters are also fractal with the same
dimension as the incipient infinite cluster. Above p., however, the
largest cluster occupies a finite fraction of the lattice (P > 0), and the
dimension is just equal to the Euclidean dimension of the lattice.

For p < p, let us assume that the radius of gyration for s clusters,
where s > 1, scales as

R, ~ s/P (3.0.19)

where D is the fractal dimension of the cluster. Substituting this into
(3.0.13) for the correlation length and using the scaling form (3.0.14)
for the cluster numbers, we have

5/ Psf[(p — p)s°] ds

£ = — 5 - 3.0.20
S - p)s ] o 2020

Making the same changes of variable as before, we have
E~Ip—pl/7" (3.0.21)

and comparing this with (3.0.11), we see that the correlation length
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exponent v is given by
y=— (3.0.22)

In order to determine v and D, we need another relation between
them, which we can find by the following argument. For p < p,,
consider a region of the lattice of size L ~ ¢. The number of sites in
the largest cluster within this region is S_, ~ PL% In addition, we
!have Snilax ~ ¢P ~ LP from which we see that, by comparing powers of
D - Dcls

B —wvd= —vD | (3.0.23)
Putting this together with (3.0.22), we find
T—1
vd = — (3.0.24)

and expressing B in terms of o and 7 (see Prob. 3.3)’

- "ﬁ
- — (3.0.25)

Although neither the bond nor the site problems have been solved
completely on any two- or three-dimensional lattice, some exact
results for two-dimensional lattices have been found. First, the bond
percolation problem on a lattice L is equivalent to site percolation on
the “covering lattice” of L, called L*. The covering lattice is formed
by placing a site in L* at the center of every bond in L and
connecting those sites in L* whose corresponding bonds share a site
in L. For example, the covering lattice of the square lattice is shown
in Fig. 3.0.4.

K

: /
80 Fig. 3.0.4 Covering lattice for the
square lattice.
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Fig. 3.0.5 Construction of the dual lat- -

tice. The dual of the triangular lattice is
the honeycomb.

Second, it is easy to see that bond percolation on a lattice L with
bond probability p is equivalent to bond percolation on the dual
lattice of L, denoted by L, with probability 1 — p. (A similar “duality
transformation” exists for the partition function of the Ising model;
see Sec. 5.3.) The dual lattice L is constructed by placing a site at the
center of each elementary polygon of L and connecting these sites by
a bond that bisects one (and only one) bond in L. The square lattice is
easily seen to be self-dual, whereas the triangular and hexagonal
lattices form a dual pair, as shown in Fig. 3.0.5. A bond in L is open if
the bond in L which it crosses is open. Instead of labeling the bonds
open and closed, we will call them black and white, respectively. It is
easy to see that a connected cluster of white bonds on L gives rise to
a connected cluster of black bonds on L. Because there is a one-to-one
correspondence between bonds on L and L, and because by the
previous prescription the statistical weight of the two configurations is
the same, we see that under the dual transformation p — 1 — p. This
is illustrated for the square lattice in Fig. 3.0.6. If we denote the
critical bond percolation probability on a lattice L by p,(L), then it
follows that

Py, (L) +pb,c(i‘) =1 (3.0.26)

Because the square lattice is self-dual and assuming there is a unique
percolation probability, (3.0.26) implies that p, (SQ) = 1/2 for the
square lattice.

A result similar to the duality relations exists for site percolation on
a lattice L with site probability p and its “matching lattice” L™ [2]
with site probability 1 — p. The matching lattice of L is constructed
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: Fig. 3.0.6 A bond configuration on the square
: : lattice and the corresponding configuration on
Srrrrerrennnnes ©rreernrenenns é the dual lattice.

by completing each elementary polygon or plaquette of L, that is,
connecting each vertex of the polygon by bonds and replacing com-
pleted polygons by the corresponding plaquette. For example, the
matching lattice of the square lattice is the square lattice with
second-neighbor bonds, and the lattice in Fig. 3.0.7 is seif—matching.
Just as with bond percolation on pairs of dual lattices, we have for site
percolation on matching lattices L, L*:

PocL) +p,(L7) =1 GO

The triangular lattice is self-matching because each of its elementary
polygons is triangular, and therefore, again assuming a unique critical

Fig. 3.0.7 A self-matching lattice.
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TABLE 3.0.1 Percolation Thresholds for Site and Bond Percolation®

Lattice d q p, (site) p,. (bond)
Linear chain 1 2 1P 1°
Simple square 2 4 0.59275¢ 0.50°
Triangular 2 6 0.500° 0.3473°
Honeycomb 2 3 0.698(3)4 0.6527°
Diamond 3 4 0.4299(8)° 0.3886(5)°
Simple cubic 3 6 0.3117(3)° 0.2492(2)f
BCC 3 8 0.2464(7)° 0.1795(3)°
FCC 3 12 0.1998°¢ 0.1198(3)¢ -
1* 1*

Cayley tree e q

qg-—1 q-1

?The dimensions d, number of nearest neighbors g, and critical probability p, for site and bond
cases are given for each lattice. The figure in parentheses is probable error in last figure.
bExact results.

°D. Stauffer, Introduction to Percolation Theory. Taylor and Francis (1985).

9M. F. Sykes and M. Glen, J. Math. Phys. 9 87 (1976).

°D. S. Gaunt and M. F. Sykes, J. Phys. A 16 783 (1983).

'S, Wilks, Phys. Lett. A 96 344 (1983).

probability p,,

D, o(tri) = 1 (3.0.28)

In Tables 3.0.1 and 3.0.2 we have compiled data on percolation for
lattices in d = 1, 2, and 3 dimensions, and for the Cayley tree which in
some sense corresponds to d = .

TABLE 3.0.2 Critical Exponents for Percolation

d «a B v v T T D

1 1 0 1 1 1 2 1

2 —2/3 5/36 43/18 4/3 36/91  187/91  91/48
2 0.138(5)°  2.425(5)¢  1.330(5° — — —

3 — 0.4038)f  1.73(3)® 0.89(1)" — — —
®? -1 1 1 1/2 1/2 5/2 4
#(Cayley tree).

These values are presumed to be exact.

°P. I. Reynolds, H. E. Stanley, and W. Klein, J. Phys. A 8 L198 (1978).
9P, J. Reynolds, H. E. Stanley, and W. Klein, Phys. Rev. B 21 1223 (1980).
°B. Derrida, J. Phys. A 14 L5 (1981).

fD. W. Herrmann and D. Stauffer, Z. Phys. B 40 113 (1981).

ED. S. Gaunt and M. F. Sykes, J. Phys. A 16 783 (1983).

"D. W. Herrmann and D. Stauffer, Z. Phys. B 44 399 (1981),
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3.1 PERCOLATION IN ONE DIMENSION

In one dimension it is possible to solve the percolation problém
exactly and we will do this for the site problem. Because. the
“boundary” of any cluster is just two sites, and there is only on€ way
of arranging s sites in a connected cluster, the enumeration of lattice
animals in one dimension is trivial, and the cluster numbers n ( p) are

n(p) =p°(1 - p)’ (3.1.1)

All of the sums that we will encounter in the following calculation
are trivial and can be performed almost by inspection. In general, we
are not so fortunate, and it is often helpful to define a generating
function G(A) by

G(Lp) = Lan(p) . (312

The usefulness of the generating function is that the kthimoment of
the distribution n(p) can be derived from G(A, p) simply by differ-
entiation:

a\* ,
Y.skn(p) = ()ta) G(A =1, p) (3.1.3)
By (3.1.1) we have, for Ap < 1,

G(A,p) = L X¥(1-p)p°
s=1
Ap

=(1-p)f——
( p)1~/\p

(3.1.4)

The mean number of clusters per lattice site I' is just the zeroth-
moment of n(p), so setting k = 0 in (3.1.3) we have I'(p) = G(1, p)
and

;

I'(p) =p(1 —p) (3.1.5)

In order to calculate P we need the first moment, X sn ( p), which, by
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setting k = 1, A = 1in (3.1.3) and (3.1.4), is

Ysn(p) =p(1 —p) +p*=p (3.1.6)

By (3.0.6) it is clear that for all p < 1, P = 0. At p = 1 every site of
the one-dimensional lattice is occupied and we have an infinite clus-
ter, so the critical value for p in one dimension is p, = 1. Because
there are no values of p > p,_, the value of B is hard to define, but by
the scaling law (3.0.18) we see that 8 should be taken to be 0.

The average number of sites in a cluster S is given by (3.0.9), and
we find on taking a second derivative of G(A, p),

2p
S = (3.1.7)
1-p

The mean number of sites per cluster diverges as |p — pcl"l, which
tells us that y = 1 in one dimension. Returning to (3.1.50, we have for

p spc = 13 )
I'(p) ~ (p. —p) (3.1.8)

and therefore 2 —a = 1lor a = 1.
For a linear cluster the radius of gyration of an s cluster is just
proportional to s. By (3.0.13) then

les“nx p
£~ —2(—2 (3.1.9)
r,s°n(p)
Performing the requisite derivatives, we find
1+ 12p
P — (3.1.10)
(1-p)
In the limit p — 1 we have
! 3.1.11
£~ T (3.1.11)

from which see that » = 1.
The cluster numbers given in (3.1.1) can be cast in the scaling form
(3.0.14). First note that p® = e*'"? and that near p, =1, Inp =
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—(p — p,). Furthermore, (1 — p)°* = s s(p — p,)I%, so we have in .
one dimension

ny=s"*f[(p — p.)s] (3.1.f2)

where in this case the scaling runction and exponents are kflOWl’l
explicitly: f(x) = x%¢™*, with 0 = 1 and 7 = 2. From (3.0.17), a = 1,
and from Prob. 3.3 we find 8 = 0 and y = 1.

Some of the wide variety of applications of percolation are covered
in Deutscher, Zallen, and Adler [2].

3.2 PERCOLATION ON A CAYLEY TREE

To further illustrate the idea of percolation, we consider another
exactly solvable case, percolation on the Cayley tree. The Cayley tree,
also known as a Bethe lattice, is a branched structure in which each
site has f nearest neighbors and in which no two branches are
allowed to cross. The Cayley tree with f = 3 is shown in Fig. 3.2.1.
The restriction on crossing precludes the possibility of closed paths on
the Cayley tree. Also note that the Cayley tree is self-similar, each
branch of the tree is itself an entire tree.

Caley tree f=3 -

Fig. 3.2.1 Cayley tree with coordination number f = 3.
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Site and bond percolation are equivalent on the Cayley tree, so for
definiteness we will consider bond percolation. We first wish to
establish that there is a critical value of the bond probability p, at
which percolation occurs. To do this, we follow the argument of Flory
[4], which can also be found in Stauffer [10].

Imagine moving outward along a connected cluster on the Cayley
tree. At each site, f — 1 new branches connect us to f — 1 new sites.
On the average, p(f — 1) of these bonds will be present. Because
there are no closed loops on the Cayley tree, each step outward from
the root of the tree is statistically independent. An infinite cluster
requires an infinite sequence of at least one connected branch leading
from each site. If p(f — 1) < 1, the probability of an infinite con-
nected cluster must vanish, and the critical value of p is then

1
D, -1 (3.2.1)
The “order parameter” for percolation is the probability P that a
site chosen at random will belong to an infinite cluster. We will now
determine P for the Cayley tree.
Following Essam [3], define P’ = 1 — P, the probability that all
clusters emanating from a given site are finite in size. Again, because
each branch is statistically independent, we can write

P =Qf (3.2.2)

where Q is the probability that the cluster on a particular branch is
finite. Because each branch is self-similar to its (f — 1) subbranches,
we can write, with g = 1 — p,

Q=gq+pQ'! (3.2.3)

In (3.2.3) we have taken the probability that the first bond of the
branch is absent, g, and added it to the probability that, given the first
bond is not closed, the clusters on all f — 1 subbranches are finite in
size.

For p < p. we expect Q = 1, and indeed this is a solution of (3.2.3),
although as p — 1 we expect Q — 0. The behavior of Q(p) is shown
in Fig. 3.2.2.

We can verify our result for p, by differentiating (3.2.3) with respect
to p. At p,, Q = 1 and (' is discontinuous. We have then for p = p,_,

Q'(p)[1 - (f—Dp.] =0 (3.2.4)
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QP 1.0

Pe 1.0 P

Fig. 3.2.2 The probability Q that all paths on a particular branch of a Cayley tree
are finite in length as a function of the bond probability p.

W

For p =p., Q'(p;) = 0, whereas for p =p}, Q'(p,") # 0 and (3.2.4)
then leads to (3.2.1). For p > p_, P is an analytic function of p, and
vanishes with finite slope as p — p_. Therefore, the order parameter
exponent B defined in (3.0.7) is B = 1.

The self-similarity of the Cayley tree can also be used to determine
the mean cluster size S. The argument we will present here is due to
Stauffer [10]. The central site, labeled “0” in Fig. 3.2.1, is connected to
f branches. Because each branch is identical, each will contribute an
average number B of sites to the cluster. By hypothesis the central site
must be part of the cluster, so we may write

S = (1 + pfB) (3.2.5)

In the same way, each branch is composed of f — 1 subbranches, each
of which also contributes B sites to the cluster, and we may write

B=[1+p(f-1)B] (3.2.6)
or

B=(1—-(f-1p)" (32.7)
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Substituting (3.2.7) into (3.2.5) gives

p(1 +p)

STIC-0p

(3.2.8)

Note that S diverges as p — p, = 1/(f — 1), and near the percolation
threshold we can write

S~(p-p)" (3.2.9)

which, by comparison with the definition of vy, (3.0.10), gives y = 1.

3.3 RENORMALIZATION GROUP FOR BOND PERCOLATION
ON A HIERARCHICAL LATTICE

In addition to the Cayley tree, another useful class of “artificial”
lattices consists of the hierarchical lattices. The “diamond” hierarchi-
cal lattice (DHL) is illustrated in Fig. 3.3.1. Just as with fractals, a
hierarchical lattice is constructed recursively by a generator. In the
case of the DHL the generator consists of a cluster of four bonds
which, at each iteration, replaces every bond in the lattice.
Hierarchical lattices have several pathological properties which
limit their applicability. First, each site has an infinite number of near
neighbors, and the ratios of the number of bonds connecting sites on
different orders of iteration are different. Nevertheless, like fractals,
the hierarchical lattice is self-similar, and this permits the construction
of exact RG transformations in many cases. In addition, the RG
transformation, which is exact for a hierarchical lattice, is sometimes
related to an approximate transformation on a Bravais lattice. For
example, we shall see in Section 3.5 that the diamond hierarchical
lattice corresponds to an approximate RG transformation on the
square lattice.
- The decimation phase of the RG transformation essentially re-
verses the iterative procedure used in constructing the hierarchical
lattice. Each elementary cluster of bonds is renormalized into a single
bond. The new bond probability is equal to the probability that the
“terminal sites” of the clusters, indicated by open circles in Fig. 3.3.2,
are connected. Figure 3.3.3 shows each of the states of the cluster that
span the cell together with their statistical weights. Summing all these
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Fig. 3.3.1 The “diamond” hierarchical lattice.

p
P’
Q

Fig. 3.3.2 Cluster of bonds renormalized to a single bond for the hierarchical lattice.

3q

2p2q2 4p

Fig. 3.3.3 States of the bond cluster that contribute to a renormalized bond together

with their statistical weights.
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1

R(p)

p* p 1
Fig. 3.3.4 The renormalized bond probability p’ = R(p) as a function of p.

contributions, we find (g = 1 — p)

p'=R(p)=2p*—p* (3.3.1)

From Fig. 3.3.4 it is clear that for values of p < p*, where R(p*) =
p*, the renormalized bond probability p’ is less than p. If the RG is
applied many times, which corresponds to looking at the system at
larger and larger scales, p tends to 0. Under the RG finite clusters
are “renormalized away.” Above p* the renormalized values of p
increase and approach unity, which is characteristic of the behavior of
the system above percolation. Evidently, p* corresponds to the perco-
lation threshold p,.

The decimated and original lattices are geometrically similar. In
order to determine the scale factor b for the RG transformation, we
must first have some idea about how to define distances on the
hierarchical lattice. A simple approach, which is adequate for the
present discussion, defines the distance between two sites as propor-
tional to the least number of bonds needed to connect the two sites.
Because the decimation transformation replaces a cell that is two
Zondzs in length with a single bond, the scale factor in this case is

We want to calculate the correlation length £(p), which is simply
the average size of a connected cluster for a given probability p. If
£(p) is the correlation length on the original lattice in units of the
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original lattice spacing with probability p and £(p ') is the correlation
length measured in units of the coarse- gramed lattice spacing on the
coarse-grained lattice with probability p’, then we must have

£(p) = bE(D') (33.2)

where the scale factor b is just the ratio of the coarse-grained lattice
spacing to the original lattice spacing. Note that £(p’) must be the
same function of p’ as &(p) is of p because of the self-similarity of
the hierarchical lattice.

The critical value for the probability is given by

R(p.) = p. | (3.3.3)

Again, the critical point of the system is associated with a nontrivial
fixed point of the RG transformation. This is the central idea of the
RG, and embodies the concept that at the critical paint the system is
self-similar. The renormalization equation (3.3.1) also has two “trivial”
fixed points, p =0 and p = 1. The first corresponds to an empty
lattice and the second to a completely connected lattice. Generally
speaking, each distinct “phase” of a system will be characterized by a
trivial fixed point, whereas the critical point is associated with a
nontrivial fixed point.

Setting p = p’ = p, as in (3.3.3), (3.3.2) then has only two solutions,
¢ = 0 and ¢ = «; the latter possibility corresponds to critical behavior
as indicated in (3 0.11).

Equation (3.3.3) states that the crltlcal probability is a fixed point of
the RG transformation. The critical exponents, which characterize the
behavior of the system near the critical point, are determined by
examining the RG equations in the neighborhood of the fixed point. If
p is close to p,, then ¢ is given by (3.0.11) and (3.3.2). The RG
equation for p, (3.3.1), is analytic, and we may therefore write, for p
close to p,, '

, IR
P —p.= 5;(1%)(17 —DP.) (3.3.4)

Substituting (3.3.4) into (3.3.2) and using the scaling form (3.0.11), one
finds

lp —p ™" =b[R(p.)] "lp—pl™" (3.3.5)
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which gives for the correlation length exponent

Inb

"T“hR(p)

(3.3.6)

Note the similarity of this expression for the fractal dimension, (1.0.2)
and (1.1.3). In Prob. 3.4 you are asked to calculate p, and v from
(3.3.3) and (3.3.6). These results should be compared with the results
of numerical studies for the square lattice, p, = 0.593 and v = 1.33.

In Sec. 3.3 we treated the RG for the rather artificial hierarchical
lattice. Although these calculation contain all the features of the RG
on real lattices, a true Bravais lattice does not have the built in
self-similarity which permits an exact solution, and so approximate
RG transformations must be constructed. We shall see that one has a
great deal of freedom in constructing approximate RG transforma-
tions, and it is here that one’s physical insight into the problem is
essential.

There is strong numerical evidence [5] that the phenomenon of
percolation (both site and bond) is universal for all Bravais lattices in
a given (Euclidean) dimension. What this means is that, although the
percolation thresholds p, for site percolation and bond percolation on
a given lattice are different, and on different lattices they are different,
the values of the critical exponents 3, y, v, and so on are the same for
all lattices in a given dimension. Furthermore, the addition of
second-neighbor couplings lowers the percolation threshold, but does
not change the critical exponents. This is true of the Cayley tree
where the critical probability depends on the coordination number,
but the exponents do not.

Because an exact solution of the percolation phenomena is lacking
even in two dimensions, the universality of percolation has not been
proved.

In a more restricted context the equivalence of site and bond
percolation on a lattice and its covering lattice, the equivalence of
bond percolation on a lattice and its dual, and the equivalence of site
percolation on a lattice and its matching lattice all support the
conjecture of universality. In the context of critical phenomena, one of
the most significant results of the Wilson RG [11] is that within the &
expansion the critical exponents of a system depend on only two
parameters; the number of components of the order parameter and
the dimensionality of the space.
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Physically, the universality hypothesis is quite reasonable. Remem-
ber that the critical region near percolation is characterized by a loss
of scale; connected clusters of all size appear and in addition average
properties, such as the mean cluster size, are dominated by scaleless
fluctuations. Local characteristics of the lattice, such as the number of
nearest neighbors and second neighbors, determine the value of the
percolation threshold and perhaps the width of the critical region, but
the critical exponents of the system are determined by the universal,
large-scale fluctuations.

3.4 MAJORITY-RULE RENORMALIZATION GROUP
FOR THE TRIANGULAR LATTICE

To give some idea of the flexibility one has in defining an RG
transformation, we first consider a very simple approximate RG trans-
formation, which gives good results for site percolation on the triangu-
lar lattice (see Fig. 3.4.1a). The value of p, comes out exactly, and »
agrees to within a few percent of the best theoretical estimate.

The RG for this problem is based on breaking up the original
lattice into clusters of three sites each, as shown in Fig. 3.4.1b. Note
that the clusters themselves form a triangular lattice. The RG trans-
formation maps a cluster on the original lattice to a site on a new
lattice with a lattice constant that is larger by the factor V3. A cluster
maps into an occupied site if a majority of the sites in the cluster are
occupied, and the cluster maps into an empty site otherwise.

This is an example of a majority-rule RG. The states of the cluster
that contribute to an occupied site on the renormalized lattice are
shown in Fig. 3.4.2 together with their statistical weights. The renor-
malization equation for the probability that a site is occupied is
therefore

p =R(p)=3p*>-2p° (3.4.1)

In addition to the usual trivial fixed points p* = 0 and p* = 1, this
transformation has a fixed point at p* = 0.5, which is known to be the
exact percolation threshold for the triangular lattice because the
triangular lattice is self-matching. The value of the order parameter
exponent v is calculated as in (3.3.6). The scale factor for this
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[

P p

3p2q p3
Fig. 3.4.2 Configurations of the three-site cell on the triangular lattice that con-

\Z\/\/\/\/\/\/\]\ ' tribute to the renormalized site probability p'.

\Z\/\/\/\/\/\/\/\ ‘ transformation is V3, which gives for v,
\/\/\/\/\/\/\/\/\ . 1 In3 L3547 242
\VAVAVAVAVAVAVAVAY o Tt o

(a) This value agrees remarkably well with the best estimate from Monte
' Carlo studies of the square lattice [7] and the conjecture of den Nijs
[1] that v is 4/3. To some extent the agreement with the exact value
for v must be considered fortuitous. To see the nature of the approxi-

mation made, consider the two clusters shown in Fig. 3.43.

(b)

Fig. 3.4.1 (a) Original triangular lattice. (») Triangular lattice of three-site cells. ‘ : Fig. 3.43 (a) Connected cells that map
into disconnected sites under the major-

ity rule RG. (b) Disconnected cells that
map into disconnected sites under the
) majority rule RG.
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In the first case, the two cells are connected, but the majority rule
maps them on to a disconnected pair, whereas in the second case no
connection exists between the cells, and yet the renormalized sites are
connected. This cancellation of errors makes it difficult to evaluate the
accuracy of the approximation a priori.

3.5 SITE PERCOLATION ON THE SQUARE LATTICE:
CELL RENORMALIZATION

Despite its apparent success, the majority rule does not incorporate
the connectivity properties which are at the heart of percolation
phenomena. Here we consider a group of cell or block transforma-
tions defined by the following rule: If a connected cluster spans the
cell from left to right, then the cell maps to an occupied site;
otherwise the cell maps to an empty site. There are other possible

0.10

b+1/”‘

0.05

0.04

—100
0.03

— 150
0.02\— -—200

0.01f— —1500

0 I | |
0.57 0.58 0.59 0.60

0.5931
p*

Fig. 3.5.1 Extrapolation of large-cell Monte Carlo calculations on the square
lattice [7].
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q? 4p3q f

Fig. 3.5.2 Configurations of the four-
site cluster on the square lattice that
contribute to the renormalized site
p4 probability p'.

rules that one might apply. For example, one could count states that
span either left to right or top to bottom, or only count states that
span both left to right and top to bottom. In the limit of very large
cells, these different rules should yield results for p, and v that
converge to the exact value.

One advantage of the large-cell method [7] is that, although the
accuracy of the approximation cannot be determined a priori, it can
be improved systematically by considering cells of increasing size.
Figure 3.5.1 shows the value of p* determined by Monte Carlo
methods for cells of up to 500 lattice spacings in size [7].

For small cells of up to five lattice spacings in size, it is possible to
calculate the RG transformation exactly. Figure 3.5.2 shows the states
of a cell of size b = 2 that span the cell left to right together with their
proper statistical weights. The renormalization transformation is
therefore

P’ =R(p)=2p*-

As usual there are the trivial fixed points p* = 0 and p* = 1, and
in addition there is the nontrivial fixed point p* = 0.618. Evaluating v
as in (3.3.6), we find v = 1.635.

Note that this is exactly the same transformation as was derived for
the hierarchical lattice, (3.3.1). As we mentioned in Sec. 3.1, some
approximate RG transformations on Bravais lattices are exact on
hierarchical lattices, which is one reason a good deal of research has
gone into understanding systems on hierarchical lattices and their
correspondence with more physical lattices.
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1.0—

R(p)

0.5+

1.0

Fig. 3.5.3 Renormalization transformations for cells of increasing size.

The best estimate for the percolation threshold on the square
lattice is p, = 0.593, so our simple RG does not do too badly. The
value for v is not as good, and to improve on it one really needs to
study fairly large cells. You are invited in Prob. 3.8 to construct the
renormalization transformation for a cell of size b = 3. The behavior
of R,(p) for increasingly large values of b is shown in Fig. 3.5.3. Note
that as b increases the function R(p) tends to a step function.

The problem of percolation remains essentially unsolved, and vyet it
is deceptively easy to formulate: Analytic approaches have thus far
been limited by the necessity of counting nearly every possible state of
the cell, which becomes impractical, even on a computer, for cells
larger than b = 5. Monte Carlo methods can handle larger cells, but
convergence requires truly enormous (b = 500) cells, which limits the
number of configurations that can be sampled. It will be interesting to
see how this problem is eventually solved.

3.6 REAL-SPACE RENORMALIZATION GROUP
FOR BOND PERCOLATION

A renormalization group treatment for bond percolation can be
formulated along lines similar to those of the self-avoiding walk of
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7 7 |

—0

Fig. 3.6.1 Cell used in the RSRG for bond percolation.

Chap. 1. The basic cell, shown in Fig. 3.6.1, for which b = 2, is the
same as was used for the SAW problem. |

The renormalized horizontal bond is open if there is a' connected
path from the left to the right edge, and the vertical renormalized
bond is open if there is a connected path from the bottom to the top
edge. Figure 3.6.2 shows the configurations of bonds that contribute to
an open renormalized bond. Note that three of the bonds have no
effect on the connectivity of the cell and can be ignored.

From this we see that the renormalization transformation is

p' =R(p,q) =p° + 5p*p + 8p°¢* + 2p°q°

=2p° —5p*+2p*+2p? (3.6.1)

As in the case of site percolation on the triangular lattice, this RG
transformation gives p, exactly; solving for the nontrivial fixed point,
one finds p, = 0.5. The scale factor for the transformation is b = 2,
which gives for v,

In b '
= ——— = 1.428 3.6.2
Y R (362)
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Fig. 3.6.2 Contributions to renormalized horizontal open bond together with their
associated statistical weights probability p.

There is an interesting analogy between the bond percolation
problem and a random network of resistors (Fig. 3.6.3). If each
relevant bond in the cell is replaced by a resistor whose value is r,
with probability 1 — p or 0 with probability p (connected), then the
renormalization function R(p) is the sum over all states of the
network for which the equivalence resistance is 0, weighted by
the probability of finding that configuration. The probability distribu-
tion for each individual resistor can be expressed as a sum of two
delta functions

P(r) =pdé(r) + (1 = p)o(r —ry) (3.6.3)
V- AW
Ry Ry
[ —— { R3 o)
AN & AN
R, Rs

Fig. 3.6.3 Network of resistors equivalent to the cell of bonds, Fig. 3.6.1.
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Then R(p) is given by

R(p) = [dry -+ dry8(r)p(r)p(r) -~ p(rs)  (3.64)

where r,, is the equivalent resistance of the network. (f

3.7 SITE-BOND DILUTION: THE SOL-GEL TRANSITION

A beautiful application of the methods that have been developed thus
far is the real-space renormalization group treatment of the sol-gel
phase transition due to Nakanishi and Reynolds [6]. The gellation
transition corresponds to the formation of an infinite connected
network of bonds between gel molecules. In the sol phase the static
shear modulus and elastic properties of the solution are those of a
viscous fluid. In the gel phase the static shear modulus is nonzero and
the system behaves as a solid. In the model presented here, each site
of the lattice can be occupied by a solvent molecule,*with probability
1 — s or a gel molecule with probability s (s stands for “site””). If two
gel molecules happen to be neighbors, then there is also a probability
b that a bond will form between them. In a physically realistic model
this probability of bond formation would depend on external factors
such as pH and temperature. The only approximation in this picture is
that we assume the sites are occupied randomly without correlation.
In a real sol-gel solution one would expect that molecular forces
would introduce some correlation. The general wisdom, however, tells
us that these microscopic details are probably “irrelevant,” and the
critical behavior of the real system is essentially identical to that of the
model system. The universality of the results of RG calculations is one
of their great strengths.

The cell we will use is the same as we used for bond percolation,
but the criterion for the renormalized bond to be present will be
modified slightly because we must take into account the possibility
that a site may be empty (occupied by a solvent molecule). Following
Nakanishi and Reynolds, we will use the “symmetric” rule for site
percolation: The cell will renormalize to an occupied site if a con-
nected cluster spans from left to right or top to bottom.

To find the renormalized site probability s’, consider first the
configuration with all sites occupied (Fig. 3.7.1a). In this case the
cluster will span unless all the bonds are absent, which occurs with
probability (1 — b*), so the contribution to the renormalized site
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Fig. 3.7.1 Contributions of the renormalized site probability in the site-bond percb-
lation problem. (a) All sites occupied. (b) Three sites occupied. (c) Two sites
occupied.

probability from states with four occupied sites is
1 - (1 - b)Y (3.7.1)
Now consider states in which three sites are occupied, as shown in
Fig. 3.7.1b. In this case the only way the cell is not spanned is if at
least two of the bonds are absent. By symmetry the four different

states with three occupied sites are equivalent, so the contribution of
these states to the renormalized site probability is

4531 - 5)[1 - (1 - b)’] (3.7.2)

Finally, with just two sites occupied, as in Fig. 3.7.1¢, the bond
connecting them must be present so the contribution of this term is

45(1 — 5)°b - (373)

Adding these three terms together, the renormalized site probability
s is

s =51 (1 - b)Y + 4521 = 5)[1 = (1 - b)’] +45(1 - 5)’b
(3.7.4)

Note that if we set b = 1 (all bonds present) we regain the renormal-
ization equation for s using the symmetric rule (Prob. 3.8).
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Fig. 3.7.2 Bond configurations with three or four occupied sites that contribute to
the renormalized horizontal bond if either terminal bond is open. Bonds shown as
dotted lines are closed.

y

Calculating the renormalized bond probability is a lilttle trickier.
The renormalized bond must start on an occupied site and connect
with the opposite edge, so what we are really interested in is the
renormalized product s'b’, rather than b’ alone.

To begin, define the bonds that connect sites in the cell to sites in a
neighboring cell as “terminal bonds”. We consider two classes of
states: those that span if either of the two terminal bonds are present
and those that span only if a particular terminal bond is present.

__._....__Y._._..___..o
|

|
|
[
|
.
2b%(1 - b)?s*
(a)

YTt

/

N
e o e e e e

o Fig. 3.7.3 Bond configurations with four occupied
2b(1-b)3s* sites that contribute to the renormalized horizontal
) bond. Note that one terminal bond must be closed.
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Fig. 3.7.4 Bond configuration with two and three occupied sites and one closed
terminal bond that contribute to the renormalized horizontal bond.

Figure 3.7.2 shows all configuration of bonds of order s* and stand
s> that contribute to the renormalized horizontal bond (three or
four sites in the cell occupied). Because all of these terms span if
either terminal bond is present, they are multiplied by the factor
[1— (1 —b)]

The remaining states that contribute to the renormalized bond
probability with all four sites occupied are shown in Fig. 3.7.3. Note
that these states span only if the indicated terminal bond is present.
Bonds that must be absent (to avoid overcountlng) are shown as
dotted lines.

Contributions from states with two and three sites occupied are
shown in Fig. 3.7.4. Adding the contributions from all these terms, we
have for the renormalized product s'b’,

= e+ -0y 300
+25°(1 = )b2){1 — (1 - b))
+ 2S4[b3(1 _ b)2 + b2(1 - b3)]

+253(1 — 5)b2(2 — b) + 25*(1 — 5)*b? (3.7.5)
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Fig. 3.7.5 Global RG trajectories for the sol—gel problem. The flow on the critical
line with the end points A at (s., 1) and B at (1, b,) is toward the nontrivial fixed
point x.

The nontrivial fixed point of the coupled RG equations (3.7.4) and
(3.7.5) can be found numerically with the result s* = 0.879 and
b* = 0.586. These values for s and b have no particular physical
significance. To get a feeling for the phase diagram of the sol-gel
system, we must examine the RG trajectories shown in Fig. 3.7.5. Note
that the critical line AB separates the RG trajectories into two
classes; those that flow to the trivial fixed point s =0, b =10 and
those that flow to the other trivial fixed point s = 1, b = 1. For values
of s and b on the critical line, the RG trajectory is into the nontrivial
fixed point (s*, b*). The end points of the critical line correspond to
pure site (A4) and pure bond percolation (B). Numerically, the inter-
cepts are s, = 0.570 (0.593 exact) and b, = 0.5 (exact). The fact that
the critical hne connects these two points in the phase diagram, and
that the critical behavior is determined by a single fixed point, consti-
tutes a demonstration, within this approximation, of the universality of
site and bond percolation.

As in the case of the one-parameter RG transformations we have
studied so far, the critical exponents are determined by the properties
of the linearized RG in the neighborhood of the fixed point. In this
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Critical Iine/>

Fig. 3.7.6 RG trajectories in the neighborhood of the sol-gel fixed point.

case the linearized RG equations can be written as

5 as'  as’ 5
BN S s =5 =" (376
ab’  ab' b =b — b* o
b’ — — |,_«| 0D
ds b |77

b=b*

The eigenvalues A, and A, of the matrix of first derivatives and the
associated eigenvectors e; and e, characterize the RG trajectories in
the neighborhood of the fixed point (Fig. 3.7.6). The eigenvalues can
be determined numerically with the result

A, =160 A, =0.536 (3.7.7)

Because A, is greater than unity, repeated applications of the RG
will cause small perturbations in the direction of e, to grow exponen-
tially, and the RG trajectory will run away from the fixed point. On
the other hand, because A, is less than unity, a small displacement
from the fixed point in the direction of e, will decrease in amplitude
as one applies the RG, and the trajectory will flow into the fixed point
(along the tangent to the critical line). In the language of the RG, the
~ linear scaling field e, is relevant because it gives rise to nonanalytic
behavior in the cluster distribution function, and so on. The linear
scaling field e, is called irrelevant because no matter what the initial
amplitude is in the e, direction, it tends to zero exponentially under
repeated renormalization and does not contribute to the dominant
nonanalytic behavior.
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3.1 Prove the identity =

P+ ) n(p)=p :
S f

where n(p) is the average number of finite clusters of s sites.

3.2 Calculate the number of lattice animals g, for s up to 4 on the
simple square lattice.

3.3 Near percolation, the cluster distribution function n(p) scales
according to (3.0.14)

n(s) ~s7f[(p = pc)s°]
(a) Show that
Z,s%n,(p)
Lysn(p)

and relate vy to the exponents o and 7.
(b) Using the identity of Prob. 3.1, show that |

~|p—-pl”

P~(p-p)' P<p.
and relate 8 to o and 7.

(¢) For percolation on the Cayley tree, B8 = 1 and y = 1. What
are the values of o and r for the Cayley tree?

3.4 Calculate the critical probability and correlation exponent for
bond percolation on the diamond hierarchical lattice (Fig. 3.3.1).

3.5 Construct the dual of the Kagomé lattice, shown in Fig. 3.P.1.

Fig. 3.P.1 The Kagomé lattice (Prob. 3.5).
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3.6
3.7

3.8

3.9

3.10

RENORMALIZATION APPROACH TO PERCOLATION

Solve (3.2.3) for O(p, q) explicitly for d = 3, and find p,.

For site percolation on the square lattice, use the alternate rule
that a cell is “occupied” if it can be spanned either left to right
or top to bottom. Find the fixed point and calculate the critical
exponent.

Construct the RG transformation for site percolation on the
square lattice using a 3 X 3 cell. Write a simple computer
program to find the fixed point and evaluate the correlation
exponent. There are 29 = 512 possible states of the cell so you
really want to be a little clever; use symmetry, and so on, and
for six to nine occupied sites it is easier to count states that do
not span the cell rather than those that do.

Show that the percolation threshold for nearest-neighbor site
percolation in two dimensions must satisfy p, > 0.5. Does a
similar restriction hold for bond percolation? Hint: If p, is less
than 0.5, then both occupied and empty sites. percolate for
values of p in the range p, <p < 1 — p,. Note that for the
square lattice (p, = 0.593) there is a range of values of p in
which neither occupied nor empty sites percolate.

Construct the RG transformation for site percolation on the
triangular lattice using the cell shown in Fig. 3.P.2. Note that
the triangular lattice can be thought of as a square lattice with
an extra bond connecting one diagonal.

Fig. 3.P.2 Four-site cell for site percolation on the
triangular lattice (Prob. 3.10).

3.11

3.12

Following the method outlined here, calculate the coupled RG
equations for the site—bond problem using the left-to-right rule
rather than the symmetric rule.

For the RG transformation (3.3.1), show that the trivial fixed
points p* = 0 and p* = 1 are stable in the sense that small
perturbations from these fixed points tend to 0 under repeated
renormalizations. ‘
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3.13 For the diamond hierarchical lattice show that

N .
lim —— — 4 = b% "

k—> Nk

f
where N, is the number of sites in the lattice after k iterations
of the generator and d, is the effective Euclidean dimension of
the lattice. Because b = 2, d, = 2, and the hierarchical lattice
is effectively two dimensional.

3.14 Derive the scaling law (3.0.18).
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RENORMALIZATION GROUP
AND CRITICAL PHENOMENA

4.0 INTRODUCTION

Figure 4.0.1 shows the phase diagram of a typical chemically pure
substance. The pressure—temperature plane is divided into regions in
which the system exists in a homogeneous thermodynamic phase.
Within each phase the properties of the system are analytic functions
of the temperature and pressure, the correlation length is of micro-
scopic dimensions, and in principle one can compute the free energy
of the system.

On the other hand, at the boundaries between phases the proper-
ties of the system change suddenly, and nonanalytic behavior in the
free energy is manifest. Clearly, analytic approximations will be of
little use in describing the transition from one phase to another, and it
is here that RG methods have proved most effective.

In discussing a phase transition, it is useful to consider an operator
whose thermodynamic average vanishes identically in one phase, which
we call the “disordered” phase, and is nonzero in the “ordered
phase.” The ensemble average of this operator is called the order
parameter. If the order parameter changes discontinuously across the
phase boundary, as, for example, in the familiar case of melting, then
the phase transition is said to be “first order.” If the order parameter
is a continuous function, rising from 0 as the boundary is crossed, then
the transition is called “second order,” and the thermodynamic func-
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Fig. 4.0.1 Phase diagram for a typical pure substance. Point € is the liquid—gas
critical point.
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tions exhibit “critical,” or scaling, behavior. The end point of the
liquid—gas phase boundary, labeled C in Fig. 4.0.1, is the critical point
and the liquid—gas transition at this point is second order.

The essential ingredient in critical behavior is the divergence of the
correlation length £ at the critical point. The correlation length can be
though of as the distance over which fluctuations in the order parame-
ter are correlated, and it sets a natural scale in the system. At the
critical point the correlation length is infinite and fluctuations in the
order parameter are strong on all length scales. At the liquid—gas
critical point, where the order parameter is essentially the difference
in density between the liquid and gaseous phases, light is so strongly
scattered by the critical density fluctuations that the fluid becomes
opaque, a phenomenon called “critical opalescence.” In magnetic
systems these critical fluctuations lead to a divergence in the magnetic
susceptibility.

From the point of view of the RG, it is again the loss of scale as ¢
tends to « that leads to scaling behavior. Taking the temperature to
be the parameter that controls how far the system is from the critical
point, the critical behavior of the basic thermodynamic functions is
summarized in Table 4.0.1, which also defines the critical exponents
a, B, v, and v.
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TABLE 4.0.1 Critical Exponents for the Basic Thermodynamic Functions

Order parameter m ~ (T, — T)P T<T,
Specific heat C~|T-TJ|"
Susceptibility x~IT-TI"
Correlation length E~IT-TJI"

TABLE 4.0.2 Scaling Relations for the Order Parameter m and Correlation

Function
Order parameter m ~ h/® T=T,
Correlation function G(r) ~r4%2™m T=T,

In addition, at T = T, the correlation function G(r) decays as a
power of r and the order parameter scales with an external field 4,
which couples directly to the order parameter, as shown in Table
4.0.2.

One of the central goals of the RG approach is to calculate the
critical exponents «, B8, v, 8, v, and n. As we will see this task is
considerably simplified by the existence of relations, or scaling laws,
between the exponents which reduce the number of independent
exponents to just 2.

4.1 CONSTRUCTION OF THE RENORMALIZATION
GROUP TRANSFORMATION

In this section we will consider some particular ways in which the RG
transformation can be constructed and investigate the general behav-
ior of the RG transformation in the neighborhood of a fixed point.
We begin with the Hamiltonian H for the system we are interested
in, which is a function of a set of dynamical variables, or fields, s;. The
Hamiltonian is usually composed of simple, local, functions of the
fields O, which we will refer to as “operators.” Each such operator in
the Hamiltonian appears multiplied by a coefficient, or parameter A,
which we say is conjugate to that operator. In general, we have

H=) h0, (4.1.1)
k
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One can think of the set of parameters {/,} as comprising a space,
and each point in this space represents a particular Hamiltonian.
Generally, this space is infinite in dimension and it is usually necessary
to identify those operators that are physically most relevant and
truncate parameter space to include just these. 7

The RG transformation is formulated in terms of the partition
function Z, which is given as a trace over the fields

Z = TreHlts) (4.1.2)
{S[)

" Note that the usual factor of B = 1/(kzT) has been absorbed into
the definition of H. Coarse-grained variables {S,} are introduced
through the projection operator T({S,},{s;}), which contains all the
information connecting the coarse-grained state with the original
state. The Hamiltonian for the coarse-grained variables is given by

N = TET(S) (e AN (L)
i
Not every choice of the projection operator 7 will lead to a meaning-
ful RG transformation, and in constructing 7 we must let physical
insight guide us. The transformation must have the following proper-
ties:

1. The fundamental length scale (e.g., the lattice spacing a or the
inverse of the momentum cutoff A~!) in the two Hamiltonians
are related by the scale factor b > 1,

—=p (4.1.4)

2. The coarse-grained, or renormalized, variables must be of the
same kind as the original. The RG transformation should not
change the dimension or symmetry of the internal space of the
dynamical variables.

3. The states of the original system corresponding to homogeneous
phases should transform into states of the same kind under the
RG. In particular, the RG must preserve the character and
symmetry of the ordered phases of the system. This ensures that
the thermodynamic phases will correspond to stable fixed points
of the RG transformation.
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4. The coarse-grained partition function, and therefore the coarse-
grained free energy, should be numerically equal to the original
free energy. This invariance of the free energy resembles the
more familiar symmetry properties of Hamiltonian systems and
lends some support to the “group” aspect of the RG. This
constraint can be satisfied by requiring that

T7((S), (5)) = 1 (4.1.5)

The first restriction ensures that the transformation does what we
want it to do; that is, it averages out the microscopic details of the
problem. This reflects the idea that the critical behavior of the system
is dominated by fluctuations on the largest length scales. The other
three restrictions are necessary if we are to locate fixed points of the
RG transformation. We have seen in the examples of the previous
chapters that scaling behavior goes hand in hand with the existence of
fixed points of the RG.

In order to make the preceding discussion more concrete, we will
consider several examples of the operator T, which we will also use in
later chapters. The first two examples are formulated in terms of
variables defined on a lattice and give rise to what are called “real
space” RG transformations. The third example makes use of the
Fourier transform variables and leads to the “momentum space” RG.

The first of the real-space transformations is due to Kadanoff, and
in the context of spin models has come to be called the “block spin
transformation.” Figure 4.1.1 shows a triangular lattice, and at each
lattice site a “spin” variable, {s;} = %1, is defined. Such a model is
called an “Ising” model, and we will have more to say about Ising
models in the next chapter. For now, however, we are simply inter-
ested in the idea of coarse graining and the construction of the
operator T.

Again referring to Fig. 4.1.1, the lattice sites are grouped into three
spin clusters. The coarse-grained, or block, spin is defined by

{s:} = sgn( i s,‘?) (4.1.6)

k=1

where sgn(x) = +1if x > 0 and sgn(x) = —1 if x < 0. This type of
rule relating the original and coarse-grained variables is called a
“majority rule” for obvious reasons. Note that the block spin also
takes on just the values +1, and therefore the coarse-grained system
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Fig. 4.1.1 Block spins for the triangular lattice. Note that the blocks themselves form
a triangular lattice of size a’ =3a. %
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is also an Ising model. The coarse-grained lattice has a lattice constant
a = V3a, so the first two of our criteria are satisfied. If the Ising
model undergoes a ferromagnetic transition so that in the ordered
state all the spins are parallel, the corresponding coarse-grained state
will also have all spins parallel. This satisfies condition 3. Finally, we
need an explicit form for the operator T({S}}, {s;}), which implements
the rule (4.1.6),

T(s)b) - Tofs s Tsp) @)

k=1

The delta function in (4.1.7) is, in this case, to be taken as a
Kronecker delta. If we were dealing with dynamical variables defined
over a continuous range, then the delta function would be a Dirac
delta. In either case the normalization condition of the delta function

3
Tra(s,. —sgn Y s,<j>) =1 /' (4.1.8)
{s) k=1

ensures that condition 4 and (4.1.5) are satisfied.
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Another realization of the operator T is a decimation transforma-
tion in which a subset of the dynamical variables is traced over. Figure
4.1.2 shows a square lattice that can be decomposed into two simple
square sublattices with lattice constant a’ = V2 a. The sites on sublat-
tice A are marked by open circles and those on sublattice B are
marked by crosses. The Hamiltonian can be regarded as a function of
the two sets of dynamical variables {5} and {s®}, and the trace (4.1.2)
can be performed in two steps

Z = Tr Tre HlsM 6 (4.1.9)
{s7) (5P}

The coarse-grained Hamiltonian is defined just as in (4.1.3)

e~ HI™M = Ty e HUs™ (7] (4.1.10)
{(s#}

Obviously, the coarse-grained variables are of the same kind as the
original, and (4.1.10) ensures the invariance of the partition function.

In many problems the system is translationally invariant, and it is
convenient to work with the Fourier transform or momentum-space
variables

1
s(k) = N Ze”‘R"si (4.1.11)

where R, are the lattice vectors. If the system is defined on a lattice,
as in the previous example, then there is a natural limit to the values
of the wave vectors k, namely the inverse of the lattice spacing. If the
system is defined on a continuous space, as in a liquid or a gas, then
the upper limit to the wave vector, called the momentum cutoff A, is
of the order of the inverse of the interparticle spacing. The important
point is that the cutoff is of microscopic dimensions, whereas the
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fluctuations near the critical point are macroscopic. This suggests that
the fields with wave vectors near the cutoff should not contribute in
any essential way to the critical behavior of the system. Coarse
graining is accomplished by decimating those degrees of freedom near
the cutoff. ¢

The partition function is given as an integral over the Fourier
coefficients s(k), which we write in the compact form

Z= fD[s(k)]e"H[s(")] (4.1.12)

In the case of a lattice, the momentum-space variables are also
defined on a lattice (the reciprocal lattice), and the integration symbol
in (4.1.12) simply stands for an ordinary multiple integral. In the
continuum case the symbol in (4.1.12) stands for a “functional inte-
gral.” For the purposes of this discussion, we can simply think in
terms of the discrete case.

Coarse graining can be accomplished by dividing the integration
variables into two sets, which we label s(p) and s(q). The wave
vectors g satisfy 0 < |gq| < A/b, whereas the wave vectors p satisfy
A/b < |p| < A. This division of momentum space is illustrated in Fig.
4.1.3.

Dividing the integration variables into the two groups, the partition
function becomes

7 = fD[s(q)] [D[s(p)]e~H[{s<p»,{s<q>}] ’ (4.1.13)

Fig. 4.1.3 Partitioning of momentum
space variables s(k). The variables with
wave vectors in the shell near the cutoff
A (shaded region) are integrated out.
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where the dependence of H on both sets of degrees of freedom is
made explicit. The coarse-grained Hamiltonian is defined in a manner
similar to (4.1.10)

o~ HTS@] — f D[s(p)]eHHsp: st (4.1.14)

From the definition of the procedure as simply a partial evaluation of
the trace, it is clear that the free energy is kept invariant. The
coarse-grained variables are just the remaining, or undecimated, de-
grees of freedom, and the cutoff for the coarse-grained Hamiltonian is
reduced from A to A/b. Thus the momentum-space procedure satis-
fies all the criteria for a good RG transformation.

The second step of the RG transformation is to rescale the unit of
length and the dynamical variables so as to restore the lattice spacing
or cutoff to its original value. For a system on a lattice, the coarse-
grained lattice constant is related to the original lattice constant by
the scale factor b. In order to compare the coarse-grained Hamilto-
nian with the original one, we must redefine the unit of length, and
the scaling equation for the coordinates is

r=b"'r (4.1.15)

All quantities with the dimension of length will scale as in (4.1.15),
and, for example, the volume, which has dimension L4, will scale as

V' =b""V (4.1.16)

Because the free energy is invariant under the RG, when lengths are
rescaled the renormalized free-energy density will be given by

f=b% (4.1.17)

In the momentum-space picture of (4.1.13) and (4.1.14), the funda-
mental length is the inverse of the cutoff A~1. After decimation, that
is, integrating out the fields s(p), the new cutoff is A' = A/b. Scaling
all momenta by b then restores the cutoff to its original value.

In most real-space RG transformations, there is no need to explic-
itly rescale the unit of length. For example, the decimated square
lattice with lattice constant a of Fig. 4.1.2 is automatically a square
lattice of lattice constant V2 a. On the other hand, rescaling is an
essential part of the momentum-space RG.
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Typically, there will be a term in the Hamiltonian of the form

H, = 1Y k2% (k)s(—k) (4.1.18)

which tends to suppress rapid spatial changes in the order pararﬁeter.
In general, decimation of the fields s( p) will generate further terms of
this form. In order to keep the coefficient of H, fixed at 1/2, it is
necessary to rescale the fields as well as the momenta, and conven-
tionally the scaling of the fields is

s'(k) = b@~m/%s(k) (4.1.19a)

or, for real-space fields,
s'(x) = bU=2tm/25(x) (4.1.19b)

The decimation part of the RG transformation can be regarded as a
partial evaluation of the trace (4.1.2). In each successive application of
the RG, which we can label with an index n, more of ithe original
variables are eliminated, and part of the renormalized Hamiltonian,
which is independent of the fields f,(n), is generated. This term
represents the contribution of the decimated degrees of freedom to
the free-energy density.

Because at each iteration of the RG transformation the volume
scales as b~¢ we can write

f= i b~"f(n) (4.1.20)

which expresses the free-energy density as the sum of a function over
the trajectory, or orbit, of the Hamiltonian through parameter space.
We will find (4.1.20) useful in discussing the behavior of the free
energy in the critical region.

4.2 RENORMALIZATION GROUP IN THE NEIGHBORHOOD
OF A FIXED POINT

,
As we have seen in the simple examples already considered, scaling
behavior is closely associated with the existence of fixed points of the
RG. It is the basic assumption of RG theory that the critical point at
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which a second-order phase transition occurs maps to a fixed point of
the RG, and that the critical region in which scaling holds maps intoa
neighborhood of the fixed point under the RG. In this section we
consider the behavior. of the RG in the neighborhood of a simple fixed
point and show how this does in fact lead to scaling behavior.

We denote the action of the RG transformation on H by R,(H),
where the scale factor b is shown explicitly. The fixed-point Hamilto-
nian H* satisfies

R,(H*) = H* (4.2.1)

Now consider a perturbation of the form H =H * + £0, where
e < 1 and O is any operator. A linear RG transformation can be
defined by .

1 ‘
L,0 = lim —[R,(H* +¢0) — H*] (4.2.2)
e—0 &

As with any linear operator, we are interested in its -eigenvalues A
and eigenvectors i, which in the context of the RG are called linear
scaling fields and which satisfy the eigenvalue equation

wak. = /\k(b)‘/’k (4-2-3)

We should emphasize that L, is an operator in parameter space,
whereas the linear scaling fields are operators in the sense of being
functions of the dynamical variables.

If the RG is applied twice, first with scale factor b and then with
scale factor b, the net result should be identical to a single renormal-
ization with scale factor bb'. That is, we require

Ry(Ry(H)) = R,y(H) (4.2.4)
Applying the composition rule to (4.2.3) gives |
A(bb') = A(b)A(D") (4.2.5)
from which we see that the eigenvalues are generally of the form
Ag(b) = b (4.2.6)

Just as in quantum mechanics, the eigenvectors of the linear opera-
tor b form a useful basis on which to describe the action of the RG
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transformation. In the neighborhood of the fixed point the Hamilto-
nian can be written as

5

H[{h)] = H* + Y h (4.7:.7)
k f

where the parameters {(k,} are “small.” Applying the RG once, we
have

R,(H[{h}]) = H* + ;ww,c{pk (4.2.8)

from which we see that
Ry (H[{h}]) = H[{b”*h,}] (4.2.9)

If y, <0, then under repeated applications of the RG the ampli-
tude &, of the scaling field ¢, tends to 0 and that operator is said to
be “irrelevant.” On the other hand, if y, > 0, the amplitude of the
scaling field increases and the operator is “relevant.” I{i the special
case y, = 0, the operator is called “marginal.” ' '

There is always at least one relevant scaling field of the linearized
RG, but in a sense it is trivial and does not lead to critical behavior. A
constant of the form cV/, where V' is the volume, can always be added
to the Hamiltonian without changing the properties of the system. As
we have seen, the volume scales as b~ ¢, and because the free energy is
invariant, ¢ must scale as ¢/ = b%. The additive constant is relevant
but innocuous because it is always possible to redefine the Hamilto-
nian so that ¢ = 0.

In the typical case the Hamiltonian itself is a relevant operator and
the conjugate parameter is the reduced temperature

= : 4.2.10
t_ 2.
T ( )

c

Note that in (4.2.7) the parameters h, are defined in such a way that
at the fixed point all the 4, = 0. The reduced temperature is defined
so that ¢ = 0 also corresponds to the fixed point.

The critical surface (it can be a single point, a line, or a set of
higher dimension) in parameter space is the set of points whose
trajectories or orbits under the RG tend to the fixed point. In the
language of the theory of maps, the critical surface associated with a
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fixed point is its basin of attraction. The critical region is the set of
points whose orbits come sufficiently close to the fixed point that the
linear appr0x1mat10n discussed previously is applicable. The critical
point for a system is the intersection of the critical surface with the
subspace spanned by the physical parameters, which we will refer to
simply as the “physical subspace.” In simple RGs there may be just a
single parameter, in which case the fixed point and the critical point
are identical. More typically, the physical subspace is of higher dimen-
sion, in which case the intersection of the critical surface with the
physical subspace can be a line of critical points or even a manifold of
higher dimension.

43 CORRELATION LENGTH AT A FIXED POINT

The concept of the “correlation length” plays a central role in the
theory of phase transitions. The correlation length is defined in terms
of the order parameter correlation function

G(ri,j) = <sisj> - <Si><Sj> (4.3.1)
by
&1 = lim [— —In G(r)] (4.3.2)

Close to the fixed point the correlation length in the original system
is related to that in the renormalized system by

E({hi}) = bE({D"h4}) (4.3.3)

which states that the correlation length is a generalized homogeneous
function of the parameters {h,}. If we now set all the parameters to 0
in the sense of (4.2.7) and take for H the fixed-point Hamiltonian, we
have

¢({0}) = b&({0}) (4.3.4)

which has two solutions, £é({0}) = 0 and £({0}) = co.

In the first case, which is sometimes called “trivial,” the fixed point
corresponds to a homogeneous phase either at infinite or zero temper-
ature. Although it is clear that the correlation length should vanish as
T — o, it is perhaps less obvious that it also vanishes in the ordered
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state as T — 0. To see this, note that as the temperature tends to 0
the fluctuations of the order parameter about its average value vanish
and so the second term in (4.3.1) tends to cancel the first. The
remainder decays exponentially at large separations, and the charac—

teristic length ¢ tends to 0 with T f

Because the RG transformation itself should be nice and analytic,
and all thermodynamic quantities in the pure phases are analytic
functions of the parameters, we can assume that the correlation length
is an analytic function of the parameters as well. This implies that all
the scaling fields in the neighborhood of a trivial fixed point are
irrelevant (Prob. 4.1) and the fixed point is stable. The dimension of
the “critical surface” in this case is just the dimension of the parame-
ter space itself (Prob. 4.2).

The other solution of (4.3.4), £ = «, corresponds to critical behav-
ior. The correlation length sets the natural scale for the system, and
the divergence of & at the critical point signals the loss of scale. In
contrast to the trivial fixed point considered previously, a “nontrivial”
fixed point is characterized by a least one relevant 'scaling field (see
Prob. 4.3).

It is clear that a necessary condition for a point to lie on the critical
surface is that the amplitudes of all the relevant scaling fields must
vanish. In the usual situation one has control over only a few external
parameters such as the temperature, magnetic field, and so on, and so
the fixed points that are responsible for phase transitions are charac-
terized by just a few, and often only one, relevant scaling field. The
dimension of the critical surface in this case is less than that of the
whole parameter space.

4.4 HOMOGENEITY PROPERTIES OF THE FREE ENERGY

In most situations the temperature is a relevant parameter, and one
usually expresses thermodynamics averages in terms of the reduced
temperature, (4.2.10).

Let us assume for simplicity that there are no external fields and
the temperature is the only relevant parameter. Very close to the fixed
point, we can ignore the other (irrelevant) scaling fields, and we have

£ = b&(th’r) ,(44.)

where we have labeled the eigenvalue of the RG associated with the
temperature parameter as y,. From this it follows that the correlation
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length diverges as
£ el (4.4.2)

and we can identify the eigenvalue y, with the reciprocal of the
correlation length exponent .

Similarly, by (4.1.17) the free-energy density can be written as a
homogeneous function of ¢ of the form

f(t) = b~ (eb’7) - (4.4.3)

In (4.4.3) we have rearranged things so that all the dependence on
the scale factor b is on the right-hand side. The scale parameter b in
(4.4.3) is arbitrary, and in particular we can choose b such that
b|¢['/” = 1. Then the free energy as a function of ¢ in the critical
region varies as

£(t) = ltI"*f(sen(2)) 5 (4.4.4)

Differentiating the free energy twice with respect to ¢ yields the
specific heat, which varies with temperature by (4.4.4) as

C(t) = 11", (sen(1)) (44.5)

and therefore the specific heat exponent « is related to the correla-
tion length exponent and the dimension of space by the “scaling law”

a=2-vd (4.4.6)

Now let us consider a slightly more complex situation where, in
addition to the temperature parameter, there is also an external
symmetry-breaking field 4. The exponent associated with the external
field is y,, and the free-energy density becomes a generalized homo-
geneous function of both ¢ and A:

£(t, k) = b= (b7, hb*) (4.4.7)

The order parameter m = (s) can be calculated from the free-energy
density by differentiation with respect to the external field

m(t, k) = — a_ﬂ;hi) (4.4.8)
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Differentiating both sides of (4.4.7), we have
m(t, h) = b4 m(tb’r, hb¥+) (4.4.9)

Comparing the order parameter on the left-hand side of (4.4.99 with
the renormalized order parameter on the right-hand side, we see that
the order parameter scales as

m = b "vm (4.4.10)

If we again choose b such that |¢|b?T = 1, we arrive at the “equation
of state,” which gives the order parameter as a function of the
external field and the temperature

m(t,h) = —t]"“7Pf, (sgn(t), hlt|”"") (4.4.11)

If we now take & — 0, the order parameter vanishes when ¢ goes to 0
as tP, and B is related to v and y, by b

B=(d—y,)v | (44.12)

The susceptibility, which is the derivative of the order parameter
with respect to the external field, can be calculated from (4.4.12) and
we have

x(h,t) = —[t]"“=29Ff, (sgn(t), hle|"") (4.4.13)
The zero-field susceptibility is singular at the critical temperature,

varying as |t|”?, and we see that the critical exponent y is given in
terms of v and y, by

y=—(d =2y, (4.4.14)

Finally, if we return to (4.4.9) and set T = T, that is, ¢ = 0, and
choose b such that |k|b¥* = 1, we find

m(h) = =7/ f,(0, sgn(h)) (4.4.15)

Comparing this with the definition of the critical isotherm exponent &,
we see that /

5 = (4.4.16)
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We can use the homogeneous form of the free energy to derive an
important inequality for the scaling exponents &,. The natural exten-
sion of (4.4.7) to the case of an arbitrary number of scaling fields is

F({he}) = b= ({07 hi}) (4.4.17)

The derivative of the free-energy density with respect to the parame-
ter h, yields the ensemble average of the density m, conjugate to /.
For example, the energy density is conjugate to the reduced tempera-
ture and the magnetization per spin is conjugate to the external
magnetic field. Each of these densities is an intensive quantity bounded
at all temperatures, and they cannot diverge. If we assume that A,
scales as b’, then it follows that

my = b=, ({b*h,}) - (4.4.18)
If we now take b”¢|h,| = 1, we have
my = [0 g (77D, sen(hy)) - (4.4.19)
Ih order for m, to remain finite as /4, tends to 0, we must have
Ve <d (4.4.20)

which is the inequality we were seeking.

4.5 SCALING FORM OF THE CORRELATION FUNCTION

Consider the generalization of the partition function to an ensemble
in which the expectation value of the field is fixed at each site. This is
accomplished by the introduction of “source fields” m; at each site,
and the “generating function” for the system is given by

() = Trew( = (H[6)] = Tns)| @5

{s;}

The average of any function of the fields in the original ensemble can
be found by evaluating the appropriate derivatives of the generating
function with respect to the sources and setting all n;, = 0.
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We can also define the generating potential ® in analogy with the
free energy

®[(n)] = ~1n E[(n)] (452)

,
The generating potential has the advantage that its derivatives yield
the connected, or cumulant, part of a correlation function. For exam-
ple, taking derivatives of E({n,}) with respect to n; and 7, will yield
(s;5,), whereas the same derivatives of ®[{n,}] yield

2P

G(r
an; Im;

({n; = 0}) (4.5.3)

i,j) =

which is how the order parameter correlation function is defined in
(4.3.1). In general, if a correlation function depends on several coordi-
nates, ry, r,,..., 7, the connected, or cumulant, part vanishes as all
the coordinate differences |r; — r,| tend to . The generating poten-
tial, just like the free energy, is 1nvar1ant under the RG. Although it
would appear that the source term in the Hamlltoman is like an
external field term, there is a subtle difference. Each' term in the
Hamiltonian must be extensive and therefore scale invariant. This
applies to the term AY,s; as a whole and to each term in the sum
X.;m;s; individually. For thls reason the sources scale dlfferently from
an external field: The sources must scale as

n:=b"Ym, (4.5.4)

Now that we have established the scaling properties of the sources,
the generating potential can be expressed as a generalized homoge-
neous function of the temperature and the sources

(1, (n) = (tb*7, (b)) (45.5)

Note that, like the free energy, ®[¢,{n;}] is required to be scale
invariant. Calculating the correlation function as in (4.5.3) gives

G(r)= bﬂy’@mm«(tbyr’ 1 {n, = 0}) (4.5.6)

In (4.5.6) we have displayed explicitly the dependence of the correla-
tion function on r = |r; — r;|, the distance between sites i and j.
Because r has dimensions of length, it scales as b~ 1. In this case it is
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convenient to choose b such that b~ !r = 1, which yields the scaling
form for the correlation function,

G(r) = r_2y5<Dmm(tr1/”)

- r"zysg(é) (4.5.7)

In the second form we have eliminated the temperature variable in
favor of the correlation length by (4.4.2) to emphasize the dimension-
less character of the argument of g. Typically, g(x) is an exponen-
tially decreasing function for large x.

As one approaches the critical point, the correlation length diverges
and the correlation function decays algebraically as

#0)

rms

limG(r,t) —

t—0

(4.5.8)

Comparing the result (4.5.7) with the scaling form of G(r) in Table
4.0.2, we see that y_ is given by

y,=3(d —2+1) (4.5.9)

4.6 SCALING LAWS, HYPERSCALING, AND UNIVERSALITY

We have seen that the consequence of the existence of an isolated
nontrivial fixed point of the RG is that all the usual critical exponents
for a system can be expressed in terms of the eigenvalues of the
linearized RG, y, and y,. This implies that only two of the critical
exponents are independent, and therefore there must exist relations
between the various critical exponents. Why should the critical expo-
nents depend upon just y, and y,? We can divide the set of all
operators into “even” and “odd” depending on whether they change
sign under the operation S; - —S;. The Hamiltonian in the absence
of any symmetry-breaking field is even, and therefore the temperature
parameter will control the amplitude of the most relevant even scaling
field. The odd-parity operators enter the picture when we switch on a
symmetry-breaking field such as an external magnetic field. The most
relevant odd-parity field scales with exponent y,, and so the two most
relevant exponents y, and y, are sufficient to describe the scaling
behavior of the system very close to the critical point. Here we collect
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the scaling laws, which follow from (4.4.3), (4.4.7), (4.4.13), (4.4.16),
(4.4.18), and (4.5.9),

E

a=2—-vd (4.6.1a)
f
v

B=(d=-2+n) (4.6.1b)
y=v(2—n) (4.6.1c)
a+2B+y=2 (4.6.1d)

a+27m 46.1
Cd-2+n (4.6.1¢)

A distinction is sometimes made between scaling laws that explicitly
contain the dimension d and those that do not. Those that do, for
example, (4.6.1a), (4.6.1b), and (4.6.1e), are called “hyperscaling”
relations because they depend directly on the assumption that the
free-energy density is a homogeneous function of the scaling fields.
This should be contrasted with (4.6.1c), which can also be deduced
from the fluctuation—dissipation theorem that relates the fluctuations
in a thermodynamic average, in this case the order parameter, to the
corresponding susceptibility (see Probs. 4.6 and 4.14).

In addition to the scaling laws, which reduce the number of inde-
pendent exponents to just 2, it is widely believed that the values of the
exponents are determined by the dimension of space and the nature
of the order parameter. This concept is called “universality,” and in a
weak form implies that, for example, the critical exponents for the
Ising model are independent of the particular lattice that one studies.
More significantly, it asserts that if one has two real crystals that
undergo Ising-like phase transitions, although the details of the inter-
actions and crystal structures may be quite different, the critical
exponents are the same. This simplifies the “botany” of critical
phenomena by placing all similar systems into a rather small set of
“universality classes.”

Although there is strong numerical and experimental support for
the universality hypothesis, it has not yet been proved except in
certain restricted cases where transformations can be found which
map one problem on to another, for example the equivalence of bond
percolation on a lattice and its dual.
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4.7 FIXED POINTS AND FIRST-ORDER PHASE TRANSITIONS

In the preceding sections we have been describing the structure of the
RG in the neighborhood of the fixed point associated with a second-
order phase transition. In such a phase transition the thermodynamic
densities are continuous through the transition. However, many sys-
tems exhibit first-order transitions in which the order parameter or
internal energy is discontinuous. It is natural to inquire as to whether
this important class of transitions can also be described within the
framework of the RG.

Following Fisher and Berker [2], we can write the RG equations
that relate the renormalized parameters to the old parameters in the
form

K, = R,({n;}) (4.7.1)

where the R,({h}) are in general nonlinear functions of the old
parameters. Consider again the thermodynamic density m,, which can
be found by differentiating the free-energy density with respect to the
parameter h,,

of
= —— 4.7.2
If we apply the RG once, we have, because f scales as b?,
on'; of
—_ —d _...._', —_— == b*d I.T. 4.7.3
me = —b ;ahk on;, “J—.:mf i (4.73)

In (4.7.3) the matrix of derivatives T is just the linear RG transforma-
tion. If we now evaluate the densities at a fixed point, we have

mi =b"1 ) miT, (4.74)
J ;

Because the densities must all be finite and cannot all be 0,
consistency requires that m* be an eigenvector of the linearized RG
with eigenvalue b% This eigenvector includes as a component the
additive constant discussed previously, and the associated density in
this case is simply the ensemble average of the identity.

The usual second-order transition corresponds to the case where
the identity is the only such eigenvector. If, on the other hand, we
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wish to describe the coexistence of two phases, which we label A4 and
B, each with its own set of distinct thermodynamic densities, then
there must exist two eigenvectors ¢ and ¢® with eigenvalue b<.
Because these two eigenvectors are degenerate, any linear combina-
tion ¢ = ay + By? will also be an eigenvector which scales jas b*
and which corresponds to a state that is a mixture of the A and B
phases.

We can still set the amplitude of one scaling field to 0 by eliminat-
ing the constant term in the Hamiltonian, but now there is a second
relevant scaling field whose exponent assumes the maximum thermo-
dynamically allowed value y = d. Here we shall consider the case
where this scaling field couples to the reduced temperature. The case
where the relevant parameter couples to the order parameter is left as
an exercise (Prob. 4.14).

The argument follows exactly as in (4.4.3) and (4.4.4), except that
now y, assumes the maximal value y;, = d. Therefore, (4.3.4) be-
comes

¥

F(£) = |t f(sgn(t)) - (4.7.5)

|
Taking the derivative with respect to ¢, we find that the discontinuity
in the internal energy, or latent heat, is given by

af(e)  af(—e)
a ot

L= lim[

lim ] —f) +f(=1)  (4756)
We therefore come to the conclusion that a first-order transition also
corresponds to a simple fixed point of the RG, but one in which the
dominant relevant scaling field scales with the maximal exponent
yr=d.

4.8 CROSSOVER PHENOMENA

Consider a one-parameter set of Hamiltonians of the form
H(A)=H + AH, (4.8.1)

where H, is invariant with respect to a given symmetry operation and

H, is not. For A = 0 the system belongs to the universality class of H,

but for any value of A > 0 the system will belong to the universality
class of the asymmetric Hamiltonian and the critical exponents will be
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different. Evidently, the parameter A is a special example of a
“relevant parameter.”

If A is very small there will be a region near the critical tempera-
ture in which the thermodynamic functions will scale as if A = 0, but
as the critical temperature is more closely approached the true scaling
behavior characteristic of the asymmetric fixed point will emerge. In
the language of the renormalization group, we say that there is a
crossover from one universality class to another.

In a sense, we have already encountered this situation in the
discussion of the scaling of the free energy in the presence of a field
that couples to the order parameter. For any nonzero value of this
field, the nontrivial fixed point is unstable because the external field is
a relevant variable. In that case the renormalization trajectories tend
to one of the trivial fixed points and there is no critical behavior. Here
we wish to consider a different situation in which there are two
nontrivial fixed points, one of which yields the critical behavior if
A = 0, and the other yields the critical behavior if A > 0.

The free-energy density will take the form

(1, A) = b= (1", AbY/*®) (4.8.2)
where we have introduced the crossover exponent ¢, and v is the
correlation length exponent for the symmetric universality class. Note
that the temperature parameter ¢ = (T — T,(0))/T.(0) refers to the
symmetric critical point. For A = 0 the scaling arguments proceed as
before, but for A > 0 we choose

AbY¥¢ =1 (4.8.3)
which gives for the free-energy density

£(t,A) = A 9eF(tA~%,1) (4.8.4)

In order for (4.8.4) to vield scaling behavior, the function f(x,1) must
be singular at some value x_, varying as

f(x,1) ~|x — x| (4.8.5)

where v’ is the correlation length exponent for the asymmetric univer-
sality class. Substituting (4.8.5) into (4.8.4) then yields

f(2,A) > A8 ()" (4.8.6)
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[

where
T - TC(A)
and f;
TC(A) = TC(O)(l + chd’) (4.8.8)

Note that by (4.8.8) the shift in the transition temperature T,(A) —
T.(0) scales with the symmetry-breaking field as A2

4.9 FINITE-SIZE SCALING

A system will exhibit true critical behavior only in the thermodynamic
limit. For any finite system it is easy to see that the free energy must
be analytic. In a sense then, the characteristic size of the system L can
be regarded as a relevant parameter. For finite L the specific heat will
show a maximum, which increases in magnitude and sharpness as
1/L — 0. One can estimate how close the system comes to critical
behavior by realizing that so long as the correlation length ¢ is much
less than L, the finite size of the system will play no role. Rounding-off
of the sharp singularities will occur when

L~¢ | (4.9.1)

Because & ~ |t|””, the rounding temperature 7,, will be shifted
from the true critical temperature by

T, —T, ~L/" (4.9.2)

These ideas can be put on a firm foundation by incorporating 1/L as
a parameter in the free energy. It is clearly relevant because it scales
as

! b1 493
L/_ L (")

The free-energy density then takes on the scaling form

f(t, %) = b'df(tbl/”,b%) (4.9.4)
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f(x)

X

Fig. 4.9.1 Typical form for the scaling function of the specific heat.

Taking b = L, (4.9.4) can be written as

1
f(t, f} = L74f(eLY7,1) : (4.9.5)
The specific heat is then given by
1
C(t, Z) = L4%2/vf, (¢eLM7,1) (4.9.6)

If we now take the limit L — o, t — 0 and hold [¢|L'/” = x,, fixed, we
find that the specific heat varies as

1
. . y— 2—vd
Lh_x)noo }%C(t,z) = x5 2t (X0, 1) (4.9.7)

Typically, the function f,,(x,1) will be smooth and exhibit a maxi-
mum for x =x, as shown in Fig. 4.9.1. Taking x,=x, in the
preceding argument, the temperature at which the specific heat is
maximum for a system of size L is given by

uﬁ/" =X, (4.9.8)
T.
which leads directly to
T,=T,(1+ X, L7 (4.9.9)

and should be compared to (4.9.2).
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When numerical methods such as Monte Carlo simulation are used
to evaluate the thermodynamic properties of a system, one is always
forced to consider a system of finite size. Therefore, the singularities
will be rounded and the determination of the critical temperature and
exponents becomes ambiguous. However, if we return to (4.9.6), we
can rewrite this in the form '

1 A
L“"/VC(t, Z) = £, (eLV7,1) (4.9.10)

where we have used the scaling law (4.6.1a), @ = 2 — vd. Equation
(4.9.10) states that the scaled specific heat

— 1 1
Clt,—|=L"/"C|t,— 9.
(t, L) L C(t, L) | (4.9.11)

0.8

0.7 =

—alv
ct 0.6== N
& OADAﬁ

0.2 =

0.1==

-2.0 -1.0 0.0 1.0 4 2.0
tL"1/V

Fig. 4.9.2 Universal behavior of the specific heat for A = 1.0 (Ising Médel), and
L=8(0), L=10(a), L =12(0), L =14(a), T, = 2269, v = 1.0, and a = 0.0.
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is a universal function of the scaled temperature
t=tL\” (4.9.12)

Therefore, if we calculate the specific heat as a function of temper-
ature for systems of various size and plot the scaled specific heat
against the scaled temperature, all the data should fall on a single
curve. Because T,, @, and v are generally unknown, these parameters
are adjusted until the best fit of the data to a single curve is achieved.

The method of finite-size scaling allows one to extract in a system-
atic way the behavior of an infinite system from that of a sequence of
finite systems. In practice, reasonable estimates of the critical temper-
ature and exponents can be found from systems of rather modest size,
and if one has access to sufficient computing power, finite-size scaling
can yield results that rival other theoretical techniques such as high-
temperature expansions.

Figure 4.9.2 shows scaled Monte Carlo data for the two-dimen-
sional Ising model calculated by the authors.

4.10 INVARIANCE OF CRITICAL EXPONENTS WITH RESPECT
TO CHANGE OF VARIABLE

In analyzing the behavior of the RG in the neighborhood of a fixed
point, it is often useful to introduce new parameters that are, in
general, nonlinear functions of the original parameters. Such a change
of variables is justified only if the values of the critical exponents, or
eigenvalues of the linearized RG transformation, remain unchanged.
In this section we consider the conditions under which such a trans-
formation is possible, and then consider some situations where the
values of the critical exponents appear to depend on the choice of
parameters.

Let us denote the original set of parameters by {J,, k = 1,2,..., ny,
defined for convenience such that J; = 0. In the neighborhood of the
fixed point, the RG equations are

=y (M’!) J; (4.10.1)

7\ 9

and let ¢; be a right eigenvector of the linear RG

> g —as (4.10.2)
TR 10.
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.

Now suppose we take the original parameters to be general func-
tions of a new set of parameters {K},

J, = T({K}) (4.J10i§)

Then by the chain rule

aJ; a7, 9K, 0K,

1

oI, = 0K, 0K, dl;

J

(4.10.4)

Inserting this expression into (4.10.2), we have

3J oK, oK,
XX b, = Ao (4.10.5)

= = 0K, 0K, 0T,

We now assume that the transformation between the old and new
parameters is non singular at the fixed point so that !

oJ
det| —

|0 (4.10.6)

We can then multiply on the left by dK,/dJ; and sum on i, and
because ’

K, 3J]

; e =0, m (4.10.7)
we have
Y ?—;’gp,, = A (4.10.8)
n aKn i
where we have defined
b= L a;jf’ ¢ (4.10.9)

i

We see that there is a one-to-one relationship between eiéenvalues
of the linearized RG in terms of the old and new variables. We only
require that the change of variables be nonsingular at the fixed point.
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There are situations that arise in which things are not so clear-cut.

For example, in the one-dimensional Ising model (see Chap. 5), we
will derive the RG equation

v = 0v? (4.10.10)

where v = tanh BJ. This equation has fixed points at v¥ =0 and.

v¥ = 1.
At the former fixed point we have

'
—_— =0 (4.10.11)

v lv*=0
Now suppose we define a new parameter w so that
v=ce" . (4.10.12)
The RG equation (4.10.10) then becomes
w = 2w (4.10.13)

Equation (4.10.13) has fixed points at w* = 0, w* = o, and w* = —ox,
The fixed point w* = —o corresponds to v* = 0, and by (4.10.13)

aw*

=2 4.10.14
oW |w*=—w ( )

How do we choose between RG equations (4.10.10) and (4.10.13)?
Comparison of (4.10.11) and (4.10.14) illustrates the point that the
eigenvalues of the RG are invariant only under nonsingular transfor-
mations in parameter space.

The question still remains: Which answer for the eigenvalue is
correct? The answer must come from our physical insight into the
problem, because a priori either RG equation is valid.

In the preceding example the appropriate temperature parameter is
v ~J/T for large T and not w ~InT, and therefore we should
choose (4.10.10) over (4.10.13).
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411 GOLDSTONE MODES AND THE LOWER
CRITICAL DIMENSION

If a system orders by breaking a continuous symmetry, then there exist
excitations above the ground state with arbitrarily low energy. These
excitations are called Goldstone modes, or, as is more common in
quantum field theory, “Goldstone bosons.” Rather than trying to
present a very general derivation of this result, we will illustrate the
theorem with the simplest possible example, the X-Y model. In this
case the continuous symmetry is rotations about the z axis. These
rotations form a one-parameter abelian group, U(1). This group is also
a symmetry of electrodynamics and the quantum Bose gas.

The Goldstone modes tend to disturb the long-range order in a
system, and if the density of states for these modes is sufficiently large,
the order parameter fluctuations can wipe out the phase transition
completely. Because the density of long-wavelength modes increases
as the dimensionality of the system decreases, it follows that there is a
lower critical dimension d,, below which there is o spontaneously
broken-symmetry state at finite temperature. For the Landau-
Ginzburg type model, Mermin and Wagner [6, 7] and Hohenberg [3]
showed that the lower critical dimension is 2. ‘

The Landau-Ginzburg free energy in the absence of a magnetic
field is

L= [d3x Ve, Vo, + U(dubo)] (4.11.1)

where U is a local function of the scalar product ¢, ¢, and a = 1,2.
Obviously, (4.11.1) is symmetric under rotations about the a = 3, or z,
axis.

We now assume that below some temperature 7, the symmetry is
broken and the average of a single field assumes a nonzero value

(pa(x)) = —m, (4.11.2)

It follows from the original symmetry of the free energy that there
exists a one-parameter family of states degenerate with this state
where the order parameter is

P

m () = %R(e)aﬁmp (4.11.3)
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where R,4(6) is the usual rotation operator

_|cos® —sin6
Ras(®) = [ §ing  cos 0] (4.11.4)

In what follows it will be useful to express R() in exponential form
R(6) = e'L: (4.11.5)

where the generator of rotations about the z axis is, in this represen-
tation of the group, the matrix

L, = [‘Z ‘é] (4.11.6)

If a global rotation by 6 produces a state degenerate with the
ground state, then it is reasonable to expect that if we allow the
rotation angle 8 to vary slowly from point to point we will achieve a

state with an energy just slightly above the ground state. Therefore, let
us define

$a(x) = RHB(O(X))mB (4.11.7)

The potential U is still invariant, but the gradient-squared term is no
longer 0.
Using the expression (4.11.5), we have

Vo, = iVO(L,)sRp,m, (4.11.8)
which gives for the difference in free energies of the t\;vo states
L[§] - L[m] = =} [d*xIVOP(L.)apRaym,(L2)as R,
= —3 [d%xIVorm, R (L. ) po( L) au Ry, (411.9)
Because I,(L,) = —1and R - R =1, we have

|2

H[$| - H[m] = I—n;—fddxi»voﬁ (4.11.10)
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1.

If we take 8 = k - x, the change in the energy per unit volume is

2

e(k) = Ky (4.11 ii)
> 11.

:

In the limit & — 0 this excitation energy, which in this example
corresponds to a “spin wave,” is vanishingly small, which bears out
our expectation that there is no gap in the energy spectrum above the
ground state.

These modes are important in determining the lower critical dimen-
sion of a system because if, as T — 0, there is a sufficient density of
these spin waves, the order parameter vanishes.

To see this, consider the correlation function

GoalX =) = ($a(x)$.(¥)) (4.11.12)

In (4.11.12) we are interested in averaging over all possible 6(x), so
we have S

fD[B]exp( - %fddleﬁlz)mﬁ(O(x)) ~?R(0(y))m

fD[e]exp(— n;fddleelz)

Guolx —y) =

(4.11.13)

Because we have an abelian group and R(8) = R(—0), (4.11.13)
becomes

fD[G]exp(— mTj.ddeVﬂlz).mR(H(y) —0(x))m

Gua(x —y) = —
fD[B]exp( - dedleBIZ)

2fD[B]cos(G(x) — 0(y))exp(——m7/ddx|V0|z)

=m

fD[O]exp(——m;fddleelz)

(4.11.14)
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We can write this in the form
Gaa(x - Y)
m? g 5
fD[O]exp(ifd"x’[cS(x' —x)—8(x' - y)]6(x’))exp(—— —z—fd x| Vo) )
2

fD[O]exp( - T;fddxlvmz)

=m

(4.11.15)

The integration in (4.11.15) is now Gaussian and can be performed by
completing the square. Let 6, satisfy

m2V20, + i[8(x —xo) — 8(x —y,)] =0 (4.11.16)
If we define the d-dimensional Green function g(x — x') such that
Vig(x —x') =8(x —x')
and’
g(0) =0 (4.11.17)
then we have
i
6, = — ;Z—[g(x —x4) — 8(x —¥o)] (4.11.18)
Writing @ = 6’ + 6, the result is

Goalx = y) = mPe™0/mC= (4.11.19)

Now let us examine the behavior of the Green function g(x — y) in
various dimensions. Fourier transforming (4.4.17), we have
dd k eik~x

g(x)= [

If we let x = Ax’ and make the change of variable k = A"k’ we have
g(Ax) = X%(x) (4.11.21)

TThis condition is a reflection of the lattice on which the system was originally
defined. In a true continuum theory g(0) diverges. Ultimately we only need the
behavior of g for large arguments.
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which tells us that g(x) is a homogeneous function of x of order
2 —d. For d > 2, g(x) falls off as

4

1
lim g(x) > —= (4.11.22)

X —> 00

so that the spin wave contribution to the correlation function in the
limit r — o behaves as

1
—-ﬁ) =m? d>2 (411.23)

lim G — m?exp| —
lim G,o(r) = m Xp( —

However, for d < 2 the correlation function decays as
lim G, (r) » m?e™""/" - d<2 (4.11.24)
r—oo

and there is no long-range order for d < 2. Right at'd = 2 we have

lim g(x) = In x | (4.11.25)
and so
lim G, (r) = m?|r[7/™  (4.11.26)
y—>o00

In this case the correlations decay algebraically, a situation sometimes
called “short” long-range order, and there is a “zero temperature”
phase transition.

Evidently, d = 2 is the boundary between systems that can order by
spontaneously broken continuous symmetries and those that cannot.
Note that it is essential that the symmetry is continuous. The Ising
model, which has a discrete symmetry, orders in two dimensions quite
nicely. This result is originally due to Mermin and Wagner [6, 7] and
Hohenberg [3]. It states that the spontaneous breaking of a continuous
symmetry is thwarted in d < 2 by the strength of the fluctuations in
the order parameter.

The Mermin—Wagner—Hohenberg theorem does not, however, pre-
clude phase transition in systems with a continuous symmetry. The
most famous example of such a phase transition is the
Kosterlitz—Thouless transition in the two-dimensional X-Y model [4,
5, 8], which is the subject of Chap. 11.
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PROBLEMS

4.1 Show that if the correlation length is an analytic function of the
parameters, then all the scaling fields are irrelevant. Note,
however, that this does not imply that the scaling exponents
themselves are integers.

4.2 Show that for a trivial fixed point the “critical surface” has the
same dimension as parameter space itself.

4.3 Show that the existence of at least one relevant scaling field at a
fixed point implies that the correlation length at the fixed point
must be infinite. '

4.4 Prove that the eigenvalues of the linearized RG are as given in
(4.2.6). What is y, in terms of A,(b) and b? Is y, independent
of b?

4.5 Show that (4.4.2) follows from (4.4.1).

4.6 The susceptibility is related to the correlation function by

x = 2G(r)
r
Use this to derive the scaling law (4.6.1¢).

4.7 Using the generating potential, rederive the equation of state
(4.4.11).

4.8 Show that the magnetization varies as h'/® at t = 0. What is 8
in terms of » and y,?

4.9 Derive the scaling laws (4.6.1b) and (4.6.1c)

4.10 Derive Rushbrooke’s scaling law (4.6.1d)
a+2B+y=2
4.11 Derive the scaling law (4.6.1e)
5 d+2—n
Cd-2+n
4.12 An alternative form for the equation of state can be derived by

choosing |Alby, = 1 in (4.4.9). Show that the magnetization is

4.13

4.14

4.15

[
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given by
m = h°f,(tlhl %, 1)

and determine 8 and A in terms of y, and y,. :
. f

Given that y, and y, must obey the inequality y < d, what

bounds can be placed on the critical exponents «, B, and y?

Show that if y, assumes the maximal value y, = d, then the
magnetization is discontinuous at ¢ = 0.

Show that the specific heat is related to the thermodynamic
fluctuations in the energy

1
C = ?7(<H2> — (H)?)

This is another example of the fluctuation—dissipation theorem.
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THE ISING MODEL

5.0 INTRODUCTION

Of all the models in statistical physics, perhaps none is as simple or as
widely studied as the Ising model. This model was originally put
forward as a model of magnetism, and indeed the Ising model is still
used with great success for this purpose. In addition, it has been used
to model binary alloys, the imperfect lattice gas, chemical reactions,
and ferroelectric behavior. The reason the Ising model is so popular is
that it is quite amenable to both theoretical and numerical techniques,
and at the same time it exhibits all the nontrivial critical behavior of
more complicated systems.

In this chapter we introduce the Ising model and study its proper-
ties in one and two dimensions. For more details the reader is
referred to the excellent monographs of Baxter [1] and McCoy and
Wu [5].

The Ising, or Ising—Lenz, model was proposed to Ising by his thesis
advisor (Lenz) in the early 1920s as a model of ferromagnetism. At
that time the only theory of magnetism was the Weiss molecular field
theory, which predicts a second-order phase transition in any number
of dimensions. Ising was able to solve the problem in one dimension
[4] and was disappointed to find that there was no phase transition in
that case. A decade or so later, Peierls [8] proved that the Ising model
in two dimensions must order and in 1944 Onsager [6] published his
celebrated exact solution of the Ising model in two dimensions. Since
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Onsager’s solution of the Ising model, several other two-dimensional
lattice models have been solved exactly, but as yet there is no exact
solution for a nontrivial three-dimensional system. -

Normally, the Ising model is formulated on a Bravais lattice whose
sites we denote by lowercase Latin indices i, j, and so on., The
dynamical variables in the Ising model are “spins” S;, which take the
values + 1. Note that although we use the jargon of quantum mechan-
ics, the Ising model is purely classical and predates the discovery of
the spin of the electron. The spins are coupled through “exchange

constants” J;; and the Hamiltonian takes the form

1

iy

The second term in (5.0.1) includes the effect of an external magnetic
field A. In general, one must consider terms in the Hamiltonian that
involve products of three spins, four spins, and so omn, ahd in fact we
will find that the RG generates such terms even if the original
Hamiltonian is free of them. Because the Hamiltonian (5.20.1) embod-
ies all of the basic properties of critical systems, we will concentrate
on this problem for the present.

An important special case is when the exchange constants are 0
unless the lattice sites i and j are nearest neighbors. We denote such
pairs by (ij), and the Hamiltonian for the nearest-neighbor Ising
model is

H=-JY. S, —hYS$, | (5.0.2)
<ij> i

If the coupling constant J is positive, then the ground state of the
system is ferromagnetic; that is, all the spins are aligned. On the other
hand, if J is negative, nearest-neighbor spins are antiparallel in the
lowest-energy configuration and the system is said to be antiferromag-
netic. All lattices admit ferromagnetic order, but an important class of
lattices, the so-called close-packed lattices, are incommensurate with
antiferromagnetic order. The simplest example of this is afforded by
the triangular lattice in two dimensions. Figure 5.0.1 shows a cluster of
three spins that are all nearest neighbors of each other. As,one can
readily see, it is impossible to arrange the spins so that every neighbor
of each spin is antiparallel to that spin. This is the phenomenon of
frustration, and it plays an essential role in the theory of spin glasses.
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+ £ -
Fig. 5.0.1 Three-spin cluster of nearest-neighbor spins on the antiferr'omagnetlc
triangular lattice, There is no way to align all three spins so that each is antiparallel to
the other two.

The central object of interest is the partition function Z for the
system given by :

Z = Tre AL (5.0.3)

The trace symbol “Tr” in (5.0.3) indicates that we are to sum over
all possible states of the system, that is, all possible combina_tions of
.S, = +1. The parameter § = 1/T (Boltzmann’s constant kp is set to
unity throughout this text). . '

One possible representation of the spin operator S; is the _Pauh
matrix o,. In this case the Hamiltonian is a square matrix of dimen-
sion 2" X 2", and the trace operation is just the familiar matrix trace.

Once the partition function is known, all the interesting thermody-
namic quantities, such as the internal energy, entropy, -speciﬁc. hf:at,
magnetization, and susceptibility, can be calculated by differentiation.
First, the Gibbs free energy F is given by

=-ThZ (5.0.4)

and the internal energy E and entropy S are given by

E dln Z
o (5.0.5)
oF
ST
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The specific heat is the derivative of the internal energy with respect
to the temperature, which yields

0y

oE 1 , |
T2 (CH? = (H)?) (5.0.6)

C=—=
oT

If we include a magnetic field as in (5.0.1), then the magnetization M
is given by

d
and the susceptibility y is
o _1 (M2 — (M) 5.0.8
X= oh - T( - ) ( e )

In the language of phase transitions, the magnetization is the order
parameter for the Ising model. Note that, in the absence of an
external field, the Hamiltonian (5.0.1) is invariant under the transfor-
mation §; = —S§;, and that on the basis of symmetry arguments we
would expect the magnetization to be identically 0. However, in two
and higher dimensions one finds that this symmetry is spontanecously
broken and the system develops a nonzero magnetization even in the
absence of an external field. '

In addition to these thermodynamic quantities, we will also be
interested in the spin—spin correlation function G,;, which is defined
as

ij»

G;; = (8,5 — ($)(S)) (5.0.9)

and the correlation length, which is given in terms of the correlation
function as

J
¢l = —lim — InG(r) (5.0.10)

r—o Jr

5.1 THE ONE-DIMENSIONAL ISING MODEL

In this section we consider the problem first solved by Ising. We will
consider the nearest-neighbor Ising model and impose periodic
boundary conditions so that spin S, and spin S, are identified. First,
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s —0—
% O

Fig. 5.1.1 The one-dimensional Ising chain. Spins can be divided ipto two sublattif:es
denoted by O, the even spins, and X, the odd spins. The decimation transformation

traces over the even spins only.

let 4 = 0, so the Hamiltonian is simply

H= 7Y, (5.1.1)

The partition function can be easily evaluated in this case, but lt?t.us
consider the problem from the point of view of the RG. .We can divide
the spins into those on the even- and odd-numbered sites and calcu-
late the trace over, say, the even spins only. In the language of th'e
RG, this is the decimation part of the RG transformation. This
process is illustrated in Fig. 5.1.1. ' .

The trace ~wer one of these even-numbered spins, say S,, is of the

form

Tr PS589 = 2 cosh BJ(S; + S,)
= AePT51% (5.1.2)

where A is a constant independent of the S’s. The partition function
can therefore be rewritten as

Z =AM Tr exp(BJ'Zs,.s,.+2) (5.1.3)
{S odd} i

Unlike Ising models in two and higher dimensions, the simple decima-
tion of a nearest-neighbor Ising model in one dimension produges
another nearest-neighbor Ising model with a renormalized coupling
constant. The new lattice spacing is just twice the original, so the scale
factor for this RG transformation is

b=—=2 (5.1.4)

The renormalized exchange coupling J' and the normalization fac.tor
A can be calculated by first setting S; =1, S, =1 and then reversing
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S,. The result is, in terms of v = tanh BJ,

2y/cosh2BJ (5,1.\5")

o' =0 (5.1.6)

A

Note that because 0 < v < 1, v? < v, and the exchange constant tends
to 0 as the RG is repeated. The RG equation (5.1.6) therefore has two
fixed points, v* = 1 and v* = 0. For any initial temperature different
from 0, the parameter v tends to the second of these fixed points,
which we may call the high-temperature, or paramagnetic, fixed point.
The zero-temperature, or ferromagnetic, fixed point, v* = 1, is unsta-
ble and physically inaccessible. Therefore, we come to the conclusion,
which disappointed Ising, that the Ising model in one dimension fails
to exhibit critical behavior.

We can see this in another way by considering the RG equation for
the correlation length. Because the original and renormalized systems
are of the same kind but with all lengths scaled by a factor of 2, it
follows that the correlation lengths calculated in the two systems must
be related by (4.3.3), and because b = 2 here we have

£(v) = 2£(07) (5.1.7)
from which it follows that & must have the form

K

< "o (5.1.8)

where K is a constant. The absence of a phase transition is again
reflected in the fact that the correlation length is finite for all
temperatures and diverges only as T — 0 as

K
lim £(7) > Se2//" (5..9)

Physically, the reason the one-dimensional Ising model fails to order
at nonzero temperatures can be ascribed to excitations called ‘‘kinks.”
A kink is a point in the chain where the spins flip, and it is the
one-dimensional equivalent of a domain wall in higher-dimensional
systems. Figure 5.1.2 shows two kinks in the one-dimensional chain.
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Kink

Antikink

Fig.5.1.2 A kink—antikink pair on the one-dimensional Ising chain.

Actually, the figure depicts a kink and an antikink.'At a kink the spins
flip from +1 to —1, whereas at an antikink they flip from - 1to + 1:

The energy to create a single kink from the grougd st'ate is 2J, so if
there are n kinks in the chain the energy of excitation is

E(n) =2nJ (5.1.10)

The entropy can be evaluated by enumerating ﬂ:le number of §tates of
n, kinks and 7, antikinks. Assuming that the kinks and antikinks are
dilute, that is, the temperature is very low, we can assume .the_lt
1 < n < N, where N is the number of sites. If we employ perlod}c
boundary conditions, then kinks and antikinks ml}st be created in
pairs. Starting with the ground state in which all spins S = +1, then
each kink—antikink pair defines a domain of spins in wh{ch S = - 1.
In order to count the number of states available to n km.k—antlk‘mk
pairs, we need to know how many ways it is possibl'c to' divide N sites
into 2n segments of alternating magnetization, Whlc_h is equal to the
number of ways of distributing the 2n kinks and antlkmk's among t.he
N sites. Therefore, the number of states available to n kink—antikink
pairs is just the binomial coefficient

Q(2n) = (é\r]z) (5.1.11)

Using Stirling’s approximation for the factorial, the free energy of the
kink gas is

F=dn] — T[N1n N — (N - 2n)ln(N — 2n) = 2nln2n] (5.1.12)

The number of kinks in equilibrium is determined by minimizing the
free energy, which gives

-2J/T (5.1.13)

z| =
I
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Note that even at very low temperatures there are still a few kinks
here and there, and the magnetization is, on the average, 0. Roughly
speaking, the correlation length is equal to the average length of one
of these domains, which can be estimated from their density,

n

£~ (ﬁ) ~ ¥/ T (5.1.14)

The low-temperature behavior found in (5.1.14) agrees with that of
(5.1.9).

The destruction of long-range order by “topological excitations,” in
this case the kinks, is the subject of intense theoretical interest in
condensed matter physics and field theory. The nature of the topologi-
cal excitations depends on the order parameter and the dimensional-
ity of space. For example, consider the two-dimensional X-Y model
where the Hamiltonian is given by

H,, = —J) (SrSr+8ksy) -~ (5.1.15)

<if) ‘

|
S is now a two-component vector and the model exhibits an exotic
phase transition, the so-called Kosterlitz—Thouless (KT) transition. In
the KT theory the topological excitations, which in this case are
vortices in the spin vector field, make a transition from the low-tem-
perature state in which vortices and antivortices form closely bound
neutral pairs to a vortex plasma state. In Chap. 11 we will study the

RG approach to the KT theory in detail.

The one-dimensional Ising model is simple enough that we can
actually evaluate the correlation function exactly and compare the
result with our simple RG calculation. The correlation function G(r)
is given by

G(r) = (S;,,S) (5.1.16)
which by translational invariance is independent of the site i. In order

to evaluate (5.1.16), we first make the observation that because each
term in the Hamiltonian commutes, we can write

exp(/BJZ S,.Sj) = [ Tep’55 (5.1.17)
iy <ijy

Furthermore, because each spin variable takes on only the values +1,
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fhe exponential in (5.1.17) can be written as
eP’55) = cosh BJ + S;S; sinh BJ (5.1.18)
Factoring out the hyperbolic cosine, we have
eBISiS; = cosh BJ(1 + vS;S;) (5.1.19)

and v = tanh 8J. The denominator in (5.1.17) can be evaluated by
noting that

Tr (1 + 05,8;)(1 + 0S2S5) = 2(1 +0%8,85)  (5.1.20)
2

so that we find for the correlation function
G(r)y=v" (5.1.21)
By the definition of the correlation length, (5.0.10), we have
&l=—-Inv (5.1.22)

which is the result obtained by our RG argument (5.1.8) and where
the constant K is found to be equal to unity.

5.2 THE ONE-DIMENSIONAL ISING MODEL
IN A MAGNETIC FIELD

Now that we have solved the Ising model in one dimension in the
absence of a magnetic field, let us consider the problem in the
presence of a magnetic field. One might think that an external field
would have the effect of suppressing the Kinks and encouraging
critical behavior, but in fact this is not true. We will see that in two
dimensions, where there is spontaneous symmetry breaking in the
Ising model, the presence of an external field actually suppresses
critical behavior. The Hamiltonian now has the form

= —JY. 88— h)S, (5.2.1)

We again want to apply the simple decimation transformation, which
proved so successful in the absence of a field. The decimation is
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carried out as before and we write

rgzr eBISASI+S)+BRS; — \ oBI'S1S3+BH'(S+55) (5.21.2")

where J' is tl}e renormalized exchange coupling, and /" is a piéée of
the renormalized field. As before, if we evaluate the left and right

sides for various values of the spins, we can solve for J' and A", with
the result

hll

1 [cosh B(2J + h) (5.2.3)

Y] ™ Cosh B(2J — h)

A? = 4cosh B[cosh B(2] + h)cosh B(2J — h)]'?  (5.2.4)

P 1 | [cosh B(2J + h)cos B(2J — h)}

=—1In
48 cosh? Bh (5.25)

The total renormalized field acting on one of the undecimated sites is
h + 2h", because a contribution of A” comes from the decimation of
qach of the sites to the left and right of it. Therefore, the renormaliza-
tion equation for the field is

1 cosh B(2J + A
W= bt — 1| A ) (5.2.6)
2B | cosh B(2J — h) '
For small 4, (5.2.5) and (5.2.6) become
tanh 8J' = (tanh BJ)’ (5.2.7)
K = h(1 + tanh2BJ) (5.2.8)

The RG equations (5.2.5) and (5.2.6) have a line of. fixed points
J* = 0, h* arbitrary, corresponding to the paramagnetic phase and an
isolated ferromagnetic fixed point J* = oo, h* = 0. The RG equations
can be cast in a somewhat simpler form by introducing new tempera-
ture and magnetic field parameters v = tanh 8J and w = tanh Bh,

1+w 14+wl+ 2w +0?

1w 1-wl+ 2w+ 02

(1 + v?) — 402w?
(1-v?)

(529)

(1+v) = (5.2.10)



154 THE ISING MODEL

At the paramagentic fixed point, p* = 0, these become, to lowest
order in v,

I (5.2.11)
D= 02(1 — wz) (5212)

The temperature and magnetic exponents are given by

'
ln[——(v*,w*)]
_ Lo - (5.2.13)
Yr In2

and

ow'
ln[—é——(v* , w*)]
w
= = 0 s 5.2.14
Vn In2 ( )

The temperature parameter v is irrelevant, whereas, by (5.2.14), .the
magnetic parameter w is marginal and leads to a line of fixed points
rather than a single isolated fixed point. .

The ferromagnetic fixed point is somewhat more interesting. Lin-
carizing the RG equations about w* = 0, v*¥ = 1and writingov =1 — ¢
with ¢+ < 1, we have '

w'=2w (5.2.15)
t' =2t

which vields y, =1, y, = 1. We could have found y, by observing
from (5.1.14) or (5.1.23) that

X~ (5.2.16)

hich gives v = 1 =1
" In a%idition, by/(g.T1.22) we have for T = T, = 0, G(r) = 1, and by
the definition of the correlation function exponent 1, (4.Q.6), we see
that n = 1. Note that both y;, and y, assume their mammgl Value.s
y =d =1 at the ferromagnetic fixed point. A typical RG trajectory 1s
shown in Fig. 5.2.1.
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h Final state (0, h*)

Initial state (v, hg)
X/

v=tanh gJ
Fig. 5.2.1 Typical RG trajectory for the one-dimensional Ising model in a magnetic
field. ‘

v

53 THE FERROMAGNETIC ISING MODEL
IN TWO DIMENSIONS

The Ising model in higher dimensions remained unsolved until, in
1944, Onsager published his celebrated solution of the Ising model on
the square lattice [6]. Before entering into the mechanics of solving
the two-dimensional Ising model, several interesting and useful results
can be established which lead one to believe that the Ising model does
in fact order at temperatures different from 0.

As in the one-dimensional lattice, all the spins are aligned parallel
in the ground state, but the lowest-energy excitations are single
flipped spins rather than kinks. The energy needed to excite a state in
which n spins are flipped is 2nqJ, where q is the number of nearest
neighbors, or coordination number, for the lattice under considera-
tion. Assuming these flipped spins are distributed randomly around
the lattice and 1 < n < N where N is the number of spins in the
lattice, the free energy of such a state is, as in (5.1.12),

F=2nq] —T[NInN — (N —n)ln(N —n) —nlnn] (53.1)

Again we have applied Stirling’s approximation for the factorial.
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Minimizing the free energy with respect to n gives for the mean
density of flipped spins

n
e (5.3.2)

Now unlike the one-dimensional chain, the low-energy excitations
have little effect on the order parameter, or magnetization, which in
this approximation is

m
ik 2e24/T (5.3.3)

Therefore, we can conclude that the broken-symmetry, or ordered,
phase of the Ising model is stable at finite temperatures in two and
higher dimensions.

For simple two-dimensional lattices in the absence of a magnetic
field, we can in fact determine the transition temperature without
actually solving the problem completely. We first employ the expan-
sion of the exponential equation (5.1.19) and write the partition
function as

Z = Tr[ [ (cosh BJ + S,S; sinh BT) (5.3.4)
<ij»

Factoring out the hyperbolic cosine factor from each term, we have

Z = (cosh gJ)™ Tr [ (1 + vS;S;) (5.3.5)
<ify

where N, is the number of “honds” or nearest-neighbor pairs, and
again v = tanh BJ. .

We first observe that because S 2 = 1, any function of one of the
spins can be expressed as a multiple of the identity plus a multiple of
the spin variable itself. The trace of the identity is equal to 2, whereas
the trace of the spin itself is 0. Therefore, the only terms that
contribute to the trace (5.3.5) must involve an even number (including
0) of factors of each spin. There is a simple representation of these
terms in the partition function as closed graphs on the lattice. By a
graph we mean a figure composed of bonds, which connect the
nearest-neighbor sites of the lattice, and vertices, which are lattice
sites at which two or more bonds intersect.
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L

v

(a) )

() )

(e)

Fig. 5.3.1 Graphs in the expansion of the partition function. (a), (b), and (¢) are
allowed graphs, (d) and (e) are forbidden.

'The condition that only even powers of the spin variables con-
tribute to the trace restricts our attention to graphs in which an even
number of lines emerge from each vertex. The first few allowed graphs
for the square lattice are shown in Figs. 5.3.1a—c, whereas Fiés. 5.3.1d
and e show forbidden graphs. The graph in Fig. 5.3.1d is forbidden
because there are two vertices at which an odd number of bonds (3)
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e =
- - - b+
| |
sl - - - ! + o+
| o
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R T e B
b ||
. + + + | - - - |+
Fig. 5.3.2 Domains of like spins for the FM : ‘
~ Ising model on a square lattice. Note tha.t the , . 4 T Rt
domain boundaries form closed loops that inter- [ ]
sect the broken bonds at right angles. e

intersect; Fig. 5.3.1e is forbidden for the same reason and also
because the graph is not closed. ‘
Just as the kinks divided the one-dimensional Ising model 11}to
domains of + and — spins, the states of the two-dimensional Ising
model can also be thought of as composed of doma{ns of pargllc?l
spins. Several such domains are shown in Fig. 5.3.2. Note that it 18
possible for domains to be nested inside one another.. The poundary
between domains, shown in Fig. 5.3.2 by the dotted line, bisects the
bonds connecting spins of opposite sign. . o
The points at the centers of the bonds also form a lattice, which is
called the dual of the original lattice (see Sec. 3.0). Figure 5.3.3 shows
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Fig. 5.3.3 The square lattice (solid lines) and the dual of the square lattice (dotted
lines), which is also square.
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Fig. 5.3.4 The triangular lattice (solid lines) and its dual, the honeycomb lattice
(dotted lines).

the square lattice and the dual of the square lattice, which also turns
out to be a square lattice. When a lattice and its dual are identical,
that lattice is said to be self-dual. On the other hand, as shown in Fig.
5.3.4, the dual of the triangular lattice is the honeycomb lattice. The
dual of the dual of a lattice is the original lattice, so the dual of the
honeycomb lattice is the triangular lattice.

The boundaries between domains form closed graphs on the dual
lattice, and therefore it is possible to establish a two-to-one correspon-
dence between the states of the Ising model on a lattice and closed
graphs on the dual of the lattice. The reason the correspondence is
two to one is that one can obtain a second state of the Ising model for
the same graph simply by reversing all the spins.

If we now return to the representation of the partition function in
terms of closed graphs in which each bond of the graph is assigned a
weight v = tanh BJ, a relationship between the partition function on
a lattice and the partition function on its dual can be established. If L
is the length of the boundary of a domain, the energy required to
create such a domain is £ = 2KL, where K is the nearest-neighbor
coupling on the dual lattice. The Boltzmann factor for a given domain
with perimeter L is therefore

e PE = ¢ 2BKL , (5.3.6)

The corresponding graph on the original lattice enters with a weight
L

vl, and therefore the partition function of the Ising model with
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Fig. 5.3.5 The honeycomb lattice consists of two triangular sublattices indicated by
open circles and crosses. In the star-triangle transformation the trace is carried out
over spins on one sublattice.

coupling J is related to the partition function on the dual lattice with
coupling K by

¢~29K = tanh B (53.7)

It follows that if the partition function is singular at a unique critical
temperature (BJ),, the partition function on the dual lattice will
exhibit an identical singularity at (BK), given by (5.3.7). Because the
square lattice is self-dual and assuming there is only one critical point,
the critical temperature of the Ising model on a square lattice is given

by

e~2P = tanh BJ, (5.3.8)

There exists another useful transformation that relates the partition
function of the Ising model on the triangular and honeycomb lattices,
the so-called star—triangle transformation. The honeycomb lattice is
composed of two triangular sublattices, which in Fig. 5.3.5 are indi-
cated by the open circles and crosses. The trace for the partition
function can be done in two steps, first tracing over spins on the
sublattice marked by crosses and then tracing over the remaining spins
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marked by open circles,

Z, = Tr Trex(] S~AS5) :
S e F <;§ Y (5:39)

If we Qecin}ate the spins on the sublattice marked by crossés, the
remaining sites form a triangular lattice. What is more, because each

-of the decimated spins is coupled to only its three nearest neighbors

the highest-order spin terms generated by the decimation are just
two-spin nearest-neighbor couplings. The decimations are of the form

— LBIS§(SE+SE+8F) _ BK(SESP+SPsP+sBsP
'g(‘;- e 3) = AeBK(SIS? +57S5+85755) (5310)

and therefore the partition function for the honeycomb lattice is
— AN/2
Z, = AN/ {"ng“g exp(BKZSiBSjB) (5.3.11)
) G s

¥

.Because the remaining trace is just the partition function for the
triangular lattice with exchange coupling K, where K is related to J
by (5.3.10), the star—triangle transformation relates the partition func-
tion of the Ising model on the honeycomb lattice to that of the Ising
model on the triangular lattice by

ZN(BT) = AN2ZN/2(BK) ’ (5.3.12)

Thig relation can now be used in conjunction with the dual transfor-
matlon. to determine the critical temperatures for both the honeycomb
and triangular lattices. By (5.3.7) the critical temperature for the
honeycomb lattice must satisfy

2cosh2BJ — 1 = e *FX (5.3.13)

Ip Table 5..3.1 the transition temperatures for the three two-dimen-
sional lattices considered here are shown. Note that as one would

TABLE 5.3.1 Critical Temperatures for Several Two-Dimensional Ising Models

q /7 Ue
Honeycomb 3 1.5187 0.57735
Sq}lare 4 2.2692 0.41412
Triangular 6 3.6410 0.26795
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expect, the transition temperature increases with the coordination
number g of the lattice.

5.4 EXACT SOLUTION OF THE ISING MODEL ON THE SQUARE
LATTICE: THE PARTITION FUNCTION

In (5.3.5) we have a representation of the partition function in terms
of the parameter v = tanh BJ. As we have seen, the partition function
is given as a sum over closed graphs on the lattice with weights vk,
where L is the number of bonds in the graph. If we let g(L) be the
number of graphs of L bonds, then the partition function is

Z = (cosh NN 2N Y g(L)v*" (5.4.1)

A direct calculation of g(L) is a rather laborious task for even modest
values of L, but we can employ a rather clever trick which makes the
counting easy. This method was developed by Burgoyne [2] and
Vdovichenko [10, 11], and here we follow the notation of Stanley [9].
The idea is to establish a many-to-one relationship between paths on
the lattice, which we will define momentarily, and graphs.

A “path” associated with a given graph is defined as a particular
directed sequence of steps around the graph. Note that the path is not
allowed to double-back on itself, but is otherwise unrestricted. There
are many possible paths for a given graph, and to each path we assign
a sign which is computed as follows. At each vertex of the graph, we
assign a phase factor /2 where 6 is the angle through which the
path turns as it passes through the vertex, and with each subloop, or
disconnected part, we assign a factor of —1. As shown in Fig. 5.4.1,
there may be several ways of traversing a single graph, but the trick is
that if we include all these possibilities, the sum of their individual
contributions is just the weight of the original graph. In addition to
the multiplicity of choices for paths that arise from a self-intersection,
paths are also allowed to traverse the same bond more than once, as
shown in Fig. 5.4.2. Although it is relatively easy to show that the sum
over paths without multiple bonds produces the sum over graphs, it is
trickier to prove that the sum over all paths with multiple bonds
vanishes, and the interested reader should refer to App. C.

Let us denote the total contribution from paths with L bonds and
containing n subloops by G(L,n). Then

g(L) = Y (-1)"G(L,n) (5.4.2)
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v8
i
t
(a)
0=4nr
(_1)2 v8
g A\ J.(
=0
-1)v8
0=-2r7 ,
-1 e imy8
o~ =y8
) %

(&)

ig. 5.4.1 (a) A graph representing a contribution v8 to the partition function. (b)

Different paths associated with igi i i
e the original graph together with the appropriate

Fig. 5.4.2 Paths that traverse the same bond more than
once.
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9=2m
0=2m
(- 1)2 VB = VS
(@)
0=2m
9=2m
Fig. 5.4.3 The weight associated with a path 4 .
containing two simple subloops is the product Y v
of the weights for each simple loop. )

Figure 5.4.3 shows a graph consisting of two simple subloops (a simple
subloop is one that is connected). The weight from such a path with
disconnected parts is simply the product of weights for each subloop.
If we let D(I) be the contribution of a simple loop of / bonds, then
the function G(L, n) can be written as

11
G(L,n) = o ‘IL: - 2 D(l) D(l,)0"8), 1y 41, (54.3)
th Iy

The factor of 1/n! takes into account the fact that a simple permuta-
tion of the indices I, [,,... does not yield a new term, and the factor
of 1/2" comes from the fact that each loop can be traversed in one of
two possible directions. The Kronecker delta assures us that the total
number of bonds in each term is L.

We now have for the sum in (5.4.1)

11
Z=(cosh )2V L on oy Y
L n n: 1y

Xoeee ZD(ll) T D(lk)UL311+]2+ v+, L (5.4.4)
In

5.4 SQUARE LATTICE ISING MODEL: PARTITION FUNCTION
The sum over L tak | )
es care of the Kronecker delta i
and
D(0) = 1, we have , 1 we define

165

Z = (cosh gJ)™ Y. L S—i{zu’D(l)r - (54.5)
n l ‘

2" nl

The partition function is therefore given by

1 =]
Z = 2¥(cosh gJ)™ exp( ) Y U’D(l)) (5.4.6)
-1

In prde?r to'evaluatc the D(I), we introduce a new function M(p, p')
V\ihlch is the sum over all paths from the site p = (i, a) to thle):, f’t,
p = (j, B). The index « takes on the values 1, 2, 3 or’4 corres 1de
ing to the‘ four possible directions in which the pz;th’ can l,eave thg(;r'lt ]
whereas i denotes the site. This notation is illustrated in Fig. 5 »
Therefore, D(I) can be written as v e 344

1
D(l) = 7 LM(p, p) }? (5.4.7)

The 1/1 comes from the fact that each si
simple 1
started from any of the ! vertices. ple loop of / bonds can be

Site i

a=4

Fig. 544 The four i i i .
labeled & = 1, 2, 3,  possible dircctions a leading away from the laftice site f #re
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Each of the paths contributing to M, (p, ') are made up of individ-
ual single-bond steps, and we may therefore write

M(p,p) = L M(p,p)M(p1,p2)  Mi(pi1:P) (5.48)

Py Piet
Regarding this as a matrix equation, we have simply

M(p,p') =Mi(p,p")  (549)
and the function D(!) now becomes

1
l

D(l) = — Tr M (5.4.10)

The matrix M,(p, p')is a 4N X 4N matrix, where N is the number of .
sites on the square lattice. Denoting the eigenvalues of this matrix by
m,, we can write for the partition function

Z = (cosh )" 2" exp(— v’mﬁ) (5.4.11)

The sum over [ is just the logarithm, and after a little algebra we
finally have

AN 172
Z = (cosh BJ)N”ZN[H (1- umj)} (5.4.12)
j=1

The problem now is to find the eigenvalues of the 4N X 4N matrix
M,. M, has a simple structure, the only nonzero elements being

P— ! Y — —im /4
Ml(x, Y, 17 X,y ) - 8x,x’+16y,y'5l,a' t+e / 5x,x’ay,y'+162,oz’

+ et 8, 104w (5.4.13)
Ml(x: Y, 2, xl: y,a a,) = eiw/45x,x'+16y,y'61,a’ + 6x,x’ﬁy,y’~4—152,ot'

+ eI/, 1By s . (5.4.14)
M1(xa Y, 3; x,> y’s a,) = eiﬂ/46x,x'5y,y’+182,;x’ + 6x,x’~18y,y'63,o/

+e /48, 8, 104w (5.4.15)
My(x, 4%,y ,d) =e /48, 1118, 010+ em/48, v 18, 03

+ 8, By 104w (5.4.16)
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tTlll(IS huge matri{( can be put into a manageable block-diagonal form b .
aking the Fourier transform. By translational symmetry M,(r ") i y
function of r — r’ only and we can write nT)as a

1 ; ! o
M1 = —ﬁ §etq(r r)Ml(q) T(5'4.17)

where M (q) now assumes the block-diagonal form

o, eI/, 0 eI/
eiw/4Q1 Q2 e~iw/4Q;k 0

| 0 eim/4Q, on e-in/AQ (5.4.18)
e‘lvr/é’eQ1 0 ei7r/4Qik 0

where O, = e "% For each of the 4 X 4 block matrices, we have
4 o
I[T( —ovm,) = detll — vM(q)l

j=1 ,
i

= (1407 = 2001 - ) R(Q, + 0,) (5419)

which yields for the partition function
Z =2"(1 -0?) ”I;[{(l = 0?)" = 20(1 = v?)(cos g, + cos qz)}l/2

(5.4.20)

In tlhe limit of an infinite lattice, the sum over lattice vectors can be
replaced by an integral to give for the free energy per spin

BF =In2 — In(1 — v?)

1
o 2
+ - qulf dq, ln{(l +0%)" = 20(1 = v?)(cos g, + cos qz)}
(5.4.21)

The integrand will diverge for small ¢ when

A(v) = (1 + 02 — 4p(1 = v?) =0 (5.4.22)

which has the solution v, = V2 — 1 - "
) c — 1 and is th
the duality transformation (5.3.8). ¢ critical value found by
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f the free energy can be evaluated by observing
of the integral that will diverge. This is a
the system approaches its critical temper-
minated by very long wavelength fluctua-

The singular part 0
that it is the small g part
reflection of the fact that as
ature the free energy is do
tions.

For small g an
(5.4.22) becomes

d taking v = v, + t where lt| < 1, the integrand in

- [ day [ daz | (et + B’ (5.4.23)

B(v) = v(1 — v?). Evaluating the integral in the neighborhood of the
origin in g space gives for the singular part

F ~t2Int (5.4.24)

second derivative of the free energy

The specific heat is given by the
and therefore by (5.4.24) the specific

with respect to the temperature,
heat diverges as T — T, as

C ~In(T - T,) (5.4.25)

ingularity is weaker than any pOWeET, the

Because the logarithmic s
nt « in this case is taken to be 0.

value of the critical expone

5.5 EXACT SOLUTION FOR THE ISING MODEL ON THE
SQUARE LATTICE: CORRELATION FUNCTION

Thev method of the previous section can be extended to evaluate the
correlation function [11]

Tr TT (1 + vS,5,)8:S;
{pa)
= 551
Gii = ¢ L1 (1 + 05,5,) (5:5-1)

(pa>

ain be represented as a sum Over
e rooted in the sites i and j. By
be an odd number of bonds (1 or

The numerator in (5.5.1) can ag
graphs, but now these graphs ar
“rooted” we mean that there must
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@ = - ©

+ #

| Fig. 55.1 Graph for G;; which has a
nonzero winding number.

3) emanating from these two si
. o sites and an even number of
or 4) emanating from every other site. t bonds (.2
m;?t&i; Ca?h again make the many-to-one correspondence between
rooted ;)ra; st .and r;)ot;:d graphs by assigning a factor of (L 1) for each
- ection of the path. Unfortunatel i i
. : ' y, the simple device of
Zgl};ltmgh self~1nt§rsectlons by weighting each path by the product of
- , Wdere 0 is the angle through which the path turns at each
r eli(, hoes I.IO'[ vyork for rogted graphs. For example, consider the
tghell?e s ov&{n in Fig. 5.5.1. Thls graph has no self-intersections and so
there IZ only gne pfatl;l associated with it. However, if we calculate the
number of the pat is, i
igbrug fis path we get 241, and so the phase is, incor-
o ’;Itns (ilfglculty is not, howpver, insurmountable. Define a sequence
o jesso ,th,;[, S . ,——l ;— 1, \évhlch form a connected chain from site i to
ste ,=S; and S,,, = ;. Because, for any k, S =1, we

(S152)(8283) =+ (S1S141) = S1S141 (5.5.2)

the numerator in (5.5.1), G;;, can be written as

ijs

)
F.. =
1 Tr ]-_-[ (1 + USqu)lElSkSk+1 (5.5.3)

{pa>
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k + 1 are nearest neighbors, a term of this type

f (5.5.3), and we have

1
— 554
1+ 08 Sk41)SkSke1 = U(l + USkSk+1) ( )

Because sites k and
occurs in the first factor O

Defining
if is not in the chain
b= Ul i (pa) ) (5.5.5)
Y»a =) 2 if (pq) is in the chain
v
we can then write
0 5.5.6
L= o' e T1(1 - quSqu) ( )

{(pa>

ke the trace for the partition function,

The trace in (5.5.6) is now just li o matrix of bonds is no longer

i i t th .
only difference being tha onger
?rl:nslatiyonally invariant. We can, however, apply all the tric

i om-
learned for the partition function to evaluate l;l By arguments C
pletely parallel to those leading to (5.4.19), we have

[detn —om1 55
Gij = U\ Getll — oM,

i are
where § is given by (5.5.5) and the nonzero matrix elements of M

given by (5.4.13) to (5.4.16).

If we define
(5.5 8)

ﬁpq =v+ qu

we can write _
-1
detll — 5M| = detll — vM;[(1 — (1 = oM) gM,)
— det|l — oM|detll — (1 — oM) 'gMyl (559)

The first factor in (5.5.9) cancels the denominator in (5.5.7), an@ we

have

G,; = v'detll = (1 = uM;) " gM,| (5.5.10)
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The matrix gM; has nonzero elements only for those bonds that
make up the chain introduced in (5.5.2). Because, from the point of
view of critical phenomena, we are only interested in the behavior of
the correlation function when the sites are very far apart, for the sake
of simplicity let us take the sites { and j to both lie in the ﬁrsp’ row,
site i at (1,1) and site j at ([ + 1,1). The chain of sites then simply
consists of the set {(x,1),1 <x <[ + 1}.

The only nonzero matrix elements of A = gM, are for 1 <x’' <,

A(x,1,a;x —1,1,1) = g(8,,, + €7/, , —e /%, ,) (55.11)
andfor 1l <x <1,
A(x,1,a;x +1,1,3) = g(8, 5 + €7/, , —e ™%, ,) (55.12)

Because the matrix (1 — vM,) is translationally invariant, its inverse
can be written as

(1= b)) (. p) = —— [ da? (1 - oM()])y (5.5.13)

@2m)*
Substituting these results into (5.5.10), we have

-1 dzq iqtr—")
1-g(1—-uvM,)) A=1 _gj‘(zwz) Y eia

"t
o

|

X{[1 = oMy(@)] o p X B, 418,081,180, 0(x' = 1)B(1 = x')
X8 1+ €™ 48, + 745, ]

+ [1 - UMl(q)];,{x"ax",x’—lay”,y’ay’,laa',SB(x” - 1)9(1 —x"
X8+ €78y, + €/, ,]) (5.5.14)

where 6(x) is the usual step function.
Evidently, this matrix has the block structure

Py 0 P; O
- P,y 1 Py 0
Log—oM) Ta= 0 P, o] (519

Py 0 Py 1

Each block in (5.5.15) is itself an N X N matrix. The determinant
of (5.5.15) is just /

detll — g(1 — vM,) " Al = det|P,,|det| P5,| — det|P,;ldet|P,,|
(5.5.16)



172 THE ISING MODEL

— t s
it turns out that det|Py,| = det|P,,| = 0 by symmetry

da eiaeiar=08 , f(x' — 1)0(l — x")

@m)’ y

x{[1 - sM(@)5 + e = oMy(@)] o

te /41 - UM1(‘1)]14} (5.5.17)

P11=1—~gf

and
g !
Py=1- gf 4 eiieiar =08, 9(x' — 2)0(/ + 1 —x )
B (277)2 .
x{[1 - oM (@) + e/ = oMy(@)]
temim/1 — oMy(@))s)  (5:5:18)
To proceed, we need to know the elements of ‘ghe matrix [1 —

oM (@))ap- These are .
[1 + p?2 —2vcos(qy) —v(l —V )¢ ] (5.5.19a)

[1— vy = d(a;, ) |
I pe—it — pleine™i — vie]

[1- vu(q)l, = d(4y,492) (5.5.19b)
-1 eiw/4[—1)2 + ve't — pleitieltz — U3eiq1]

(1 - oM@ = d(a1,92) (5.5.190)

g —i 3,—iq;
s — 1q;
eim /4 —v? + veT — pe i it — vl ]

[1 - oMy(a)]s = d(4y,42)

(5.5.19d)

) [1 + v2 = 2vcos(qy) —v(1 — vz)e‘iq‘]
- Uul(q)]33 = d(dy> 92)

(5.5.19)

. —iq, 4igs _ py3p—id
e~ i/ —v? + ve' — pre e — U7 |

[1 - oMy(@)]5 = d(a,,4.)

(5.5.19f)
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and the determinant of [1 — vM(q)] is

d(a;,a,) = (1 — v?)’ — 20(1 — v?)(cos q; + cos g,) (5.5.20)

Substituting (5.5.18) into (5.5.16), we have

d¢
P,=1- gf (277)26 “netar=rg L 6(x' — 1)0(I — x)
1 —02—=20%" " cos g, — v(1 + v2)ein
X [ 2~ 0 e (5.5.21)
d(4,, q,)
and by (5.5.18)
dq . .
Py=1-¢f (ZW)Ze“’Ie"J('"’)6},,’10()6’ - 2)8(1 + 1 —x)
1—0%—20% cosq, — v(l + v? e""ﬁ
X [ 92— 0 ) ‘;] (5.5.22)
d(a;,a,)

Now let us consider the structure of the N X N matrix P,, carefully.
If we order the elements of the matrix by (xy; x'y’) as shown in
(5.5.21), then it is clear that the determinant we need is just the
determinant of the small block in the upper left-hand corner of
dimension / X I, as shown in Fig. 5.5.2.

__x’,y’=2) X,y =2 _
Ly =1 ixt 0 0 0
X,y=2 §é
P11 yix,y)=. 1 0
g |
o1
L s

Fig. 5.5.2 Block structure of the matrix P,(x, y; x', y').
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Denoting this submatrix by P,,, we have
d%q . , 1-v e~in — 20% cos — (1 +0v?
= f—’q—zelw—x) - ( )2 a, — v( )
Q@m) a+v?) - 20(1 — v?)(cos g1 + €08 d,)
(5.5 23)

Py, hasa similar structure, and again, the determinant reduces t0 that
of an | X1 subblock P, with elements

@m) a+ b2y —20(1 = 57)(cos 4y + 08 d2)
(5.5.24)

If we make the change of variable ¢ =~ —d1 and let x —x' = x —x,
then P33 = P,,. Therefore, the correlation function has the form

G+ 1,111 =0 ! det| Pyl (5529

The integral in (5.5.21) over g, can be simplified by first replacing
g=1/v -0, 10 get

2
21,¢1q1 tql(x—x)IZquZ 2(1 + v?) — 2vQ ~ p?)cos g — 1/v( ~ p?) e

P =
Uod 27 (1 - vz) —20(1 — v¥)cos gy 20(1 — v*)cos 4z
(55 26)
We now use the fact that
2m 1 ! A% > B?
_————do= 2 _ B2 55.27
o A+ Bcos 0 A B ( )
0 A? < B?
to find
b= zq,@eiqlu_x,) 21 +v?) — 20—V 2)cos g, — 1/vA ~ 0 ) fql‘/z
o 2w
{{(1 + vz) — 20(1 — v*)cos qll _ 4?1 - v?) }
(5.5 28)
Define
pe 5529
T4 (55.29)
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numerator in (5.5.29) can then be written in the form |
2
2(1 + v?) — 20(1 — v*)cos q; — l(1 - 1)2)2e—"‘11 «
v
—1q,\(5 i ‘
U(l n )2[ — e 1)(D — ve')] (5.5.50)
S .
imilarly, the square root in the denominator can be factored
as
4 2
[(1 + 0" = 20(1 — v*)cos ql]z — 4v*(1 — 02’
pr— 1 1y
———(1 o) [(vD — e ) (vD — €/®)(D — ve't)(D — ve™')]
(5.5.31)
This then gives
- 1 2 ‘\
P = — ig(x—x' l‘
1 U/o e' g (q,) (55.32)
where
elg) = | (BT — v v
(vD — €')(D — ve™") (5:5.33)

We can brin i

g the factor v’ inside th mi

T e de .
function is given by the determinant terminant, and the correlation

CO C—l C_2 N Cl+1_
Cl CO C—l .
S =) 4 (5.5.34)

where

m—n — plq(m—n) '
o 27 5(a) (5.5.35)
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Note that the (n, m)th element of the determinant in (5.5.34)
depends only on n — m, that is, the elements along each diagonal are
equal. Such a determinant is called a Toeplitz determinant, and in
general they are difficult to evaluate. However, in the limit [ — o« we
can evaluate (5.5.32) by use of Szegd’s theorem [3]

D oo
lim ——,l =exp(zng_ngn) (5.5.36)
[—o | @ n=1
where
2w dq '
Inp = f - Ing(a) (5.5.37)
and
Zvdq
= —e M| 5.5.38
8= [ 3¢ " Ing(a) (5.5.38)

For a detailed discussion and proof of Szegd’s theorem, see McCoy
and Wu [5]. We can cast g(q) into a slightly more symmetric form by
defining

o, = VU
3] (5.5.39)
az = ;)"
so that
. _in1/2
1 — a1l —ae™ ™
g(q) = (1= )1~ me”™) (5.5.40)

(1 — aye)(1 — aye’?)

In our case, the integral in (5.5.37) vanishes and therefore u = 1.

To evaluate the g, (5.5.36), we must consider the cases 7 > T, and
T < T, separately. Note that a; <1 for all T, whereas for T < T,
a,<landfor T>T, a,> 1L

For T < T, both a; and a, are less than 1 and we can expand the
logarithmic factors

etim (5.5.41)

a™
m

In(1 — ae*?) = Z
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For n > 0 we have

g, = al — af) (5 .5.425

2n(

and for n <O we find g_, = —g,.
Substituting this into (5.5.35), we have

Zgng~n _ - Z (“2 —af)

_1— (1 - az)(l - alz)
2 lnl 1- alaz) ] (5.5.43)

Therefore, for T < T, we have

_ [(1 - a?)(1 -—;x%) }1/4

T < T, (5.5.44)
|

For T > T,, a, > 1 and we must take

| 1—a,e ™ |
— = —jg+

— - 1l,iq
1—aj'e

— g lpia
1—a;’e

172
] (5.5.45)

The logarithmic terms can now be expanded and we find for n > 0,

Loy’ o 5.5.46
g"_—n( ) 2n 2n (5.5.46)

and again g_, = —g,. In the exponent of (5.5.35) we have the
divergent sum

o (5.5.47)

from which we see that

c

lm (S, 1810 >0 T>T, (5.5.48)
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The magnetization is related to the correlation function by

m? = lim (Sy,1,151,1) (5.5.49)

and therefore, for 7 < T,

m = [(1 — a?)(1 — a2) rs

(1 - 0‘10‘2)2

(5.5.50)

The magnetization as a function of temperature is shown in Fig. 5.5.3.
AtT>T, a,=1and for T < T, we have

T,-T1® .
m ~ [ CT ] (5.5.51)

From this we see that the exponent B is
1
B== . (5.5.52)
8
It is also possible to determine the asymptotic form of the Toeplitz

determinant, and the reader who is interested should refer to McCoy
and Wu [5]. Here we will only indicate the results:

<Sl+1,lsl,1>

!

By (5.5.53a) we see that the correlations above 7. decay exponentially

<Sl+1,1Sl,1> ~el/t (5.5.54)

{-j‘% T>T. (5.5.53a)
tra)” 1 _ (5.5.53b)
1+ a 1174 =1 e
(-aha-a)]"| , 1 _ o rer (55530

A —aa) t 5 ( - )2 <T, 5.53¢
L
@,
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Fig. 5.5.3 (a) The spontaneous magnetization of the Ising model on a square lattice.
(b) The magnetization is plotted on a log-log scale. The linear behavior for small ¢
reflects the relation m ~ (—¢)P with g8 = 1/8.
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TABLE 5.5.1 Critical Exponents for the Ising Model in Two and Three Dimensions
(Data for d = 2 are exact)

d a B b4 v n
2 0 1/8 7/4 1 1/4
3 0.1334 0.3244 1.238¢ 0.629(4)? 0.031(5)°

“Calculated using scaling laws.
bReference 7.

where
1

&= (5.5.54)

log a,

Again, as T — T,, a, — 1, and we have

T-T1!

~ - 5.5.56
e~ [ (5.5.56)

which gives v = 1.
At T =T, the correlation function decays algebraically as [~
from which we see that

1/4
’

= — 5.5.57
n=7 ( )

In Table 5.5.1 we summarize these results for the critical exponents
of the two-dimensional Ising model and in addition we give the
exponents calculated for the Ising model on the simple cubic lat-

tice [7].

PROBLEMS

5.1 Calculate the partition function of the one-dimensional ferro-
magnetic Ising model (use periodic boundary conditions). Show
that the specific heat per spin is well behaved in the limit N — oo
and that therefore there is no phase transition.

5.2 Show that (5.3.10) is true by explicitly evaluating the trace and
derive (5.3.13).
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5.3 Show that the dual transformation can be expressed in the
symmetric form (sinh28J)sinh28J) = 1. Apply this to the
square lattice and calculate J,.

5.4 Using the dual and star—triangle transformations together}.’ show
that the critical coupling for the triangular lattice is given by
(5.3.10) and the critical coupling for the hexagonal lattice is given
by (5.3.13). Evaluate these expressions for BJ, in each case.

- 5.5 (a) Construct the dual lattice to the Kagomé lattice, Fig. 5.P.1.

(b) Show that the partition function on the dual of the Kagomé
lattice can be expressed in terms of the partition function of
the triangular lattice via two star—triangle transformations.

(¢) Using (b) and the new critical coupling for the triangular
lattice, find the critical couplings on the Kagomé lattice and
its dual.

OO,

\< >< >/ Fig. 5.P.1 The Kagomé lattice (see
Prob. 5.5).
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6 f,

RENORMALIZATION GROUP FOR THE
ISING MODEL

6.0 INTRODUCTION
!

{

In Chap. 4 we outlined in a general way the structure of the RG as
applied to critical phenomena, and in this chapter we will make these
ideas more concrete by applying them to the Ising model in two
dimensions.

There is no recipe for constructing a renormalization group trans-
formation, even within the rather restricted problem we have set for
ourselves here, and we will examine several approaches that have
proved useful in investigating the Ising model.

All of the transformations considered in this chapter are “real-
space” RG transformations in that they are formulated directly in
terms of the spins on the lattice.

First, we consider the majority-rule RG developed by Niemeijer
and van Leeuwen [9, 10] for the ferromagnetic (FM) Ising model on
the triangular lattice. We then extend this method to the problem of
the antiferromagnetic Ising model on the triangular lattice and dis-
cover that an Ising model is not always as simple as it seems.

6.1 ISING MODEL ON THE TRIANGULAR LATTICE

/

To begin, we consider a transformation whose physical interpretation
is clear, the “block spin” transformation with the majority rule,

183
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Fig. 6.1.1 Block spins on the triangular lattice. Solid lines indicate intracell cou-
plings, whereas dotted lines show intercell couplings for the nearest-neighbor
Hamiltonian.

(4.1.7). This method was introduced by Niemeijer and van Leeuwen
[9], and in addition to the original paper, reviews can be found in
Niemeijer and van Leeuwen [10] and Hu [8].

As shown in Fig. 6.1.1, we take the sites of the triangular lattice and
group them into blocks of 3. Note that the blocks themselves form a
triangular lattice with lattice constant a’ = V3 a, so the scale factor for
the RG transformation is b = V3.

The Hamiltonian in the absence of an external field is

H= -]} s, v (6.1.1)
i

We now group the terms in H involving the interactions between
spins in a given block, which we will label with Greek indices, into
H®, and the couplings between blocks  and B into V,,. Because the
original Hamiltonian only incorporates nearest-neighbor couplings, we
have

H=YH®+ )}, VQ (6.1.2)
@ {aB)

where V. is the first-order (in J) piece of V. As we will see
presently, consistency requires that we include higher-order (in J)
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Fig. 6.1.2 Couplings between nearest-neighbor block
3 2 spins in Vp. to

couplings in the Hamiltonian. Explicitly,
HO = —J(s)s2 + sks2 + 5252) (6.1.3a)

and V) is of the form

V@ = —Jsi(s2 + s3) (6.1.3b)

Note Fhat there are two distinct couplings between a given block and
its neighbors as shown in Fig. 6.1.2. The procedure we have intro-
duced fioe§ not preserve the whole symmetry of the triangular lattice,
and this will lead to problems when we consider higher-order correc-
tions.

In (6.1.3) we have labeled the spins st, where « is the block index

apd i. runs over the spins within the block. The renormalized Hamilto-
nian is given by

;

eI = TET((S), s))e " (6.1.4)
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where, for the majority rule

T({S}, {s}) = T18(S, — sen(s) +s2 +52)) (6.1.5)

[+

and HO® =Y H® and V = Zme‘fl?.
We now introduce an average over the original spin variables {s/}
taken with respect to H®,

0)

_ TrT({S), {s))e "4

A)o = 5 6.1.6
(Ado=— T({S), {s))e 5 (6.1.6)
With this definition (6.14) can be written as
e = [Tr T({S), {she #"[<e™"), (6.1.7)

Exponential averages of this kind can be evaluated by the cumulant
expansion

(6.1.8)

where

C,=(V)

C, = (V="

Cs ={(V =M |

C, = (V=¥ =3((V—(V))*)* andsoon

(6.1.9)

For details of the cumulant expansion, see App. A. Note that the
cumulant expansion is essentially a power series in the coupling
constant J and will therefore give good results near J,, assuming the
series converges, if J, is small. For the triangular lattice J, = 0.275
and we can hope to achieve reasonable success with just the first few
cumulants.

Before we begin evaluating the cumulants, we need to calculate the
prefactor in (6.1.7). Because the average over spins in each block can
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?e pe)rformed independently, the prefactor factorizes and we have by
6.1.5 .

4

Tr [18(S, — sen(Sh + 2 +53))e = z¥  (6.1.10)
o s
where N’ is the number of blocks and

z=¢e¥ 43¢’ (6.1.11)

There are only three distinct averages that need to be considered for
H®, and they are (Prob. 6.2)

1
(s8> = (s3) =(s3) = ;(e3j+ e’)S,=a,S, (6.1.12a)
1
(o820 = (5552) = (s2s2) = —(e¥ —e™) = a, (6.1.12b)
s «

<S1S2S3>=—1-( 3 _ 3 _ |
aaa z € € )Sa = a3Sa ' (6.112C)

6.2 THE FIRST CUMULANT

The first-order contribution to H' is given by the first cumulant

HO = - <Z/3'> e, (6.2.1)

Therefore, we have by (6.1.3b)

HO = —J ¥ (sl(sZ +s3) (6.2.2)
(ap)

Because the averages over spins in different blocks are independent,
this gives

HD = —2a3] ¥ 8,8, ¢ (6.2.3)
(aB)

In lowest order the renormalization equation for the nearest-neighbor
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coupling is therefore

2

J=27J e te 6.2.4
- e — e’ ( e )
This equation has fixed point at J' = J = J*, where
1
J* = Z1n(2\/§ +1) = 0.336 (6.2.5)

which is somewhat higher than the exact value J, = 0.2746.
In order to find the thermal eigenvalue y,, we linearize the RG
equation about the fixed point, and in the usual way we have

Jl

lnﬁ(J = J*)

= = 0.882 6.2.6
T T g | (6:25)

which should be compared with the exact value y, = 1.00.

6.3 THE SECOND CUMULANT

The second cumulant is given by (6.1.9), or

HO = = ¥ ¥ [Vahs) = VW] (63.0)
{aB) {y&>

First, we can see that if the pairs (@B) and (y8) have no (block) site
in common, that term vanishes, and we only need to consider those
terms in which the sites are connected.

Next, we consider the case in which {(aB) = (y$8), which gives, by
(6.1.12),

(VZy = (V00" = 27*(1 + a,) — 4J%a] (6.3.2)

This term is independent of the block spin variables S, and S; and
does not affect the RG equations. We will see, however, that these

“constant” terms, when summed, give the free energy. The contribu-

tion to the renormalized nearest-neighbor coupling from the second
cumulant arises from terms such as the one shown in Fig. 6.3.1. Note
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Fig. 6.3.1 Second order contribution to the nearest-neighbor coupling.

that for (aB) # (y8) each term occurs twice, cancelling the factor of
1/2 in (6.1.8). For each pair of nearest neighbors there are two
identical graphs, so we have

277((sL + s2)s3(s3 + s5)s2) = ((sL + s2)s3)((s3 + sp)s2)]
= 2[24}(1 + a,) — 44a}]J%S,S, (6.3.3)
In addition to the terms analyzed thus far, Figs. 6.3.2 and 6.3.3 show
that entirely new couplings emerge in second order. Figure 6.3.2

shows the two terms that produce a coupling between second-neigh-
bor block spins « and vy, which we denote by K®,

K®s,S, = Jz[((si +52)spsp(s2 + s2)) — ((sk + s2)sp{sh(s2 +:s3))

+(sa(sg + 53)(sh + 53)s3) — (salsh + 53N (sp + 53)57)]

= [4afa, — 4a} + ai(3a, + 1) — 4at]S,S, (6.3.4)
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Fig. 6.3.2 Second order contributions to the next-neighbor coupling K.

Similarly, Fig. 6.3.3 corresponds to a third- nelghbor coupling L, and
we find

L35,5, = P53 + 55+ 20 — s + st + D)
= 4J%3(a, — a})S,S, (6.3.5)

The proliferation of new types of couplings in the Hamiltonian is an
inevitable consequence of the RG transformation, and a complete

Fig. 6.3.3 Second order contribution to the third-neighbor coupling L.
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specification of the fixed-point Hamiltonian requires an infinite num-
ber of terms, each with its own coupling constant. The hope is that
these new couplings are irrelevant near the fixed point of interest and
that sensible results for the critical exponents can be found by consid-
ering a finite subset of all couplings. Within the framework of the
cumulant expansion, we can see that these new couplings are higher
order in J,, so when J, is small the truncation of parameter space is a
reasonable procedure.

In order to calculate the RG equations consistently to second
order, we are forced to incorporate second- and third-neighbor cou-
plings into the initial form of the Hamiltonian. These will not affect
H®, but will simply add to V. By the preceding calculation we may
regard K and L as second order in J. We must now consider a
Hamiltonian of the form

H=~J)Y s;5;—K ), s;s5;—L ), s (6.3.6)
<if> Ky KL

6.4 CUMULANTS REVISITED %

In the light of the previous discussion, we must recalculate the
cumulants starting with the Hamiltonian (6.3.6). Our job is made
considerably simpler by the observation that the new couplings K and
L are already of second order and will therefore contribute to the
second cumulant only in higher order in J. Therefore, we do not need
to recalculate the second cumulant and only need to determine the

~ contributions of the new couplings to the first cumulant.

The intercell part of the Hamiltonian can be written as
V=v® 4+ 1> (6.4.1)
where
Ve = —K(s sp+ sZsh+ sisg) — L(sisé + sﬁsé) (6.4.2)
is the second-order block coupling and V'® is as given in (6.1.3b)

The contributions to the renormalized first- and second-neighbor
couplings from the first cumulant can now be easily calculated, and we

find

J®S, S, = [21a3] + 3Ka} + 2La?|S,S, (6.4.3)
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and

K®S, S, = alLs,S, (6.4.4)

Putting these results together with (6.3.4) and (6.3.5) and keeping
terms in the first and second cumulants to second order, the RG
equations become

J'=2a2] + 4a*[1 + a, — 2a}|J* + 3aiK + 2aiL (6.4.5)
=a?[7a, + 1 — 8a}|J? + alL . (6.4.6)
L = 4a3(a, — a?)J? (6.4.7)

6.5 FIXED-POINT ANALYSIS

Calculating the RG equations is only the first part of an RG analysis.
Once the RG equations have been established, it is necessary to
locate the fixed points of the equations and find the linear scaling
fields and their associated eigenvalues in the neighborhood of each
fixed point. Because these are problems one always faces in RG
calculations, we will take this opportunity to introduce some practlcal
methods for finding the fixed points and scaling fields.

In order to locate the fixed points of the RG equations in the
three-dimensional parameter space of equations (6.4.5) to (6.4.7), we
need to generalize “Newton’s method,” for finding the zeros of a
function. '

First, let us introduce a three-component vector J,, where

J,=J J,=K J;=L (6.5.1)
The RG equations can be written in the form
Tt =R, ({7})) (6.5.2)

where the R, are the nonlinear functions given in (6.4.5) to (6.4.7).

Writing J, = J;¥ + J, — J;¥ and linearizing about the fixed point, we

have

= I = STy~ TF) (653)
j
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where the real matrix T,; is given by

Tk IS e
J
an U =J)

(6.5.4)
r?
and should not be confused with the projection operator introduced in
(6.1.5). Note that this matrix is not generally symmetric. Because
nonsymmetric real matrices do not come up as often in physics as
symmetric real matrices, we will treat them here in some detail.

We now introduce the right and left eigenvectors of the linearized

RG transformation, ¢,, and ¢,, respectively, and the associated
eigenvalues A, which satisfy

LT = A (6.5.52)
J
and
DT, - g (ess)
The completeness relation for the eigenvectors is
PIIRICEEN (6.5.6)
and the orthogonality condition is

Z(Z;j’n)d);m) = 6nm (6'57)
J

The right eigenvectors are a convenient basis in which to expand the
displacement from the fixed point in parameter space, J, — J}¥,

Jo=TF = Yu,g (6.5.8)
n
where by the completeness relation we have

= fk_‘,&”’(fk =J5) (6.5.9)

The linearized RG equations can now be written in the form

Ti= T+ L = Duygf? (6:5.10
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The procedure for locating the fixed point is now clear. We make a
first guess for the fixed point J; and apply the RG equations (6.4.5) to
(6.4.7) to get J;. By (6.5.10) we can then estimate the displacement
from the fixed point by solving for the u,,

Up = (/\(n) Z¢(n)( - ;) - (6.5.10)

which then yields a new, and hopefully better, estimate for the ﬁxed
point

BT~ 1)
Jk = Jk Z Z ( (n) 1) (6'512)

A good initial guess for the fixed point is the result (6.2.5) obtained in
first order, J* = 0.366, K* = 0.0, L* = 0.0. So long as there is at
least one relevant scaling field, that is, at least one eigenvalue that is
greater than 1, the method produces a series of estimates that con-
verge rapidly to the exact solution. When the algorithm outlined
previously is put into use, we find the fixed point

J* = 0.2789 K* = —0.0142 L* = —0.0152 (6.5.13)

The left and right eigenvectors at the fixed point are

1.0432 —0.0726 —0.0294
oD = (—0.0147 @ = ( 0.0690) ¢ = [ 0.0543)
—0.0458 0.0291 0.0168
(6.5.14)
3 1.000 ; 1.000 3 1.000
oD = (——0.7584 PP = (—9.861] - ¢¥ = ( 6.9034)
0.6974 25.839 20.480
(6.5.15)

and the corresponding eigenvalues are
AD=17729 A =0.1948 A® = —0.1364 (6.5.16)

It is also of interest to map out the domain of attraction, or “critical
surface,” of the fixed point, and in particular we are interested in the
intersection of this surface with the J axis, because this corresponds to
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U* K* L%

Fig. 6.5.1 The critical surface in the neighborhood of the fixed point, indicated by *.
The nearest-neighbor critical point is the intersection of this surface with the J axis,
labelled J.. ’

"

the critical nearest-neighbor Ising Hamiltonian., The critical surface in
the neighborhood of the fixed point is shown schematically in Fig.
6.5.1. The critical point for the nearest-neighbor Ising model is la-
beled J, in the figure, and is the intersection of the critical surface
with the J axis.

In order to calculate the critical value J,, we first observe that near
the fixed point the critical surface is the set of points for which the

~amplitude of the relevant scaling field u, vanishes. The u; are given by
© (6.5.9) within the linear approximation. Setting K = L = 0, the criti-

cal value J, is given by
Ry
TP
= 0.2575 (6.5.17)

Note that this estimate is quite a bit better than the first-order result.
The thermal critical exponent is determined by the largest eigen-
value of T, and we find to second order

In A,
Yr= Iny3

which is also a great improvement over the first-order result (6.2.6).

= 1.042 " (6.5.18)
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6.6 RENORMALIZATION EQUATIONS IN THE PRESENCE OF A
MAGNETIC FIELD

In order to obtain the magnetic exponent y,, we need to include in
the Hamiltonian a term corresponding to an external magnetic field 4,
and so we will now consider

<) i

The new term modifies the intrablock part of the Hamiltonian H® of
(6.1.3a) which is now

H® = ~J(sLs2 + sis) +sis0) — h(s) +s2+5)) (6.6.2)

The averages (6.1.11) and (6.1.12a) to (6.1.12c) must be recalculated,
and one finds

z, =ay + byS, (6.6.3)
(sky =a,S, +b, (6.6.4)
(s2s2) =a, +b,S, (6.6.5)
(sls2s3) =a,S, + b, (6.6.6)
where
ay, = e* cosh3h + 3¢~ cosh h (6.6.7a)
by = > sinh 3k + 3e’sinh h (6.6.7b)

e% + 4e% cosh2h + 3e~%

M7 T 6¢ cosh 2k + 9¢ (6.6.82)
2e% sinh 2h

by = e% + 6e? cosh2h + 9¢= %/ (6'6'8b)

e% +2e* cosh2h — 3e %

927 67 1 6% cosh2h + 9e ¥ (6.6.92)
4¢? sinh2h

by = e + 6e* cosh2h + 9e~% (6.6.9)
eGJ _ 96—21

T ST 6 cosh 2h + 9¢ (6.6-102)
e% sinh 2h

by = (6.6.10b)

e% + 6e% cosh2h + 9¢~%/
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Before we consider the cumulants, first note that the “zeroth-order”

term z, is no longer independent of the block spin S, and in fact

contributes to the renormalized magnetic field. To see this, denote the
zeroth-order renormalized field by 4. Then

, [
¢S« = cosh W' + S, sinh i = cosh #'(1 + S, tanh /') (6.6.11)

The factor z, from Eq. (6.6.3) can also be cast in this form

b
z, =ap|1 + —OSa) (6.6.12)

ag

Comparison of (6.6.11) and (6.6.12) then gives (see also Prob. 6.7)

, b
W= tanh—l(—") (6.6.13)
ao 1y

v

Just as in the case of h = 0, any overall constant factor does not
contribute to the RG equations and can be ignored.

Obviously the zero-field fixed points are still fixed points of the new
RG equations, and so in the neighborhood of the & = 0 critical point
we can take A as small. To lowest order in A, (6.6.13) gives

W = 3a,(0)h | (6.6.14)

Evaluating this at the first-order fixed point gives for the magnetic
exponent

In3a,

= —— = 1.369 6.6.15

which should be compared with the exact value y, = 15/8 = 1.875.

6.7 THE FIRST CUMULANT WITH & # 0

The cumulants are calculated exactly as before, and so just as in
(6.2.2) the first-order correction to the renormalized Hamiltonian is

HY = —2J(s)){s; + 55 (6.7.1)
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Expanding the averages as given in (6.6.4), we have
H® = —2Ja3S,S, — 2Jab (S, + S,) — 2067 (6.7.2)

The first term is the first-order contribution to the renormalized
nearest-neighbor interaction, the second term is part of the first-order
contribution to the renormalized magnetic field, and the last term is
independent of the block spins and can be neglected.

In the triangular lattice each spin has six nearest neighbors, and the
contribution to the renormalized field calculated in (6.7.2) comes from
consideration of just one such neighbor. Therefore, the full renormal-
ized field in first order is given, in the limit # — 0, by

, 16¢>T* |
W =3a,(0)|1 + O 13 h (6.7.3)

The fixed point is again J* = 0.336, A* = 0.0, and so we find for the
magnetic exponent to first order

y, = 2.034 : (6.7.4)

which is a fair improvement over the zeroth-order result (6.6.15).

6.8 RENORMALIZATION GROUP EQUATIONS
TO SECOND ORDER

The second cumulant can be calculated as before, and again we find
that new intercell couplings arise. In addition to second- and third-
neighbor two-spin interactions, the inclusion of the magnetic field
gives rise to new three-spin couplings, which are illustrated in Fig.
6.8.1. Note that the three-spin coupling M, shown in Fig. 6.8.1, fits
into the three-spin cell we have been using, so that not only are the
intercell couplings modified but the intracell Hamiltonian H©® must
- also be modified, and we must take, for the cell a,

H® = —J(sys2 + sksd + s253) = h(sh + 52 + s3) + Ms}s2s]
(6.8.1)

It is useful to divide the types of terms that can appear in the
Hamiltonian into even or odd depending on whether there are an
even or odd number of factors of the spin variables. At the FM fixed
point all the odd couplings are 0. It then follows by symmetry that the
RG equations for even-type couplings are even functions of the odd
couplings and the derivatives of the even couplings with respect to the
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Fig. 6.8.1 The types of three-spin couplings that arise in the second cumulant.

odd couplings evaluated at the fixed point vanish. Similarly, the odd
couplings are odd functions of themselves so the derivatives of the
odd couplings with respect to the even couplings also vanish at the
fixed point. Therefore, the matrix 7,, has the block-diagonal struc-
ture

Ts® 0

0 1o (6.8.2)

Because we only need to keep expressions involving the odd-sector
coupling coustants in first order, this simplifies our job quite a bit. The
calculations arc straightforward and the results for the odd-order
couplings in the second cumulant approximation are given in Table
6.8.1. Note that there are two inequivalent next-nearest-neighbor
three-spin interactions, which we have labeled N, and N,. The fact
that these interactions are inequivalent indicates that the renormal-
ized Hamiltonian no longer has the full symmetry of the triangular
lattice, and this in turn can be traced back to the way in which the
block spins were assigned. We can restore the symmetry of the
Hamiltonian in a somewhat ad hoc manner by replacing N, and N,
with their average. ‘

The inclusion of the three-spin term iin H® modifies the calcula-
tion of z, to second order in J. The new values for a, and b, are

ag = e* cosh(3h + M) + 3e™’ cosh(h — M) (6.8.3a)
b, = e sinh(3h + M) + 3e~'sinh(h — M)  (6.8.3b)
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TABLE 6.8.1 Contributions to Odd-Sector Hamiltonian from the Second Cumulant

Type of term Multiplicity Contributions to H’

A 3 —247%a3b,S,, (h)
4 .

R

S— 6J%[b, — 4a3b,1S, (€))]
\ /
A 6 24JYa,a,b; — a}b,1S, ()
\4
A 1 47%[a?b, — 2a3b,15,S,S, P)
\\Z;S 6 6J%[a(3a, + Db, — a3b,1S,, (h)
\ /
A 1 J*3a3b, — 8a}b,15,5,S, (N
A 6 24J%a,a,b, — a3b 1S, (h)
\N 7/
/N i 477a%b, — 243b,1S,,5,S, (N,)
A__ 6 2437a (1 + a,)b, — alb,IS, (h)
‘A
A'/ 1 " 47%a?b, — 2a3b,1S,5,S, (M)
A 6 1272[a1 + apb, — 243,15, 0
NAYAN
A 1 2J%a}b, — 4a3b,1S,5,S, (M)
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By (6.8.3a) and (6.8.3b), the zeroth-order contribution to 4’ is

e(3h + M) + 3e'(h — M)

h(O) =
e + 3¢’

(6.8.4)
r'

The first-order contribution to 4 is of the same form as we have in
(6.7.2) and (6.7.3)

A = 12Ja,b, (6.8.5)

The three-spin couplings are of O(J?) and so in recalculating the
first cumulant with the new three-spin interactions, we can drop the
three-spin term from H,.

In Table 6.8.2 we give the various types of terms that arise to
second order in the first cumulant.

Before we write out the renormalization equations for the odd-sec-
tor coupling constants s, M, N, and P, we must linearize the a’s and
b’s. From (6.6.8) to (6.6.10), it is clear that the a’s are all even
functions of 4 and so to first order they can be replaced by their
values for A = 0.

The b’s are all odd functions of %, and except for the zeroth-order
term b,, we can neglect M to O(J?). We then have

e +1
a, = m (686&)
464"
b= ———h =bh (6.8.6b)
(e* + 3)2
e — 1
a, = m—?) _ (6878)
864]
b, = ————h = 2b}h (6.8.7b)
(e¥ + 1)
et -3 '
a; = e4] +3 / (6883)
12e%

— ——h = 4b\h (6.8.8b)
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TABLE 8.6.2 bontributions to the Odd-Sector Renormalized Hamiltonian

of 0(J?) from the First Cumulant

Term Multiplicity Contribution to H'
A 3 3Ma,a,S, (n)
N
?/MBA 1 Ma3S,S,S, M)
A
/N 12 12Na,a,S, (h)
'A‘i 3 3NaiS,S,S, (M)
A
A 1 Pa3S,S,S, (N)
&/
P
A
, A 2 2PA,a,S, (n)
/K/& 6 6Kab,S, (h)
6 6La,b,S, (h)

[>
!
/

[l ]
\\[}
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Collecting all terms to O(J?), the renormalized equations for the
odd-sector couplings are

h = 3a1h —a;M + 12Ja,b h + 3Ma,a, + 12Na,a, + 2Pa,a,
+ 12J2%(1 — 8a3)b\h + 487%(a,a, — a3)bih f
+ 6a,J%(7 + 9a, — 9a})b\h + 6Ka,bih + 6La;bih (6.8.9a)

M' = a}M + 3aiN + 4J%(3a} — 4a3)bih (6.8.9b)
N' = aiP + J*(7a3 — 8a3)bh (6.8.9¢)
P’ = 872(a? - a3)bih (6.8.9d)

Again, note that in (6.8.9¢c), N is the average of the two inequivalent
terms N; and N, from Table 6.8.1. Because the RG equations for the
even-sector couplings are unchanged, we can take for J, K, and L
their fixed-point values given in (6.5.13).

Equations (6.8.9a) to (6.8.9d) can be cast as a matrix equatlon and
the eigenvalues are then given by calculating the determgnant of the
resulting 4 X 4 matrix. If we are only interested in the largest eigen-
value, this procedure is really not necessary as all the relevant off-
diagonal terms are small. (The exact value for the eigenvalue is 2.800,
whereas the corresponding diagonal matrix element is 2.815.) We find
for the magnetic exponent

=1 = 1.874 6.8.10
Vn " Inv3 ( )

TABLE 6.8.3 Results for Fixed Points and Critical Indices of the Ising Model
on the Triangular Lattice

Cell Order  J* K* L¥ Iy Vi
1 03356  — — 03356 0882 2034
A\ 2 02789 00142 00152 02575 1042  1.874°
13 05206 0.0384 00516 03009  1.146 -
1 03003  — — 03003 0919 19213
<:> 2 02980 00153 00188 02647 1124 18787
3 03578  0.0307 0.0310 02752 1072 —
Exact — — — 02747 1000 1875

“This differs from that in [5]. We believe this is the correct value.
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%
2

R

Fig. 6.8.2 The seven-spin cell employed by Sudbo and Hemmer [12].

which differs from the exact result by approximately 0.05%. The
results of these calculations, which were first carried out by Braathen
and Hemmer [5], are given in Table 6.8.3 along with similar results
due to Sudbo and Hemmer [12], who used the seven-spin cell shown in
Fig. 6.8.2, and Hemmer and Verlarde [6], who carried out the even-
sector calculations to third order.

The remarkable agreement between the value of the magnetic
exponent calculated for the three-spin cell to second order and the
exact value is probably fortuitous. For the seven-spin cell of Sudbo
and Hemmer, the magnetic exponent differs from the exact value by
about 0.2%, which is still quite good.

There are a couple of lessons to be learned from the Table 6.8.3.
First, the values of the various couplings at the fixed point depend on
the particular cell one uses. There is nothing universal about the fixed
point itself. The second observation one can make is that increasing
the size of the cell does not necessarily improve the accuracy of the
calculation. On the other hand, second order is a great improvement
over first order. This gives us some hope that the cumulant expansion
converges. However, Hsu and Gunton [7] have carried out similar
calculations on the square lattice. Their results are listed in Table
6.8.4 and indicate that the third-order results are not uniformly bet-
ter than those in second order. This sort of behavior leads one to sus-
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TABLE 6:8.4 Results for the Cumulant Expansion RG through Third Order
for the Ising Model on the Square Lattice [7]

Cell Order J. Yr Vp :
2X2 1 0.5186 1.006 2.146
2 0.4300 1.051 11979
_ 3 0.4319 1.072 1.975
3x3 1 0.4697 0.927 1.943
2 0.4302 1.002 1.884
3 0.4314 1.080 1.899
4 X4 1 0.4607 0.932 1.914
2 0.4330 1.009 1.883
3 0.4305 1.083 1.914
Exact — 0.4407 1.000 1.875

pect that the cumulant expansion may be asymptotic rather than
convergent.”

6.9 ANTIFERROMAGNETIC ISING MODEL ON THE|
TRIANGULAR LATTICE "

It is relatively straightforward to construct an RG transformation for
:the ferromagnetic Ising model, but when the ordered state of a system
is more complex the construction of the RG may not be so obvious. A
goo'd example of this is afforded by the Ising model on the triangular
lattice with antiferromagnetic nearest-neighbor interactions (J < 0).

YA series is asyinptotic or semicpnvergent if [2]
)}ijl:ox”Rn(x) =0 for fixed n
and
nli_I)nm]x"R,,(x)] = oo for fixed x

where R,(x) s the remainder, R,(x) = F(x) — S,(x), and 'S,,(x) is the sum of the
first n.tcrms in ?he series. The first equation states that for sufficiently large x, the
err(?r 19 approximating the function by a finite number of terms can be made
arlixtrarlly small, whereas the second says that for any x, however large, the series is
not convergent. For any given value of x, there is a value of ninimi

: n that minim
remainder (see Prob. 6.11). , fres the
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Fig. 6.9.1 Elementary plaquette on the
triangular lattice. For antiferromagnetic
nearest-neighbor couplings the order is
frustrated. + +

In the absence of an external field the ground state of this model is
highly degenerate. In fact, Wannier [13] has shown that the entropy
per spin is finite and the system remains paramagnetic even at T = 0.
To see how this is possible, consider one of the elementary triangles,
or placquettes, of the triangular lattice shown in Fig. 6.9.1.

In the state of lowest energy, all spins should be antiparallel to each
of their neighbors, but as one can readily see from the figure, this is
impossible. One of the bonds must be broken, a phenomenon called
frustration. There is a great deal of freedom in choosing which bonds
on the lattice are frustrated, and therefore the ground state is highly
degenerate.

If we now apply a weak external field, 4 > 0, the number of ground
states is reduced to just three states, one of which is shown in Fig.
6.9.2. The triangular lattice can be decomposed into three triangular
sublattices, which we label A, B, and C, as shown in Fig. 6.9.3. In
each of the three ground states, the spins on two of the sublattices are
parallel to the applied field, whereas those on the third sublattice
are antiparallel. The three ground states are conveniently labeled by
the sublattice that is antiparallel to the applied field.

It should be clear that the order parameter for this model is not the
. magnetization as in the ferromagnetic Ising model; the magnetization
does not distinguish between the three possible ordered states. The
order parameter in this case must be a three-component object and
Alexander [1] has argued that this model is equivalent to the three-state
Potts model. Therefore, it belongs to an entirely different universality
class from the ferromagnetic Ising model. The Hamiltonian for the
g-state Potts model is

H= -]} 6(o;0) (6.9.1)
<ij?
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+ + - + + - +

+ - + + - + 4+ - ,ﬁ
-+ + - + 4+ - 4 |
o o— o+ o+ — o+ =
- 4+ + - + + - +
+ + - + + - + + -
-+ + - + + - +
+ + - + + - + + -
- 4+ + - + + - +

Fig. 6.9.2 One of the three ground states of the AF Ising model on the triangular
lattice in a weak positive magnetic field.

where the variables o, = 1,2,3,..., ¢ and 8(c, ¢') is thé Kronecker
delta. The two-state Potts model is equivalent to the Ising model
(Prob. 6.8). '

To see how tricky constructing an RG transformation can be, let us
apply the three-spin-cell majority-rule transformation to one of the
ground states shown previously. Because each of the spins in a given

ARy
yandadb
D ar
AR ar
A/C B\A/C B\A/C B !
B\A/C B\A/c B\/

Fig. 6.9.3 Decomposition of the triangular lattice into three triangular sublattices.



208 RENORMALIZATION GROUP FOR THE ISING MODEL

[ ° @ L @ ® @

L L] @ ® L ® @ [
[ [ @ o ® @ @ L]

® L] L] ® ® ° @
e L ® [ @

[ @ @ L] L] L]
L] (] L] L] L] L] @

® L] [ ] @ L] L] ° ® (]
L] e L] L] L] L] @ L]

Fig. 6.9.4 Nine-spin cell of Schick, Walker and Wortis [11] composed of 3 interpene-
trating 3-spin clusters on each sublattice.

cell belongs to a different sublattice, there will always be two “up”
spins and one “down” spin in each cell. By the majority rule, all three
ground states will map onto a perfectly ordered ferromagnetic state.
This clearly violates the criterion of sec. 4.1 that the RG preserve the
nature of the ordered states, and would, if carried blindly through,
lead to the erroneous conclusion that the AF Ising model in an
external field is in the same universality class as the FM Ising model.

In order to preserve the sublattice structure of the ground states, it
is necessary to choose a larger cell, and here we will discuss the
simplest choice, which was employed by schick, Walker, and Wortis
[11]. The cell consists of nine spins, three from each sublattice, as
shown in Fig. 6.9.4. The majority rule can be applied to the spins on
each sublattice separately, thereby preserving the structure of the
ground states. Of course, there is a price to pay; there are now 512
possible states of the cell to consider. However, if we impose periodic
boundary conditions on the cell, then symmetry can be used to greatly
reduce the labor involved in constructing the RG equations. The RG
transformation will therefore map the nine spins into a single triplet
of block spins. Because only one-, two-, and three-spin interactions
can exist on such a three-spin cell, we take the initial Hamiltonian to
have the form

T i (k) A
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Note that we have included explicitly a constant term NC, where N is
the number of sites, in the Hamiltonian. Such terms do not affect the
RG equations for the couplings, but they are generated by the RG.
Summing all such terms along the RG trajectory yields the free
energy. By using as finite cell with periodic boundary conditions, we
avoid the problem of proliferation of new couplings, which we found
in the cumulant-expansion method. Instead of truncating in parameter
space, we have replaced an infinite lattice by a 3 X 3 lattice.
The renormalized Hamiltonian is given by

e = Tr Tr Tr HS(SA - sgnZst) e (6.9.3)

{54} {sg} {sc} ;

If we define the right-hand side of (6.9.3) to be exp F(S,, S, S), then
the renormalized couplings can be determined by solving the following
set of simultaneous equations:

3C"+ 9] + 30 + 6M' =F(+,+,+)=F,  (6.9.4a)
3C" =3 +HW —-6M =F(+,+,-)=F,  (6.9.4b)
1

3¢ =3 —HW+6M =F(+,—,—)=F, (6.9.4¢)

3C"+9J' =30 -6M'=F(—,—,—-)=F, (6.9.4d)

In (6.9.4a) to (6.9.4d), it is important to realize that periodic boundary
conditions have been imposed on the three block spins so that each
nearest-neighbor coupling is counted three times and the three-spin
coupling is counted six times. This “overcounting” ensures that the

energy/spin in the ground states is preserved under the RG transfor-
mation.” The solution to (6.9.4a) to (6.9.4d) is

1

C'=3C + o (F, + 3F, + 3F, + F)) (6.9.52)
1

W= S (P +Fy = F,~ F,) (6.9.5b)
1

J’=ﬁ(F1_F2'—F3+F4) (6.9.5C)
1

M' = = (F, = 3F, + 3F, - F,) (6.9.5d)

"The authors are indebted to M. Schick for elucidating this point.
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Evaluating the trace, (6.9.2) gives

eF(+++) — eZ7J+9h+18M + 9el5l+7h+6M + 27e7J+5h+2M

+ 18Je3J+3h~2M + 963l+3h+6M (6963)

- —J+h— —2M
eF(H+=) = p=9I+3h—18M | g ~J+h—6M | 3,3/+5h—2

+ 9e——5J—h—2M + 18€—J+3h-2M
+ 18~ ThTIM | g T Hh=6M (6.9.6b)

F(+,—,-) and F(—,—, —) are easily found from (6.9.6a) and
(6.9.6b) by the observation that under § —» —S,J - J, h - —h, and
M- —M.

Let us explore for a moment the possible fixed points of the RG
equations (6.9.5). First, if we take & = M = 0 initially, they remain 0
under the RG as we would hope. In this case F; = F, and F, = F; so
that the RG equation for J reduces to

1 e? + 9™ + 27" + 27¢%

— 6.9.7
2™ 7o 1 367 1 96 7 1 45¢ 7 (6.9.7)

J =

This equation has a nontrivial fixed point at J* = 0.185 (0.275 exact).
In order to find the critical exponents, we must linearize the full RG
equations about the fixed point (0.185, 0, 0). We have seen that quit‘e
generally the linearized RG in the neighborhood of the ferromagnetic
fixed point decomposes into even and odd sectors. In this case there is
only one even coupling J, and so the temperature exponent is simply

aJ’
In—

aJ |+
= ——= = (}.638 6.9.8
yr ln\/g ( )

On the other hand, the odd sector of parameter space is two dimen-
sional because we have two odd couplings 4 and M. If we expand
each of the F’s defined in (6.9.4a) to (6.9.4d) to first order in 4 and
M, we have

1(0F, 9F, 1 (0F, an)
ro 2, 22 —— + — M 6.9.9a
h 4(ah+ah) +4(8M Y, (6.9.9a)
1 (dF, dF, 1 (9F, 8F2)
" L —|— —3—=|M (6.9.9b
M 24(ah 3ah) * 24(3M oM ( )
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where all the derivatives are evaluated at & = M = 0. Solving this pair
of coupled equations, we find two eigenvalues of the linear RG

y, = 1.454 J
Y, = —1.054 (6:9.10)
One might wonder how we know the relevant eigenvalue is associated
with the magnetic field rather than the three-spin interaction. The
answer of course is that the linear scaling fields are linear combina-
tions of 4 and M. If initially we have M = 0, h # 0, the perturbation
has a nonzero overlap with both the relevant scaling field and the
irrelevant scaling field. Under repeated renormalizations the ampli-
tude of the irrelevant scaling field tends to 0 and the relevant scaling
field dominates. The same argument can be made for the case M # 0,
h = 0, but because M = 0 is in the subspace of physical Hamiltonians,
we call the largest eigenvalue in the odd-sector A7

Let us now consider the antiferromagnetic case, J <0, in an
external field 4, which for definiteness we will take to be positive. We
have already argued that the ground states in this dase have a
different symmetry than those of the ferromagnetic Ising model, and
on these grounds we expect to find the critical exponents characteris-
tic of the three-state Potts model.

Let us consider for a moment the ground states of the system with
M =0, h and —J large. For small 4/J the ground state has the
symmetry of the Potts phase, and as 4 /J is increased there will be
a transition from the Potts state to a ferromagnetic ground state. The
transition will occur (at zero temperature) when the energies of the
two states are equal. Comparing the energy per spin in the two ground
states, we see that the transition from one to the other will occur for
6J + h = 0. Therefore, let us look for a fixed point along the line
6J + h = 0, where again J and % are tending to ® in magnitude.
Keeping only the highest-order terms in the F’s, we have from (6.9.6)

Fy ~ In[ e +oh+18M 4 gol5/+7h+6M] (6.9.11a)
F, ~ In[e™%/+3h=18M | 3,3/ +sh-6M] (6.9.11b)
F; ~ In[9e=57+h+2M] (6.9.11c)
F, ~ In[18¢3/ =3 +2M 4 gp3/-3h+6M] (6.9.11d)

Ignoring for the moment the three-spin interaction, the RG equations
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(6.9.5b) and (6.9.5¢) become

W= g-h (6.9.12a)
4
r=37 (6.9.12b)

Note that both the renormalized J and A scale in the same way, so
their ratio remains constant. Furthermore, because the scale factor,
4 /3, is greater than unity, the fixed point of interest will in fact lie at
J= —o, h = o, It is somewhat awkward to deal directly with vari-
ables that are infinite at the fixed point (see the discussion of Sec. 4.2),
so let us introduce new variables that will remain finite as the fixed
point is approached. One obvious choice is M itself, whereas for the
other we can take

z=6]+h (6.9.13)

which measures how far we are from the phase boundary. By (6.9.5a)
to (6.9.5d), the renormalized equations for z and M are

(e9z+18M + 9e7z+6M)3 + (186—3z+2m + 96—32+6M)
Z=glhn 729(e82~ 1M + 3¢87)
(6.9.14a)
729(e1zz+24M + 9gl0z+12M)
M= Zgln[ (e3z—18M + 335z~6M)3(186—3z+2M + 936—3z+6M)
(6.9.14b)

These equations have the fixed point
z*¥ = —1.5883 M* =0.1132 (6.9.15)

Linearizing equations (6.9.14) about the fixed point, we find that there
is one relevant scaling field with scaling exponent y, = 0.956, and one
irrelevant scaling field with scaling exponent y, = —0.398. The left
eigenvectors of the linearized RG transformation are

e, = (1,6) ep=(1,—108) (6.9.16)
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The original parameter space is three dimensional, and yet we have
only solved the RG equations in a two-dimensional subspace. There
must be a third parameter, and a useful choice is

y = e~ G/2h—6M) (6/5'9.17)

It is easy to see from the RG equations that y decouples from the
other RG equations, and satisfies

y =y¥? (6.9.18)

At the fixed point y* = 0, and small perturbations of y about y = 0
vanish faster than exponentially. In the language of Sec. 4.2, this is a
nonlinear fixed point and strictly speaking equations (6.9.12a) and
(6.9.12b) cannot be used to calculate the appropriate scaling exponent.
Rather, we should use (6.9.18), which yields

ay’
"oy
= = — ' (6.9.19
y3 ln\/g y* =0 * ( )

This relatively simple model exhibits yet another fixed point. If we
take J = h = 0, then the RG equations reduce to a single equation
for M. The Ising model with only three-spin interactions is known as
the Baxter-Wu model [3, 4] and has been solved exactly. The RG
equations in this case are left as an exercise (Prob. 6.10). The exact
results are J, = 0.4407, y, = 1.5, and y, = 1.875.

PROBLEMS

6.1 Show that
1 1
8(S, — sgn(st +s2+53)) = —1+ Sa(S + 52 + 53 — sLs2sd)

6.2 Derive (6.1.12a) to (6.1.12¢c).
6.3 Find the fixed point for the RG equation (6.2.4).

6.4 Derive an expression of the form (6.2.4) for a cell consisting of
five spins.
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6.5

6.6

6.7

6.8

6.9

6.10

6.11

RENORMALIZATION GROUP FOR THE ISING MODEL
What type of interactions must be included in H if we include
the third cumulant in (6.3.6)?

Any nonsingular function of S, = +1 can be expressed in the
form f(S,) = a + bS,. In particular, show that

(a +bS,) ' =a +bS,

and find ¢ and b’ in, terms of a and b.

The zeroth-order renormalized Hamiltonian is, by (6.6.3), just
Y nz,= Y In(ay + byS,)

Show that In(a + bS,) =a' + 'S, and that b’ = tanh™ (b /a).
This is a neater way of deriving (6.6.13).

Show that the two-state Potts model

H= -J) 6(o;,0) o =12
<>

is equivalent to the Ising model. 8(c, o) is the Kronecker delta.

For the triangular lattice derive the scaling law for x = 6J +
h+ 6M for —J, h = . Find the fixed point and scaling
exponent for this scaling field.

Show that if J = & = 0 (Baxter—Wu model) the RG equations
(6.9.5) reduce to a single equation M’ = R(M). Find the fixed
point and scaling exponent.

Consider the incomplete gamma function (see [2] for further
details) '

I(x,p) = fme”“u“’ du

X

(a) Integrating by parts, show that

—X

1(x, p) = -

por —pl(x,p +1)

PROBLEMS

and therefore that

I(x,p) = S,(x,p) + R,(x,p)

where the nth partial sum is

e *n-l +k —1)!
Su(x,p)=— 1 (—1)k(p;-—)i
xP = (p+ 1) x*
and the nth remainder is
2 (p—n+ 1)
R,(x,p) =(-1) “U”_“l)—)l(x,p +n)

(b) Show that

lim x"R,(x) —» 0 for fixed n

X —>

lim |x"R,(x)] > o for fixed x|

n—>o

s
s/
N\
AN
7/
-

o N N4

Fig. 6.P.1 5-spin block on the square lattice, n = /5 . See problem 9.12.
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(¢) For a given value of x, find the value of n which minimizes
the remainder.

6.12 Consider the five-spin blocks on the square lattice (b = V5),

shown in Fig. 6.P.1.

(a) Find the renormalization equation for the nearest-neighbor
coupling in the first cumulant approximation. Find the fixed
point and calculate the thermal exponent.

(b) Calculate the zeroth-order approximation to the renormal-
ized magnetic field and the magnetic exponent in the same
approximation.
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OTHER REAL-SPACE
RENORMALIZATION GROUP
METHODS FOR THE ISING MODEL

7.0 INTRODUCTION u

\
In this section we investigate a slightly different class of real-space RG
transformations, which in a sense are simpler than the majority-rule
transformations, but perhaps more removed from the physically ap-
pealing idea of coarse graining. These are the decimation transforma-
tions. :

In a decimation transformation no new degrees of freedom are
introduced, but rather a subset of the original degrees of freedom is
eliminated. A simple example of the decimation transformation was
employed in Chap. 5 to solve the one-dimensional Ising model. In that
case the decimation introduced no new couplings into the Hamilto-
nian, and a nice closed set of RG equations could be found. In higher
dimensions decimation transformations suffer from the same prolifer-
ation of couplings we found in the majority-rule RGs. There are
several strategies for dealing with this problem.

The first is to simply ignore some of the newly generated couplings
as was done with the cumulant expansion. Another possibility is to
start with a finite lattice, as in the example of Sect. 6.9, so that once
the decimation transformation has been accomplished only a few spins
are left, and only a small number of couplings need to be retained. It
turns out that this kind of transformation is exact on a hierarchical
lattice. A third method, called the Migdal-Kadanoff [4, 6], or bond-
moving, method, avoids the proliferation of couplings by moving some
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Fig. 7.1.1 Elementary cluster of bonds for the decimation of the diamond hierarchi-
cal lattice. The spins on the sites indicated by solid circles are decimated.

of the bonds off of the sites to be decimated so that once the
decimation is carried out no new interactions are generated.

7.1 DECIMATION TRANSFORMATION
ON A HIERARCHICAL LATTICE

Let us begin this section by constructing the RG on the “diamond”
hierarchical lattice. The elementary cell is shown in Fig. 7.1.1, and the
decimation procedure involves tracing over the spins at the sites
indicated by solid circles. Because the hierarchical lattice is generated
by replacing each bond by the elementary cell of Fig. 7.1.1, the
decimation works in the opposite sense and yields a single renormal-
ized bond for each cell.

The renormalization equation, which in this case involves only the
nearest-neighbor coupling, is

e’"5%2 = 4cosh? J(S; + S,) (7.1.1)

Taking the possible values +1 for S; and S,, we can then find for
v = tanh J,

, 202
V=T (7.1.2)

This transformation has a fixed point at v* = 0.5437 and the correla-
tion length exponent is v = 1.338 (b = V2).
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If we now introduce a magnetic field 4, (7.1.1) becomes
e/ SIS TS = Ne=HSI*5D cosh?[J(S, + S,) + h]  (7.13)

Solving for J' and 4’ in much the same way as we did in Sect. 5 2, we
find

cosh(2J + h)cosh(2J — h)

2 _
e” = o (7.1.4)
, cosh(2J + h)
20 _ L2k
¢ ¢ cosh(2J — h) (7.1.5)

We know that at the fixed point A* = 0 and linearizing about (J*, h*
=0), (7.1.4) reproduces (7.1.2), whereas (7.1.5) becomes

K = h(1 + tanh 2J*) © (7.1.6)

Again taking b = V2, we find y, = 1.758, just 6% below the exact
value of 1.875.

7.2 THE RANDOM-BOND ISING MODEL

An interesting generalization of the Ising model is the case in which
the exchange couplings J;; for the Ising model are random variables
rather than given constants Such models have been used to describe
random ferromagnets, spin glasses, and alloys of mixed ferromag-
netic-antiferromagnetic species. A good review of random Ising mod-
els is by Stinchcombe [8].

The bonds J;; are assumed to be statistically independent and
governed by the probability distribution p(J). Some special cases of
1mportance are:

Bond-dilute Ising model

P(Iy) =60y —J) + (L =)8(J,)  (mm)  (72.1)
Edwards—Anderson [3] spin glass model
1

p(J;) = e li208 2.
( 1) m / (722)

+ J Model
p(J;) =x8(J; —Jy) + (1 —x)8(J; + 1) (fnn) (7.2.3)
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Let us consider again the hierarchical lattice of Fig. 7.1.1 [10] and
take for p(J) the bond dilute model, (7.2.1). In place of variables J;; it
is as is often the case, more desirable to work with the variables

= tanh J;;.
In terms of the new variable v = tanh J, the probability distribution

is (see Prob. 7.2)
p(v) =x8(v —vy) + (1 —x)8(v) (7.2.4)

If we decimate the spins labeled S; and S, in Fig. 7.1.1 we find a
renormalized nearest-neighbor couplings between the undecimated
spins S, and Sy given by

D0, + U3y

= 7.2.5
v 1+ 00,050, ( )

Note that this reduces to (7.1.2) when all the v’s are set equal.

The probability distribution for the renormalized couplings, which
we will refer to as the renormalized probability distribution, is given
by

p'() = fdvl dv, dvy dvy 5[0 — f(01, 05,03, 04)]
Xp(v1)p(v2)p(v3)P(v4) (7.2.6)

where f(v,, v,, U3, 0,) is the function on the right-hand side of (7.2.5).

Let us consider the bond-dilute Ising model, (7.2.1). In general,
p'(v) will not be of the simple “binomial” form (7.2.1), and as the
renormalization is repeated by taking p’(v) and calculating p”(v), the
renormalized probability distributions become quasicontinuous. That
is, the allowed values of v, although still discrete, become very closely
spaced.

We may regard (7.2.6) as a renormalization equation for the func-
tion p(v), and as usual we are interested in locating fixed distributions
p*(v), which satisfy

p*(v) = _[dvl dog 8[o = f(vg, .., 0)] P (0g) p*(v4)‘
(7.2.7)

Finding fixed distributions may seem like a formidable task, but we
already know of two solutions to (7.2.7). First, for x = 1, v, = v* =
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0.5437... we have again the solution for the perfect lattice. Also, if
we take J, = (T — 0), then the problem reduces to bond percola-
tion on the hierarchical lattice, which we have solved in Sect. 3.3. In
this case the renormalized probability is

f
p'(v)=x8(v—1)+ (1 —x")8(v) (7.2.8)
where x’ is given by (3.2.1)
x'=2x*—x* (7.2.9)

This has a nontrivial fixed point for x* = (V5 — 1) /2. In addition to
these critical fixed points, there are the trivial fixed points x = 1,
vy = 1,0, and x = 0 (empty lattice).

Let us assume that the renormalized probability distribution is of
the form (7.2.4). This reduces the number of parameters from o« [the
value of p(v) for every v] to just two, x and Vo, We know this
approximation is good at both the ferromagnetic and’ percolatlon fixed
points, and we hope it is not a poor approximation elsewhere along
the critical line. i

In order to find the renormalized parameters (x',v}), we can
calculate the first moments of p(v’). By (7.2.4)

(v)y = x'Vj, , (7.2.10)

~and x' is given by (7.2.9).

To complete the calculation, we need to evaluate (7.2.10) using
(7.2.6). We have

@y=/@w@)

= fdvfdvlfdvzfdv3fdv4 vé[v —f(vl,vz,v3,u4)]
Xp(v1)p(v2)p(v3)p(v4) (7.2.11)

The integration over v can be done first, giving, by (7.2.5),

’

Wy = [do [ o [ ] 2T (0ot p(e0)o(0)
(7.2.12)
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x'*

V*

X

Fig. 7.2.1 Phase diagram of the dilute Ising model. The arrows on the critical line
indicate that the RG trajectories flow toward the Ising fixed point at (1, »*) and away
from the percolation fixed point at (x*,1).

The remaining integrals are easily performed because they only in-
volve delta functions. Because p(v) is a sum of two terms, expanding
in (7.2.12) will lead to 16 terms altogether, but many of them are
equal. The final result is

2

2v
(0)y = ' —— + 4x3(1 — x)v2 + 2x%(1 — x?)v? (7.2.13)
1+ v,

Putting (7.2.9) and (7.2.10) together, we have

2

2v 2
x40 b Ax3(1 - x)d + 2x3(1 — x?) vl
1+ v,

vy = — (7.2.14)

This equation, together with (7.2.9), constitute the RG equations in
this approximation.

The phase diagram for the dilute Ising model is shown in Fig. 7.2.1.
The critical line terminates at the percolation fixed point (x*, 1), and
the ferromagnetic or Ising critical point (1, v*). For any x > x* the
renormalized values of x tend to unity and so, on the critical line, the
percolation fixed point is unstable.
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Close to the percolation threshold, v.(x) approaches unity (7, — 0)
with a finite slope. In terms of the transition temperature this implies
that ’

’iw
lim T,(x) - — (7.2.15)

In(x —‘x*)

7.3 THE MIGDAL-KADANOFF TRANSFORMATION

In physics there are two principal approaches to problems that cannot
be solved exactly. The first is a perturbation calculation in which a
part of the problem can be solved, and the remaining part can
hopefully be treated in successive approximations. In many situations,
and in critical phenomena especially, one encounters perturbation
series that do not converge. This is probably true of the cumulant
expansion RG, and also for the ¢ expansion, which we will consider in
Chap. 9.

The second is a variational approach [2, 4, 6]. The ideja here is to
first establish that the exact solution of a problem is an extremum of
some quantity. For example, the ground state of a quantum system
minimizes the expectation value of the energy. We then make a good
guess and choose a trial solution, which may depend on one or more
adjustable parameters. The values of these parameters are then deter-
mined by the condition that the trial solution be extremal with respect
to their variation. The Migdal-Kadanoff (MK) approximation is of the
second type, although in its most primitive form no adjustable param-
eters are introduced.

Before we discuss the MK transformation in detail, we first need to
establish the appropriate variational principle. Let H be the Hamilto-
nian whose partition function, or free energy, we wish to know, and
suppose that H' is a Hamiltonian whose free energy we do know how
to calculate. We denote the difference between H and H' by V, so
that

H=H+V (7.3.1)
The variational free energy is then related to the exact free e;lergy by

e Pl = ¢ BF(g=BV) (7.3.2)
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from which we have (see Prob. 7.4)
e PF > e PR B (7.3.3)

where the average on the right-hand side is taken with respect to H.

We now specialize to the case where (V') vanishes identically due
to some symmetry of H. In that case (7.3.3) reduces to the desired
extremal condition

F' <F (7.3.4)

Now the question is: What sort of variational potential ' should we
use? Putting the question another way: What problems do we know
how to solve exactly?

Setting aside for the moment the solution of the two-dimensional
Ising model outlined in Chap. 5, the only model we have solved
completely is the one-dimensional Ising chain. To see how the two-
dimensional lattice can be reduced to one-dimensional chains, imag-
ine that half the bonds on the lattice are moved as shown in Fig. 7.3.1.
The sites interior to the cells are no longer coupled to anything, and
tracing over each of these simply gives a factor of 2. The sites that
decorate the edges of the remaining network, indicated by solid circles
in Fig. 7.3.1, can now be traced over using the results derived for the
one-dimensional chain.

What does it mean to “move a bond” from between sites S; and S,
and put it between sites S; and S,? This process is accomplished by
adding to the Hamiltonian a “bond-moving potential”

SV = J(SIS2 - S3S4) (7.3.5)
The full MK potential is the sum of all such terms
V=7 Y, (58 —55S) (7.3.6)
iy s kDD

Note that by translational symmetry (V) = 0, so that the MK approx-
imation to the free energy is a lower bound. Also, because no bonds
are lost in the bond-moving procedure, the ground-state energy is
preserved in the MK approximation.

Once the bonds have been moved, we only need to calculate the
trace over the sites indicated by solid circles in Fig. 7.3.1. This
produces (see Sec. 5.1 for details) a new coupling between nearest-
neighbor spins on the decimated lattice

J' = tanh~!(tanh®2J) (7.3.7)
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T 0

Fig. 7.3.1 Bond-moving procedure for
the simple square lattice. Note that the
lattice is now reduced to a network of
one-dimensional chains. Sites indicated
by solid circles can now be decimated
without introducing additional cou-
4 plings.

This equation has a fixed point at J* = 0.305 and the temperature
exponent is
arJ
In| —
aJ i+

yr=—p5— =0.748 (7.3.8)

At first glance the MK approximation seems to do great violence to
the original model. There are two observations that we may make in
its defense, apart from the fact that it must give a lower bound to the
exact free energy. The first is that the transformation preserves the
energy of the ground state (again because (V') = 0), and the second is
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Fig. 7.3.2 Bond-moving procedure for
. the cubic lattice. @:

that at high temperatures it again reproduces the free energy of the

original model. Therefore, at intermediate temperatures we can hope

that it is reasonably good approximation to the exact free energy.

The MK procedure is also nice because it is easily generalized to
cells of arbitrary size and to higher dimensions. Taking a cell of b
lattice spacings on a (hyper-) cubic lattice in d dimensions, the general
MK transformation is

J' = tanh~![tanh®(b4™'V)] (7.3.9)

The bond-moving procedure for the cubic lattice is illustrated in Fig.
7.3.2. Clearly, the fewer bonds we move, that is, the smaller we make
b, the closer the MK approximation will be to the exact free energy. In
(7.3.9) we can analytically continue from integer values of b to the
limit b — 1. If we take b = 1 + db, where db < 1, then the infinites-
imal MK transformation is

J'=J+ [(d — 1)J + sinh Jcosh J Intanh J] db  (7.3.10)

74 TRANSFORMATION IN A WEAK MAGNETIC FIELD 227

Taking the limit db — 0, we find

!

daj
5" (d = 1)J + sinh J cosh J Intanh J (7.3.11)

f
The fixed points of the infinitesimal RG transformation are solutions
of (7.3.11) for which dJ'/db = 0, or

(d — 1)J* + sinh J*cosh J*In tanh J* = (7.3.12)

Equation (7.3.12) has the usual trivial solutions J* = 0 and J* = oo,
and, in addition, we find a nontrivial fixed point, which for d = 2 is
J* = 0.4407. This is in fact the exact value for J, [see Table 5.3.1].

In order to determine the critical exponents we need to linearize
(7.3.11) about the fixed point. Writing J = J* + j to first order in j,
we have

dj ' po
d_;) = [d + cosh2J* Intanh J*]; ‘ (7.3.13)

This equation has the solution
j =i(0)e’™® (7.3.14)
where the thermal eigenvalue y is given by
yr=d + cosh2J* Intanh J* (7.3.15)

Evaluating (7.3.15) for d = 2, we find y, = 1.119, which should be
compared to the exact value y, = 1.00.

7.4 THE MIGDAL-KADANOFF TRANSFORMATION
IN A WEAK MAGNETIC FIELD

The MK transformation can be generalized to include the effect of a
weak external field. First, we will work out the case for b = 2 on the
square lattice and then tackle the case of arbitrary b and d.

The method is parallel to that of Sec. 5.2 and we can take (5.2.6)
over directly if we remember that because of bond moving we need to
take 2J instead of J for each bond, and that there are now four
neighbors that contribute to the renormalized field at each point.
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Therefore, we have

cosh(4J + h)

cosh(4J — h) (7:41)

h’=h+ln[

As in the one-dimensional case, the RG equation for J is not changed
so long as A < 1. To first order in &, (7.4.1) is

KW = (1+ 2tanh4J)h (7.4.2)
which yields for the magnetic exponent y,,

In(1 + 2tanh4J*)
Yn= In2

(7.4.3)

Taking b = 2, we find y, = 1.529, which should be compared to the
exact result y, = 1.875. .

Let us now consider the more general case where b is arbitrary.
The dimension d enters only in the number of bonds that are moved
to the edges of the cell. The effective coupling is

J,=b%"1 (7.4.4)
We now must decimate a chain of b — 1 spins terminated by spins S,

and S, as shown in Fig. 7.4.1. The partition function for the chain,
which is still a function of the terminal spins, is

Z(SO’ Sb) = Tr e e(SoS1t = 48, _1Sp)p M(Sp+ S+ 0 +8p) (745)
(Spye s Sy_1)

As is often the case, it is useful to express the partition function in
terms of the variables v = tanh J, and tanh(h) = & for h < 1. We

Sl 32 33 : '>‘§b

b1y

)

Fig. 7.4.1 One-dimensional chain of spins for the Migdal-Kadanoff transformation
with scale factor b. Spins on the interior sites indicated by closed circles are
decimated.
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have

Z(8,,8)=N Tr (1+vS,8,)" -
(S0, Ss) (sl,..‘,sb_a( 0S1)

X (1 + 0S,_1S,)(1 + hSy) -+ (1 + hS,) (7.4.6)

where N is a constant which need not concern us. Because we are
only interested in working to first order in A, we can write

Z(So, Sb) = Neh(so+sb) Tl'(l + USOS1) A (1 + USb—ISb)

b—1
+h Y (14 08,S)) - (1 +0S,_1Sy)
k=1

XSk(l + USkSk+l) e (1 + USb_lsb)}

¥

(7 4.7a)

Doing the trace starting with §; and going up to §,_, anh also doing
the trace over S, up to S,_; gives

hob=1

1+ 0v%S,S, + 5 Y. Tr (14 v%8,S,)

Z(SO, Sb) — ZbNeh(S0+Sg-1)
k=154

X S(1 + ub-ksksb)l (7.4.7b)

Finally, we can perform the trace over S, with the result

b—1

Z(Sy, S,) = 2PNe"So+So| 1 + vbSS, + h Y, (v*S, + ub"ksb)l
‘ k

=1

(7.4.8)

The geometric series can be summed

b—1 v(l — Ub—l
e i) ©(7.4.9)
k=1 1-v

and factoring out (1 + v%S,S,) gives the contribution to the renormal-
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ized field due to one such chain
B o= [A(b4Y,b) — 1] (7.4.10)

Because there are 2d such chains at each terminal site, the renormal-
ized field is

W = {1+2d[A(b*'7,b) — 1]} (7.4.11)
where A(x, b) is given by

Ax b 1 + tanh x 1 — tanh® x
x,b) =
(x.5) 1 — tanh x 1 + tanh?® x

(7.4.12)

We can again take the limit b — 1, and the infinitesimal RG transfor-
.mation for the field becomes

dh
- —[2d sinh J cosh J Intanh J A" (7.4.13)

which of course has the fixed point 2 = 0. The solution to the RG
equation for the field near the fixed point (J*, 0) is simply

h = hye’® (7.4.14)
where the magnetic exponent is

v =2d(d — 1)J* (7.4.15)

where we have used (7.3.12) for J*. For d = 2, (7.4.15) gives y, =

1.763, as compared to the exact value 1.875.

7.5 THE MONTE CARLO RENORMALIZATION GROUP

The growth of computing power in recent years has produced a hybrid
branch of physics, computer simulation. In a sense a computer simula-
tion is an ideal experiment in which one knows at each moment
exactly what the system is doing, and one can calculate whatever
observable is of interest. On the other hand, the computer has also
become an integral part of the repertoire of the theoretical physicist,
allowing the solution of problems that previously were beyond all
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hope. In this section we present a very powerful renormalization
group technique based on the Monte Carlo (MC) method for calculat-
ing statistical averages, the Monte Carlo renormalization group
(MCRG).

For the benefit of those readers not familiar with Monte Carlo
methods, we begin with a brief introduction to the standard Metropo-
lis [5] algorithm as it applies to the Ising model. For the student
interested in wider applications of the MC method, we recommend
the excellent series of books edited by Binder [1].

For definiteness let us consider the problem of calculating the
statistical average of a function of the spins A4,

Tr e PH4
Tre PH

Typically, a Monte Carlo simulation will take place on a lattice of
many hundreds or even possibly thousands of sites. Therefore, to
calculate the sum in (7.5.1) over every state is out of the question.
Fortunately, only a relatively small number of states contribute appre-
ciably to the average, and one should be able to take advantage of this
to make the problem tractable. The idea is to generate lthose states
that are the most relevant. We begin with a Master equation for the
probability P(¢, n) that the system will be in state ¢ at the discrete
time n,

(4) = (7.5.1)

P(¢,n+1)=P(¢,n) + LT(d,d')P(¢',n)
v

- ), T(¢',6)P(¢,n) (7.5.2)
¢+

The transition probabilities T(¢, ¢') can be thought of as arising from
the underlying dynamics, or simply as a result of thermal fluctuations
of the system in contact with a heat reservoir. Because we are only
interested in the equilibrium properties of the system, we take the
latter point of view. We further require that in the limit n very large,
the distribution P(¢, n) should approach the canonical distribution

1
lim P(¢,n) — Ee'BE("’) (7.5.3)

This can be ensured by requiring that the transition probabilities obey
the condition of detailed balance ‘

T($,¢') BLE($)—E($)]
T(6,¢) _ 7.5.4
T(#,6) ¢ .
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In the Metropolis method the system is allowed to make transitions by
flipping one spin at a time according to the following rules:

1. If the energy of the system is lowered by making the flip, then
perform the flip.

2. If the energy of the system is raised by the flip, calculate a
uniformly distributed random number 0 < R < 1. If

e—BIE@)—E@®)] 5 R

then perform the flip, otherwise go on to the next site and -

repeat.

In this way whatever the initial state of the system, it will eventually
evolve into an “equilibrium state.” Typically, one allows a few thou-
sand to a few million Monte Carlo steps per spin (MCS) to equilibrate
after which the average is taken over a similar number of MCS. In this
way a sequence of “important” states is generated which give an
accurate estimate of the average (7.5.1). .

Now consider [9] a Hamiltonian of the form

H=-YJH, - (75.5)

[24

where the J, are coupling constants (1/kT has been absorbed into
the definition of the J’s) and the H, are various kinds of interactions.
For example, if we take H; to be the sum over all spins, then J; is the
external magnetic field.

Given the Hamiltonian (7.5.5), we can calculate by MC simulation
the averages

M, = (H) (7.5.6)

With each state generated by the MC simulation, we can associate a
coarse-grained state according to whatever rule we wish to use. Here,
for definiteness, we will consider the majority rule. So long as the
coarse-grained lattice is large enough to accommodate all the terms in
the Hamiltonian (7.5.5), it is possible to calculate the averages in
(7.5.6) over the coarse-grained states as well.

Ultimately, what we want to know are the RG equations that relate
the new couplings {J"*P} to the old couplings {J{"}. Here the
superscript n refers to the level of coarse graining. Clearly, the
averages ( M) are implicit functions of the J”, and in principle we
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should be able to determine the J{ from the ( M{™). Unfortunately,
we do not have at out disposal the functional relations M =
M({JMY), and this program is not feasible. .

Rather than trying to unravel the renormalized couplings from the
coarse-grained averages, let us take a slightly different approac}a and
calculate the change in M{"*? produced by an infinitesimal change in
the initial couplings J". We have by the chain rule

3M§n+l) 3M§n+1) a]§n+1)
a]én) = ; a]}(,n+1) a]én) (757)

Note that on the right-hand side of (7.5.7) we have the matrix of
derivatives of the new couplings J{"*!) with respect to the old
couplings Jg ™ If we were at a fixed point, this is just the matrix whose
eigenvalues yleld the critical exponents (see, e.g., Sec. 6.5). Our object
then is to extract this matrix of derivatives from (7.5.7); to do this, we
need to know how to calculate IM**P /9 ad IM, (”“)/6J (m,

On the right-hand side of (7.5. 7) we have

oM D 9 TrH,expL,JU"YH, 5
(n+D) T ym+D) (n+1)
aJy" oJy" Trexp X, J,"""H,

' n+1
TrH,H, exp¥,J" " H,
Trexp LJ"*PH,

TrH,exp X, J"*PH,
Trexp X, J\"*PH,

— <H‘£n+1)H‘)En+l)> _ <H‘§n+l)><H§n+1)> (758)

Tr H, exp E#JF(L"”)H“
(n+1
TrexpX,J"" 'H,

The left-hand side of (7.5.7) can be simplified in a similar way if we
recall (see Sec. 4.1) that

e H"Y = TrT(S' s)e 17(s) (7.5.9)
We then have
0 e H"Y = ’ TrT({S), {s})exp Y JH,
aIgm AT (s) ’ P

= Tr7((S), (s)) Hy exp YJ™H,  (75.10)
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and therefore

aM§n+1)

——-—ajén) = <Hc(vn+1)HB(n)> _ <Hc(zn+l)><Hén)> (7_5.'11)

At first glance the average over operators defined on different levels
of coarse graining may look strange. By (7.5.11) what we mean is

Tr Tr T({S}, {s)) H({S}) Hy({s))exp| — H({s})]

i+ DIy {8} {s)
B AR = S )

(7.5.12)

In terms of Monte Carlo averaging, the procedure is to take a given
state, and for that state calculate the value of Hp. Next, coarse-grain

the state and calculate the value of H_, and multiply this result by the .

value of Hj calculated in the first step. Finally, average these products
over many states as generated by the Metropolis algorithm.

Let us denote averages of this kind by C('g 'm_ where m and n refer
to the level of coarse graining applied to the Varlables assomated with
H, and Hp, respectively,

ngw = (Ho(,’")Hé"» — <H§’")>(Hg”)> (7.5.13)
and we then have the central result of the MCRG method
Cf[;;“”‘) = ZC,E[ZYH'”“)TwB (7.5.14)

where we have again defined the matrix of derivatives

(n+1)
a7

Ts = 37 (7.5.15)

Finally, multiplying on the left by the inverse of C{3*""* 1, we have

Z[C(n+1 ,a+D| ™ C(n+1 n) (7516)

If the correlation functions in (7.5.16) are evaluated at the fixed point,
then we can extract the scaling fields and critical exponents from 7,
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in the usual way. To complete the program, we must now address the
question of how to find the fixed points of the RG transformation.

In order to arrive as close to the fixed point as possible, the initial
Hamiltonian must lie close to the critical surface. The problem is that
a priori we usually have no idea where the critical surface lies in
parameter space. As in the simpler one-parameter problems we have
considered, we must find a way of locating this surface.

A further complication arises due to finite-size effects. For defi-
niteness suppose that the scale factor for the RG transformation is
b = 2 and our initial lattice is of size L = 2. In each coarse graining
the size of the lattice is reduced by a factor of 2. In order to be sure
that all the irrelevant scaling fields have been renormalized away, it is
necessary to perform as many renormalizations as possible. There is,
however, a limit to how far we can go in this direction given by the
range of the Hamiltonian. For example, if we include third-neighbor
interactions, these cannot be supported on a lattice with L = 2.
Worse yet, as the size of the lattice is reduced, uncontrollable finite-size
effects creep into the calculation. *

One way [7] of compensating for these finite-size eﬁects is to
simultaneously perform calculations on lattices of initial size 2V, 2%V~
2N¥-2 and so on. Then we can compare the correlations calculated
with the initial Hamiltonian on the lattice with L = 2V~! and correla-
tions calculated on the once-renormalized lattice of size L = 2%,
Because these lattices are of the same size, the finite-size effects on
the two lattices tend to cancel out. This is illustrated in Fig. 7.5.1.

At the fixed point the averages M, in (7.5.6) attain their fixed-point
values M. Let us denote the average of the operator H, taken on
the nth coarse-grained lattice of initial size 2™ by M{™ ™, If the initial
Hamiltonian lies on the critical surface, then for large n < m we have

MOs™ = pon+ineD = prk (7.5.17)

If we are slightly off of the critical surface so that J, = J{ + 8J,,
then this error gets magnified on each renormalization and we can
write

aM£m+1;n+l) aMcEm,n)
© - (0
37§ 3J

M§m+1;n+1) _ Mc(vm;n) = Z
B

= %[cgm“;"“’o) — CYmm0)87, (7.5.18)

0Jg
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23 x 23 (Initial lattice)

7/
22 22 (Initial lattice)
b
ZFour-spin (®)
block Coarse-grained
22x 22
22x 22
rescaled
—_—

(a)

Fig. 7.5.1 At the fixed point, correlations calculated on the once-coarse-grained
lattice of original size 2 (a) and a lattice of original size 22 (b) share the same
finite-size corrections. Equality of the correlations calculated for (a) and (b) is
therefore a sensitive check for the fixed point.

In (7.5.18) we have extended our notation a bit so that C5™" refers
to correlations calculated on a lattice of initial size 2" after n and »’'
coarse grainings. Inverting the matrix on the right-hand side, we have

for the deviation from the critical point
— m+1;n+1,00 _ omn,0)] " agon+1,n+1) _ pp0m,n)
= oo - cgro] g e
Y
(7.5.19)

This allows us to correct the parameters in the initial Hamiltonian and
to-get a better estimate of J{°.

Once the critical point has been located with sufficient accuracy,
several iterations of the MCRG will bring the system close to its fixed
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point and the matrix 7, of (7.5.16) can be evaluated The eigenvalues
and eigenvectors of this matrix then yield the various critical expo-
nents in the usual way.

PROBLEMS

7.1 Derive (7.1.2) directly by replacing the exponential, ef’Si5i —
cosh BJ(1 + vS,S,), for each bond in the basic cell of the hierar-
chical lattice and calculate the trace over the interior spins.

7.2 Show that (7.2.4) is the correct form for the probability distribu-
tion in terms of the variable v.

7.3 Show (7.2.5) is correct by directly calculating the trace over the
interior spins.

7.4 Prove the inequality (e #") > e A" which is used in (7.3.3).

7.5 (This is more in the nature of a project.) Implement the MCRG
of Sec. 7.5 on the triangular lattice using the majority rule. Keep
first-, second-, and third-neighbor pair interactions and compare
your results with those of Sec. 6.5.
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3

MEAN FIELD THEORY AND THE
GAUSSIAN FIXED POINT

8.0 INTRODUCTION

The earliest theories of phase transitions, the Weiss molecular field
theory and the van der Waals theory of the liquid—gas phase transi-
tion, are examples of what are now generically called “mean field
theories” (MFTs).

Although we will see that MFTs do not usually give quantitatively
accurate results close to the critical point, nevertheless they do offer a
complete and relatively straightforward description of phase transi-
tions. Very often the first step in the study of a new phase transition is
to construct the appropriate mean field theory in order to obtain a
global picture of the phase diagram.

There are also cases in which the mean field approximation works
quite well quantitatively. For example, the BCS theory of supercon-
ductivity is a mean field theory, which, in favorable cases, gives
quantitatively accurate results very close to the phase transition.
Generally, the accuracy of the MFT depends on the range of the
interactions in the system and the dimension of the space in which the
system resides. It can, in fact, be shown that the mean field theory is
exact for interactions with infinite range or for systems in more than
four dimensions.

In this chapter we will discuss MFTs from two points of view. First,
we will construct the MFT for the now-familiar Ising model and work

238

8.1 THE MEAN FIELD THEORY FOR THE ISING MODEL 239
out the solution in some detail. We will then show how the partition
function for the Ising model can be written in integral form by the
Hubbard-Stratonovich transformation. By evaluating the integral in
the Gaussian approximation, we recover the previous MFT results and
resolve some problems that arise from the neglect of ﬂuctuatlops in
the MF approximation.

We will then look at the Gaussian approximation to the partition
function from the point of view of the RG, and introduce the momen-
tum-space RG transformation of Wilson. This section lays the founda-
tion for the systematic theory of critical phenomena generally referred
to as the “e-expansion,” which is presented in the next chapter.

8.1 THE MEAN FIELD THEORY FOR THE ISING MODEL

We again begin by writing down the Hamiltonian for the Ising model
with ferromagnetic exchange interactions (J > 0) in an external
field A, yo

<) i ’

Let us now focus our attention on a single spin, say S,. According to
(8.1.1), this spin interacts with its neighbors through a “local field” h,,
given by’

he =TS, (8.1.2)
(k)

so that effectively the Hamiltonian for S, can be written as

Similar expressions can of course be written down for the neighbors of
S., and S, will then contribute to the local field experienced by its
neighbors. If we ignore this and simply replace the local field of the
neighbors of S, by its thermal average

hy = (hy) = h . (8.1.4)

"The notation (i) in (8.1.1) follows that introduced in Chap. 5 and indicates a sum
over nearest-neighbor sites. In (8.1.2) the notation j(i) means sum over all neighbors j
of site i.
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we arrive at the mean field approximation to the Hamiltonian for the
spin S, ~

Hyp = —(h + hy)S, (8.1.5)

This is the Hamiltonian of an isolated spin interacting with a fixed
magnetic field & + k. The partition function is easily calculated to be

Z, = 2cosh B(h + hy) (8.1.6)

and the magnetization per spin m is
m = (S,) = tanh B(h + h,) (8.1.7)

In order to be consistent, the average in (8.1.7) must agree with the
average in (8.1.5), which then gives the mean field equation

m = tanh B(gJm + h,) (8.1.8)

In (8.1.8) we have dropped all subscripts because by translational
symmetry the same equation holds at all sites. The parameter g is
called the coordination number of the lattice, and is simply the
number of nearest neighbors of a given site on the lattice.

In general, (8.1.8) must be solved numerically, and the solution for
the Ising model on a square lattice is shown in Fig. 8.1.1. The curve of
m(T) is characteristic of order parameters. Above the transition
temperature the order parameter vanishes identically, whereas at 7, it

MF
TC

Fig. 8.1.1 Magnetization as a function of temperature for the Ising model on a
square lattice in the mean field approximation.
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TABLE 8.1.1 Comparison of Mean Field and Exact Critical Temperatures
for the Ising Model

Lattice d q T,./T. | g
Honeycomb 2 3 1.976
Square 2 4 1.763
Triangular 2 6 1.648
Diamond 3 4 1.479
Simple cubic 3 6 1.330
bec 3 8 1.260
fce 3 12 1.225

rises continuously from 0, usually with infinite slope, signaling the
spontaneous breaking of the symmetry of the disordered phase. In the
case of the Ising model, this is the symmetry (with #, = 0) S, = —S§,,
which is explicitly broken in the MF Hamiltonian (8.1.5) so long as
h+0.

Very close to 7, the mean field equation (8.1.8) can be expanded
for small m and h, = 0 as o

5
m = Balm — 1(BaJ )’ m? C(8.1.9)

This equation has the trivial solution m = 0, and a second real
solution

m =3 (BJg — 1) (8.1.10)
for T < T,, where
TMF — g7 (8.1.11)

is the MF transition temperature. In Table 8.1.1 the MF transition
temperature is compared to the exact transition temperature for two-
and three-dimensional lattices. Note that for each dimension the MF
result improves as the number of neighbors increases, and that the
results in three dimensions are much better than in two dimensions
for lattices with the same coordination number. The fact that the MF
result for the critical temperature depends only on the coordination
number and not on the dimensionality of the lattice points to the
inadequacy of the way in which fluctuations are treated in the MF
approximation. The MF theory even predicts a phase transition in one
dimension, which we know is incorrect.
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By (8.1.10) and setting Jg = T, it is easy to see that the sponta-
neous magnetization vanishes as

_ T\ V2
e[ o1

4

from which we conclude that g = 1/2. . . '
To find the susceptibility exponent y, we simply differentiate (8.1.8)

with respect to A,

— tanh® BJ
X = o = A0 tanh” B qu) (8.1.13)
dhg g0 1 — BJg(1 — tanh BJgm)
For T close to T, we find
r-r|” (8.1.14)
X~ T, d.

and therefore y = 1. o
To see how the magnetization varies along the critical isotherm,

T = T,, expanding (8.1.13) for small h, gives
hy = (m + hy)’ (8.1.15)

which we may write in the form (h, < hg?)
m~hy* T=T, (8.1.16)

and so the critical isotherm exponent & = 3.

The MF approximation is fraught with difficulties, as is apparent if
we look at the average energy. By (8.1.5), because i = 0 for 7' > T,
the MF average energy vanishes above T, which is clearly absurd. The
source of this difficulty is that each spin is treated as independent in
the MF approximation. There is no correlation at all between even
nearest-neighbor spins, so that

E=—1Y (S8 = —JS)(Sp) (8.1.17)
Gy

Vénishes. On the other hand, another problem lurks at low temper?l—
tures. As T approaches 0, m approaches unity and the energy per spin
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becomes by (8.1.5)
E=-q T-0 (8.1.18)

This is twice the correct value, and the reason is that wefhave
summed each term in the Hamiltonian twice. The original Hamilto-
nian can be written in terms of the local fields as

1 |
H= =2 XheSe = ho LSk (8.1.19)
k k

The factor of 1/2 is necessary in order to avoid overcounting each
pair of neighboring spins. However, if we now replace h; by its
average value, we do not obtain the correct mean field theory.

As one might expect, we also run into trouble when we try and
calculate the specific heat near the critical temperature. By (8.1.17)
the specific heat vanishes above 7., whereas close to, but below, T, we
have (Prob. 8.1) o

T, - T\ '?
C=( - ) ' (8.1.20)

T,

4

Therefore, for T < T,, MF theory gives « = 1/2, which is inconsis-
tent with the scaling law (4.6.1d)

a+2B8+y=2 (8.1.21)

Taking the MF values for 8 = 1/2 and y = 1, we should find a = 0,
that is, a logarithmic divergence in the specific heat. The fact that MF
theory predicts critical exponents independent of the dimension of the
system is also an indication that something is wrong.

8.2 MEAN FIELD THEORY AS A VARIATIONAL THEORY

Some of these problems can be resolved if we take a slightly different
point of view. Let us assume that the fluctuations of the spins about
their mean value m are small, and write

S;=m+ (S, —m) (8.2.1)

where S; —m is the fluctuation of §; about its mean value. The
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approximation we are going to make is that m > (S; — m).'Inserting
this into the Hamiltonian (8.1.1) with h.0 = (0 and dropping for a
moment the term quadratic in the fluctuations, we have

JN
H= —;m2 — Jgmy.S; (8.2.2)

where N is the number of spins. Taking the trace over the spins gives
for the free energy per spin

1
F = %mz ~ 3 In cosh BJgm (8.2.3)

The value of m is now determined by requiring that the free energy
be a minimum with respect to m,

?—li =0 > m — tanh BJgm =0 (8.2.4)
om

which leads us back to the mean field equation (8.1.8). The average
energy is given by

a
= 55 (8D (8.2.5)

which still vanishes above T, but the problem at T’ = 0 has been fixed,

and we recover the proper value, E, = —ql /2. . ‘ .
In order to get a more realistic picture of what is going on above T,

we must retain the term quadratic in the fluctuations in' tt‘{e spins.
After all, above T, there is no mean field and all we have is ﬂu(ftl.la-
tions.” Including the terms quadratic in the fluctuations, the partition

function is
Z = exp| —BJNgm?/2 + Nlncosh BJam|

X <exp BIY. (S; —m)(S; — m)> (8.2.6)

iy MF
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where the average in (8.2.6) is taken over the mean field Hamiltonian
(8.2.2).

<CXD BT X (S; —m)(S; — m)>
iy MF
_ Trexp BJgm¥,S; exp BJL ;;(S; — m)(S; — m)
o Tr exp JgmX,;S;

(8.2.7)

We have run across averages of this form before, and as before we can
apply the cumulant expansion to evaluate (8.2.7). The first cumulant
vanishes because (S;) ur = m, and the second cumulant is

C,= 2 X <(Si - m)(Sj - m)(Sk —m)(S, — m)>Mp (8.2.8)

Sk <y

Because the spins are uncorrelated in the MF Hamiltopian (8.2.7), the

terms in the second cumulant vanish unless {ij) = (k). In either case
we find :
s

NgJ?
2

2

) (1 -m?) (8.2.9)

and so the partition function within this approximation is

Z= exp[—,BJquz/Z + Nlncosh BJm + B2J*Ng/4(1 — mz)z]
(8.2.10)

Above T, the new term is finite and leads to an average energy per
spin of

E -BJ%g :

N 5 T>T. (8.2.11)
The specific heat still exhibits a discontinuity independent of the
dimension of the system, but we have a somewhat improved descrip-
tion of the high-temperature phase.

In order to make more progress, we need to go beyond the simple
MF theory developed here. There are two directions in which one can
seek to improve the theory. The first is to generalize the MF theory
and treat exactly not a single spin interacting with the mean field, but
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rather a finite cluster of spins. The cluster approximation is discussed
in the next section. The second approach is to recast the partition
function in terms of continuous variables and expand the “thermody-
namic action” in powers of the fluctuations about the mean field. This
will be discussed in Sect. 8.4.

8.3 CLUSTER APPROXIMATIONS

In the simple mean field approximation, each spin is treated as
statistically independent of all the other spins. Clearly, a better
approximation would be to take a cluster of spins and treat the
interactions among the spins within the cluster exactly, and the
interaction of the spins on the boundary of the cluster with spins
outside of the cluster in the mean field approximation. This general-
ization of the mean field approximation is called the cluster approxi-
mation. In simple MF theory the cluster consists of a single spin.

To illustrate the method, let us again consider the Iging model on a
triangular lattice and take the three-spin cluster shown in Fig. 8.3.1.
The effective cluster Hamiltonian is

where, as before, m = () is independent of the site.
The partition function of the cluster is

7 = Tre~PHe = 2% cosh 128Jm + 6¢ P cosh4pJm (8.3.2)

and, just as in MF theory, we must self-consistently calculate the

Fig. 8.3.1 Three-spin cluster on the triangu-
lar lattice.
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magnetization that appears in (8.3.1). We find

e># sinh 128Jm + e P/ sinh 48Jm 634
2¢%* cosh 128Jm + 6eP cosh 4B8Jm ( e )
I

To locate the critical temperature, we take m small and eyépand
(8.3.3), which yields

m=(S) =

2BJ(3e* + e7P)

(63;3] + Se—BJ) (8'3-4)
Solving this equation numerically, we find
B.J = 0.24235 (8.3.5)

The value for the critical temperature is much closer to the exact
value of 0.27 than the MF value of 0.17. It is important to note that
although this approximation does quite well in giving the critical
temperature, it does no better in predicting the critical exponents than
ordinary MF theory, and in fact gives exactly the same vahlle for 8. To
see this, we only need to note that (8.3.3) is an analytic function of m
for small m. Expanding to third order will always yield

m? ~ (B, — 1) (8.3.6)

and so, however large a cluster we choose, the cluster approximation
will always give B = 1/2. By the same token, we will always find
v = 1.0.

The reason for this somewhat disappointing result lies at the root of
critical phenomena. The behavior at the critical point is dominated by
very long wavelength fluctuations. No matter how large a cluster we
choose, it can only accommodate fluctuations of a finite size and
always yields an analytic form for the partition function.

Although the cluster method fails close to the transition tempera-
ture, it can give very accurate results for the phase diagram of a
system over a large range of temperatures.

8.4 THE HUBBARD-STRATONOVICH TRANSFORMATION

We now develop the second approach to generalizing the MF theory
by recasting the partition functions in terms of continuous variables
and expanding the “thermodynamic action” in powers of the fluctua-
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tions about the mean field. We proceed by expressing the pa.rtition
function of the Ising model as an integral over a set of continuous
fields. The resulting “field theory” bears little resemblance tq .the
original Ising model, and the fact that it must reproduce the crl.tlcal
behavior of the Ising model perhaps lends some weight to the univer-

sality hypothesis. ' o -
To begin, Let 4 be a real, N X N symmetric matrix with positive

eigenvalues, A a vector, and consider the following Gaussian integral:
G(A) = ﬂf—@k—eXp —lzcﬁiA,.,.qb, + YA (841)
k J Vim 25 -

The integral can be calculated by “completing the square”

%ZﬁbiAijd’j - ZAid)i = Z(‘ﬁ; - aj)Aij((bj - 5,) - %%5,-14,-;5;
U l q (8.4.2)

where
b, = Y A"\, (8.4.3)
Using the formula (see Prob. 8.2)
dé, 1 1 .
I -————exp(— = Ed)iA,.«j)-) = exp(— —Trln A) (8.4.4)
; f V2 2 Pr I 2

we finally have

do, 1
I:[fﬁexﬁ’(— ‘2’ Al:jd’iAij(ll’j + ;Aiﬁbi)

1 1
- exp(——z—Trln A)exp(-z- E/\iA;I/\,-) (8.4.5)
ij

Let us now consider the partition function for the Ising model with

B
ij
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where the sum is over all i and j and the factor of 1/2 is necessary to
avoid double-counting. Note that we have generalized the Ising model
in (8.4.6) to include interactions between all pairs of spins. If the
system has translational symmetry, J;; =J;_; only. By the results
obtained previously, the exponential in (8.4.6) can be represented, as a
Gaussian integral over a set of continuous fields ¢,, :

d 1 -
TR WA )

Z=

(8.4.7)

de,; 1 )
I/ %GXP(—E L 6B ¢,~)

In order to simplify the notation, we define the integration symbol

fD[d)] = exp(—3 Trln BJ)]?[fdd)h : (8.4.8)

The trace over the spin variables can now be performed with the
result

Z= fD[(f:]exp(% 2({)[(31),}1({)}. + Z lncosh,qﬁi) (8.4.9)

In (8.4.9) no trace remains of the original spin variables. The Ising
model has been replaced by an equivalent “field theory.” The trans-
formation from the spin variables to continuous real fields is called
the Hubbard-Stratonovich or Gaussian transformation.

The auxiliary fields ¢, introduced in the Hubbard-Stratonovich
transformation are in some sense conjugate to the original spin
variables, and in fact they very closely resemble the local field intro-
duced in Sect. 8.1 [see (8.1.2)]. This connection can be made even
more precise by calculating the magnetization in the new representa-
tion.

Differentiating with respect to ¢, inside the integral in (8.4.7), we
have

1 1 | d |
(8 = E[D[d’]eXp(— Py I.Zj‘ﬁi(ﬁj)i;l(ﬁ)'@exl)(%(ﬁksk) (8.4.10)
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Now performing the trace over spins, we find that

1 1
sy =] DMeXp(” = S bi(BI)ij' ¢ + L Incosh ¢, |tanh ¢,
(8.4.11)

We see in (8.4.11) that averages of functions of the original spin
variables can be transcribed into averages of new functions of the
auxiliary fields ¢. The effective Hamiltonian for these fields is just the
function appearing in the exponent of (8.4.9). Apart from a factor of
B, the auxiliary fields are just the local fields at each site. Whereas in
the MF approximation the magnetization is simply tanh Bh, here it is
the ensemble average of tanh ¢. As one would expect, the exact result
requires that the local fields be allowed to fluctuate.

Now consider the “steepest-descents” approximation to the integral
(8.4.9). In the method of steepest descents, one looks for the value of
the fields for which the exponent in (8.4.9) is stationary. This most
probable field configuration is therefore the solution of the equation

Y. (BT);;'¢? — tanh ¢ = 0 (8.4.12)

J

Assuming that the solution we seek is translationally invariant, we
recover the MF equation (8.1.7)

#° = BJg tanh ¢° (8.4.13)

and again the identification of ¢ with the local field is apparent.
Having found the most probable field, we can expand ¢; about ¢°
and keep only quadratic (or Gaussian) terms in the exponent. The
linear terms in the fluctuations ¢; vanish by virtue of (8.4.12).
Within the Gaussian approximation the partition function for the
Ising model now has the form

2= 2 i lewo| - T80 - 5,00 = i 49)]
(8.4.14)
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where Z, is the zeroth-order approximation to the partition function
Z, = GXp( ~17 ¢%tanh ¢? + ¥ Incosh ¢?) (8.4.15)
i i

In order to evaluate the contribution from the Gaussian terms, we
take advantage of the translational symmetry of the problem (again

assuming ¢! is independent of i) and Fourier transform the fields ¢,
defining )

1 .
# =T Zq}e’qrfcp'q (8.4.16)

Regarding J;; and its inverse as matrices, we have by definition

j s

from which it follows by translational symmetry that |

T Yq)I(q) =1 (8.4.18)

The partition function is now given by

-9

7= 2,[Dl# || -+ T (83(0) " - (1 = tank? )]0,
(8.4.19)

Before we proceed, consider the operator appearing in the Gaussian
form in (8.4.19)

G™'(a) = (BI(9)”" — (1 —tanh®)  (8:4.20)
This operator is the inverse of the ¢—¢ correlation function

G(a) = (byd_) (8.421)
Th.e average in (8.4.21) is taken with respect to the Gaussian s/tatistical
weight in (8.4.19). To see this, we introduce into the integral (8.4.19) a
source term and transform the partition function into a generating
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function for correlations
Z(n) = fD[¢]exr>{—%Z¢qG‘l(q)¢_q + Z’n_qqﬁql (8.4.22)
q

By differentiating the generating function with respect to the fields 7,
and n _,, we have

2z
am ,Om_,

- fDWeXP{" 7 Z¢4Gf1(q)¢_q]¢q¢_q (8.4.23)

n=

On the other hand, the integral in (8.4.23) can be performed by
completing the square, with the result

Z(n) = eXD[%anG(q)n_q] (8.4.24)

Differentiating the precgding expression twice and evaluating it at
n = 0, we arrive at (8.4.21). The Fourier transform of J;; for nearest-
neighbor couplings on the cubic lattice is given by

J(q) = Y e "l =2J(cos g,a + cos q,a + cos g,a) (8.4.25)

rij
so the Fourier transform of the correlation function G(q) is

G~ '(q) = [2BJ(cos g,a + cos g,a + cos qza)]—1 — (1 — tanh® ¢°)
(8.4.26)

For small g the cosines can be expanded up to order q?, and we have

368J /a*
G = - 8.4.27
(@)=, (8.4.27)
where r is given by
6
r = —[1 - 6J(1 — tanh? ¢°)] (8.4.28)

a

In order to interpret this result, let us approximate the sum over wave
vectors by an integral and perform the inverse Fourier transform for
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t.

G(x), where

368J . d’qg 1 :
G — iq-x "
(x) P f(277)3e +r 7(8.4.29)

Th; preceding integral is best evaluated in spherical coordinate§ by
taking the z axis along x. After performing the ¢ integration we have

36gBJ o o . 1
G(x) = foquo sinBe’q"“’S”q——— do dq (8.4.30)

4'7T2612 2+r

Making the change of variable w = cos@ and performing the u
integration gives

368J = q (e —e ')
G SIS c— —_—
(x) 4W2a2f0 dar—ir; (8.4.31)
In the second term let ¢ — —g, which allows us to write .
9B8J 1
G(x)= -5 dqe"”( + x 4
2m%a? f.w qg—ifr g+ ivr)| (8.4.32)

The coptour for performing this integral in the complex g plane is
shown in Fig. 8.4.1. Because x > 0 we must close the contour in the
upper half-plane, Im g > 0. The residue at the simple pole g = ir

—ivr /

Fig. 8.4.1 Contour in the complex g plane for evaluating the integral (8.4.31).
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leads to the result

987
G(x) = —Wfage-ﬁx (8.4.33)

If we return to (5.0.10) for the definition of the correlation length, we
see that

£ = Vr (8.4.34)

By (8.4.28) it is clear that r tends to 0 linearly as T approaches
T, = 6J, and therefore ¢ diverges as T—-T, as

1

-~ (8.4.35)
T - T.I'?

3

so that the correlation exponent v is 1/2. Returning to the expression
for the partition function, (8.4.22), if we set all the sources n = 0, we

have |
Z= fD[q]exp(%ZcﬁqG'l(q)cb_q)
= exp(%Zln G(q)) (8.4.36)

This gives for the contribution to the free-energy density from the
fluctuations (again approximating the sum by an integral)

dq

2 @)’

InG(q) (8.4.37)

[Note in (8.4.37) we have generalized to d dimensions.]

The Singular part of the free-energy density comes from the smal.l-q
~ part of the integral (8.4.37). For example, let us calculate the specific
heat in the limit » — 0. Recalling that r tends to 0 linearly at T, r
plays the role of the temperature parameter, o

0*F 1
c= -~ [Pdlg—s (8.4.38)
ar 0 (q*> +71)
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where A is a cutoff at large momenta needed to make the theory
finite. Defining the dimensionless variable x = g/ Vr,

1

0 x° +

(8.4.39)
f

For d < 4 the integral in (8.4.39) converges as the upper limit of
integration tends to o, and we may therefore set the cutoff A to «. We
then have

T — T |4/272
C ~rld=9/2 o - (8.4.40)
T,
From this we see that the specific heat exponent « is
a=2—— (8.4.41)

2 A

The mean field or “classical exponents” are compared Wlth the exact
values for d = 2 and the best estimates for d = 3 in Table 8.4.1.

8.5 LANDAU-GINZBURG FORM FOR THE FREE-ENERGY
FUNCTIONAL AND SPONTANEOUS SYMMETRY BREAKING

The Hubbard-Stratonovich form for the partition function of the
Ising model, (8.4.14), does not resemble the initial Ising model very
much except in two essential points. First, the symmetry group of the
theory (§ - —§ or ¢ —» —¢) is the same in both, and the dimension
of space is the same. We can take one more step toward a generic
theory by focusing on the form of the free-energy functional for slowly
varying fields. This approach is consistent with our observation that at
the critical point it is the large-scale fluctuations of the fields that

TABLE 8.4.1 Comparison of the Critical Exponents for the Ising Model
in Two and Three Dimensions with Mean Field Theory

a vy 1 n v Exponent
2-@d/2 % 1 3 0 3 Mean field

0 3 I 15 i 1 d = 2 (exact)
0.113 0.324 1.238 482  0.031(5) 06294) d=3(MCRG)[2]
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determine critical behavior, and the universality hypothesis that as-
serts that for a given type of order parameter there ought to be a

unique critical theory. .
We begin with the first term in the free-energy functional on a

d-dimensional cubic lattice
LY (BT ;= L L b (BT () by (8.5.1)
ij : q

where we have introduced the Fourier transform of the fields, (8.4.16),
and the generalization of (8.4.25) to d dimensions

d ~
J(q) =27 ) cosqa (8.5.2)
i=1

where a is the lattice constant.
For small ¢ we can expand (8.5.2) to 0(q?),

J(q) =2d] - Ja’¢* + O(q*) (8.5.3)
Inserting this in (8.5.1) gives

1 i 1 1 a2
:L;Xq‘,qﬁq[ﬁf(q)] '6_, = 5§ YT 5740|9490 (8:54)

We can now go full circle and return to real space by defining a field
which is a continuous function of the coordinates

1 oy
B(x) = a e, (8.5.5)
q
which gives
1 1 a? 5
ik ( 2dpi " 4dpi” )¢q¢“q

1 a’

N %fddx[2d31¢2(x)+ 4dBZJ(V¢)2} (8.5.6)

Next we turn our attention to the second, or potential, term in the
energy functional

Y. Incosh ¢; = [di30%(x) = Bt (x) + -] (857)
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where we have expanded the potential in powers of ¢? and replaced
the sum over lattice points by an integral of the continuous field ¢(x)
over the volume of the system. '
In order to cast the free energy in what is called the ‘“standard”
Landau-Ginzburg form, let us rescale the fields by

a2

TZBJ& - ¢ (8.5.8)

Keeping terms up to ¢*, the free energy now has the form

1 A
F[$] = fddx E(W’)z + ~;-¢2 + 4—!¢4 (8.5.9)

where we have defined

4
r=—(-2dpJ) » o (8.5.10a)
and \

8dpJ\*
o

(8.5.10b)

a2

Equation (8.5.9) is called the Landau-Ginzburg form for the free-
energy functional, and it has the general form of a term proportional
to the square of the gradient of the field plus a polynomial in the
fields, which we refer to as the potential V(¢). The significance of the
Landau-Ginzburg model extends beyond its derivation from the Ising
model through the Hubbard—Stratonovich transformation. In fact, one
can argue from rather general considerations that the Landau-
Ginzburg free energy correctly describes the long-wavelength charac-
ter of all systems. This was the original spirit in which it was proposed,
and is in a sense the mathematical embodiment of the idea that near
their critical points different systems are characterized by certain
universal scaling properties, which depend only on the internal sym-
metry group of the order parameter.

Within this philosophy any nontrivial model with a given type of
order parameter and dimension of space will fall into the same
universality class, and therefore the corresponding Landau-Ginzburg
form of the free energy is very often taken as the starting point for
RG calculations. .



258 MEAN FIELD THEORY AND THE GAUSSIAN FIXED POINT

(@) (b)

(c)
Fig. 8.5.1 The potential V(¢) for (a) T > T, (b)T =Ty, and () T < Ty,

The Landau—Ginzburg free-energy functional offers a very simple
way of thinking about spontaneous symmetry breaking and critical
behavior. Figure 8.5.1 shows the form of the potential as a function
of temperature near T, = 2dJ. Here we wish to distinguish between
the mean field critical temperature T, and the true critical tempera-
ture 7.

For T > T,, r is positive and V($) has a unique minimum at
¢ =0.As T — T, r tends to 0 and the potential near ¢ = 0 flattens
out, leading to very strong fluctuations. For T < T,, r becomes nega-
tive and minima appear at +d¢,. The fact that there are minima at
+ ¢, reflects the underlying symmetry of the theory.

The states that minimize the potential have lower symmetry than
the state ¢ = 0, but so long as the fluctuations are strong enough the
system will visit both minima equally, and the average of ¢ will be 0.
As the temperature is lowered below T, to T, the critical tempera-
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ture, the system will settle down into one or the other of the broken
symmetry states. Thermal fluctuations are no longer strong enough to
overcome the free-energy barrier and ¢ assumes a nonzero average.

8.6 THE GAUSSIAN MODEL

We have seen that the long-wavelength properties of the Ising model
can be cast in the form of a “field theory” where in this case the field
is a real scalar. The representation of the partition function in terms
of such a field is generally referred to as the Landau—-Ginzburg form
for the partition function. If it is true that the critical properties for
every system with an order parameter of a particular type and symme-
try can be represented by a model of the Landau-Ginzburg form,
then we have come a long way toward understanding the universality
of critical behavior. The problem of critical phenomena now is re-
duced to determining the nature of the order parameter in a given
transition, writing down the Landau-Ginzburg form for the partition
function and then calculating the RG equations. This program will
occupy our attention for the next few chapters. |
We are going to leave behind the discrete sum over momenta,
which is a vestige of the lattice on which the original system lived, and
consider the wave vector g to be continuous. The partition function
for the Gaussian model is given by the functional integral

Z = [D[$]e 1 (8.6.1)

where L is the Landau—Ginzburg free-energy functional

L= [dx{5IVel" + ré*(x)} (8.6.2)

In many places, and in particular the text by Amit [1], the free-
energy functional is referred to as the “Lagrangian.” This notation
has its roots in field theory, and we are now at a point where the fields
of statistical mechanics and field theory have significant overlap, both
formally and conceptually. For the most part we are interested in the
RG from the point of view of statistical mechanics, and we will choose
our notation accordingly. Because there is no likelihood of confusion,
we will refer to L simply as the “free energy.” '

The simple free-energy functional, (8.6.2), contains only one ad-
justable parameter r, which we assume vanishes linearly with temper-
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ature at the critical point as in (8.5.10a). We will often take advantage
of the translational symmetry of the problem and replace the real-space
field ¢(x) by its Fourier transform ¢,

1 .
d(x) = = 2. (8.6.3)
1 a
The free energy in terms of the ¢(q) is
A
L=31Y (¢*+r)d,0_, (8.6.4)
g=0

A cutoff A is imposed on the momentum variables in order to make
the theory sensible. Without a cutoff, many of the expressions we will
~ derive would diverge. More physically, in all real problems there isa
smallest physically relevant length, and A should be thought of as the
order of the reciprocal of this length.

We will constantly be called upon to evaluate correlation functions
of the Gaussian free energy, and there is a simple way of calculating
them. We first introduce sources 7, into the free energy, and so we
have

A A
L=3Y(4*+r)p,b_, + Y, (8.6.5)
q q '

The corresponding partition function Z[n] is a functional of the
sources 7, and is sometimes called the generating functional. We
have

Z[n] = [D[g]e ¥ (8.6.6)

Any average of the fields can now be found by (functionally) differen-
tiating with respect to the appropriate sources and evaluating for all
n = 0. For example,

Gy m L (8.6.7)
¢—q -q'/ yA afnqa'r]q/ =0 .0.
We can evaluate (8.5.6) explicitly by “completing the square.”
L&
= - ) 8.6.8
Z[n] zoexp[ D (868)
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L

From this it is clear that

1 .
(0,0 = ma(q +4q') (8.6.9)
f?
where 8(q + ¢') is the Kronecker delta function.
The meaning of the parameter r in the free energy can be made
clear by considering the susceptibility

X = fder(r)
=G(q=0)
=r7! (8.6.10)

For the Gaussian model, r is simply the inverse ‘of the susceptibil- -
ity, and the divergence of the susceptibility at r = 0 shows that 7 is a
measure of how far the system is from its critical point. For the
Gaussian model to be well defined, we must have r > 0.

8.7 RENORMALIZATION GROUP ANALYSIS
OF THE GAUSSIAN MODEL

In this simple problem we could just go ahead and do the indicated
functional integral as in (8.4.36), but instead let us look at the
partition function from the point of view of RG. First, divide the field
variables into two groups:

dP:0<q<A/b

© (8.7.1)
O A/b <q <A

as illustrated in Fig. 8.7.1. The parameter b is, as usual, the scale
factor for the RG transformation.

Near the critical point it is the very long wavelength variables that
determine the critical properties of the system. The short-wavelength
variables ¢, which carry information about the microscopic struc-
ture of the system, are irrelevant. Therefore, we “integrate out” these
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A/b . (k)

(k)

Fig. 8.7.1 Separation of momentum space variables into ¢: 0 < g < A/b and ¢
A/b < g < A. b is the scale factor of the RG transformation.

degrees of freedom by performing the appropriate integrations in
(8.6.1)

A/b
2= [ols%les] -+ £ (< 00|
g=0

A

fo[¢<s>]exp[—§ Y (q2+r)¢qd)_q} (8.7.2)

q=A/b

We then find

A/b
Z= e-Fs[D[¢<’>]expl—§ > (% + r)¢q¢_q} (8.7.3)
qg=0

where F,, which is given by the second integral in (8.7.2), is the
contribution to the free energy from the short-wavelength modes.
The contribution to the free energy from the remaining long-wave-
length modes, (8.7.3), is identical to (8.7.2) except that the momentum
cutoff A has been reduced to A/b. Suppose then that we rescale the
unit length so that the cutoff is restored to its original value. The
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cutoff A, and anything else with the dimensions of (length) ™!, must
scale as

AN =bA (8.7.4)
Because the free energy should be invariant, the fields must scafe as

¢, = b=/, (8.7.5)

In general, as discussed in Sect. 8.4, the fields scale with b as
pd=2+m/2 g5 comparison with (8.7.5) leads to the conclusion that
n = 0.

In terms of the rescaled variables, the partition function has the
renormalized form

A
Z=e"[D[¢]exp — 31 (a% + '), (8.7.6)
a .

and the only parameter in the problem 7 obeys the reng)rmalization
equation ‘

r'=b*r (8.7.7)

This equation has two fixed points, 7* = 0 and 7* = . The first of
these choices corresponds to the critical Gaussian fixed point, whereas
the second possibility corresponds to the high-temperature disordered
phase.

In terms of the correlation length &, (8.6.7) becomes

£(r) = bé(b’r) | (8.7.8)

which produces our earlier result (8.4.34), ¢ = r~'/2. In terms of the
temperature, r ~ |T — T,|/T., which gives

T—-T -1/2

T,

c

¢~ (8.7.9)

and again we find v = 1/2.
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8.8 STABILITY OF THE GAUSSIAN FIXED POINT

The Gaussian model arises in a natural way if we expand the free
energy about the most probable field and keep just the lowest-order
(quadratic) terms in the fluctuations. On the other hand, we have
argued that the fluctuations in the critical region are so strong that
they completely dominate the behavior of the system. Therefore, it is
essential to establish the stability or instability of the Gaussian fixed
point. To do this, we need to keep the next term in the expansion of
the free energy, and write

L= fddx{—;-(quﬂz +r¢?) + 2—!¢>4(x)} (8.8.1)

We are interested in the effect of the quartic term on the Gaussian
fixed point and so we can take A small. This suggests that we write

Z = Z,[D[¢®]e (e e, (8.8.2)

where L0[¢>(l)] is the Gaussian part of the free energy and

[D[ )] e Fol#) o~ Lald Vs 6]

(™0 = (D[] e~ Ll#™]

(8.8.3)

In order to evaluate (8.8.3) we again resort to the cumulant expan-
sion as we did in Sect. 6.1. Because we are exploring the RG in the
neighborhood of the Gaussian fixed point, r = 0, A =0, we are
justified in keeping only the leading-order terms in the cumulant
expansion. We begin with the first camulant.

€, = 4y [ ateta (e,
A . ]
= Hfddx(d)(l)(x)) + 4—21)—"—[ddx< ¢(S)(x)¢(s)(x)>s(¢([)(x))

A 4
+ o7 [ 4{(690)"),  (884)

where we have used ¢(x) = ¢P(x) + ¢*(x), expanded the quartic
term, and averaged each term. The first term is quartic in the
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undecimated fields, whereas the second term is quadratic and con-
tributes to the renormalization of r. The third term in (8.8.4) is
independent of ¢® and has no effect on the RG equations; it is
simply part of the free energy contributed by the short-wavelength
modes. y

Correlations such as ($®(x)¢*X(y)) in (8.8.4) occur frequently in
RG calculations, so we will take some pains to evaluate this to leading
order in r. Reverting to the momentum-space fields,

ddq eiq(X~y)

(¢(x)pO(¥)), = [ ' (8.8.5)

ap2m)t @+

Because g is large in the integrand, we can expand and write for
x =y as in (8.8.4)

2

d 1 A dig 1
7> q

A r > )
- ~ o] (88.6)
fA/b (2w)d a*+r  ap (Zw)d q

|
!

which gives

A d% 1
fA/b Qm) a’+r
Sd Ad-2(1 s b—(d—Z)) Ad'4(1 _ b—(d~4))

= 7 4 +...
(27) d-2 d—4

(8.8.7)

where S, is the area of a unit d sphere, which can be expressed in
terms of the gamma function as

2'7Td/2

- @D (8.8.8)

Sa

To lowest order in the small quantities r and A, we can neglect the
second- (and higher-) order terms in (8.8.7). By the same argument,
the higher-order cumulants will contribute terms of O()?) and higher,
and can also be neglected. Because the field ¢(x) is rescaled by
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b@=2/2 (y = 0), the renormalization equations for r and A are
r=>b%r+ Sah” (1 - b2 A (8.8.9a)
(2m)? 3!
X = b*= (8.8.9b)

From (8.8.9b) we see that if d < 4, X > A and the quartic term is
relevant. Therefore, the Gaussian fixed point is unstable with respect
to quartic interactions and does not describe real critical behavior in
less than four dimensions. On the other hand, for d > 4, the quartic
term is irrelevant and the Gaussian fixed point does represent critical
behavior. Above four dimensions the critical exponents take on their
classical (i.e., Gaussian) values.

Obviously, d = 4 is a rather special dimension, and it was the
observation that one could regard d as a parameter in equations like
(8.7.9a) and (8.7.9b) and analytically continue these equations to
include noninteger values for d that led Wilson, Fisher, and others to
what is now called the “e expansion.” The idea is simply that if one
can work out everything for d = 4, then if d = 4 — &, one can work
out everything to a given order in &. We will carry out this program to
second order in ¢ in the next chapter.

PROBLEMS

8.1 Show that, as in (8.1.20), the specific heat is discontinuous at
T = T, in the mean field approximation.

8.2 Derive (8.4.4).

8.3 Calculate G(r) in d = 4 dimensions starting with G(g) as in
(8.4.27). '

8.4 Show (8.6.9) by explicit differentiation of the generating function
(8.6.8).

8.5 Derive the formula (8.8.8) for the area of a unit d sphere.
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9

THE ¢ EXPANSION

9.0 INTRODUCTION
{

In the previous chapter we saw that the Gaussian fixed point is
unstable in less than four dimensions with respect to quartic terms in
the free-energy functional. Because such terms are always present in a
nontrivial theory, the Gaussian fixed point cannot describe critical
behavior in less than four dimensions. There must exist another fixed
point, which we shall refer to as the Wilson—Fisher [4, 5] (WF) fixed
point, which governs critical behavior for d < 4. On the other hand,
we have also observed that for d > 4, the Gaussian fixed point does
give correct critical behavior. If we think of d as a parameter that can
vary continuously, then there must be a crossover between the Gauss-
ian and the WF points as d approaches the special value d = 4. For
d = 4 — ¢, where ¢ < 1, the two fixed points should lie close together
in parameter space, and this is the central idea behind the & expan-
sion. If the Gaussian and WF fixed points are close in parameter
space and the RG transformation is analytic, then the critical expo-
nents will also differ by ¢, or perhaps some higher power of ¢, from
their mean field, or “classical” values. The hope is that by expanding
the RG equations in powers of ¢, a convergent series for the critical
exponents can be derived. As with other approaches to the RG, this
hope is somewhat frustrated and the general feeling is that the ¢
expansion is asymptotic. From our point of view this is something of a
blessing because we are relieved of the onerous task of calculating

267
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higher and higher corrections to the critical exponents, and can be
reasonably content to work things out to order 2.

The construction of the RG equation proceeds exactly as fc?r the
Gaussian model (see Sec. 8.7), but instead of exploring the RG in the
neighborhood of r = 0, A = 0, we will assume that

r* ~ O(¢)
N~ O(¢)

(9.0.1)

and investigate the linear behavior of the RG eguations in the
neighborhood of the WF fixed point. We also generalize the one-com-
ponent order parameter introduced in Chap. 8 to an n-component

vector of fields
bo(¥) a=12,....n (9.0.2)

In general, the space in which the vector resides is cqmpletely sepa-
rate from the coordinate space of the fields, and we will refer to it as
the “internal space” of the fields. We can define symmetry transfo.r-
mations on the internal space, and in fact it is the symmetry group in
this internal space which defines the character of the order parameter.
Note that the term “group” in this context really refers to a mathe-
matical group, unlike the use of the word in “renormalization group.”
The scalar product of two fields is defined in the usual way

P b= 2 U (x)Pa(x)
= (%) da(x) (9.0.3)

In the second line of (9.0.3) we have employed the summation
convention in which repeated indices are understood to be summe_d.

Initially, we will assume that the free energy is a s.cal.ar, and‘ in
particular a function of $% = ¢ ¢, only. For a quartic interaction
term, we have for the Landau-Ginzburg form of the free energy L

A
L= 3 [d4x V9,50, + ré,bo + 57 [d'x(8,0.)  004)

Because the fields are now vectors, the two-point correlation function
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becomes a matrix of correlation functions

Gop(x = ¥) = ($o(x)dp(¥)) (9.0.5)

For a scalar free energy like (9.0.4), the matrix of correlation funetions
takes the particularly simple form in the symmetric phase (7 > T,),

G,p(x —y) =8,,G(x —y) (9.0.6)
However, below 7, the order parameter

My = (du(x)) (9.0.7)

is nonzero, which means the internal symmetry of the free-energy
functional is spontaneously broken. The order parameter singles out a
particular direction in the internal space, and we must now distinguish
between correlations along the direction of m_, and perpendicular to
this direction. ’ ,

If we assume that m, lies along the 1-axis in internal space, then
the longitudinal correlation function is %

Gu(x —y) ={oy(x)dy(¥)) —m® ‘ (9.0.8)

and the transverse correlations function is

Gp(x —y) = <¢f2(x)¢’2()’)> .
=Gyulx —y) (9.0.9)

9.1 CONSTRUCTION OF THE RG TRANSFORMATION

In keeping with our philosophy of presenting RG calculations in as
straightforward a manner as possible, we will formulate the RG
transformation using tools already developed in earlier chapters.
However, we do not wish to give the impression that this is the way
experts actually carry out RG calculations within the & expansion.
Some of the flavor of such calculations is given in Sec. 9.8. It is beyond
the scope of this text to go into the detailed mechanics of RG
calculations of this type, and fortunately this task has already been
accomplished in the excellent text by Amit [1]. An invaluable source of
early references is the review article by Wilson and Kogut [6]. The
method employed here, again for pedagogical rather than aesthetic
reasons, follows closely the method of Ma [3].
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Before we delve into the gory details of the calculation before us, it
is a good idea to get an overview of just what we are doing. We begin,
as in Sec. 8.7, by dividing the fields into the long- and short-wave-
length modes

bo(x) = P(x) + ¢(x) (9.1.1)
where
oA d%
(s) x) = delkxd)a k
#e) fA/b (2m) " (9.1.2)

dk
¢E¥1)(x) _ ';;)A/b (Zw)d ezkxd)a(k)

As usual, b is the scale factor for the RG transformation. By transla-
tional symmetry the quadratic, or free, part of the free energy L,

1
Ly = 5 [d*%(V9, Voo + rdute) (9-1.3)

separates (Lo[¢p® + ¢©] = L[¢®] + L[¢*D, whereas for the in-
teraction term we write

V[¢(l) + ¢(S)] = V[d’(l)] + V1[¢(l)§ ¢(S)] (9'1'4)
For the quartic interaction (9.0.4) this has the explicit form
V605 60] = 5 [aix[ (4090 + 46080608
F26060$08 + 4406V
+490s0308 | O (915)
With these definitions the partition function is

Z = [Dlg0]e-44 [ Dlg]e I (0,10
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The integration over the ¢ can be put in the form
J[ D[ ¢®]e~LlsMN=ViIsD 60 = 7 (=il 6Ny (9.1.7)

where Z is the contribution to the partition function from the
Gaussian part of the free-energy functional

Z, = [D[¢®]etd#") (9.1.8)

The average in (9.1.7) is of a form we have seen before, and as before
we can evaluate it with the cumulant expansion. As we will show, the
average of any function of the fields ¢ over the Gaussian weight L,
can be expressed in terms of products of the average of two such
fields, which is the correlation function for the short-wavelength
modes, or in the language of field theory, the propagator. The free
correlation function for the fields ¢ is given by »

Gi(x —y) = {bu(x)dp(¥)) i
| = 5,5G,(x - y) (9.1.9)

G,(x — y) can be evaluated explicitly, and we have

ikr

A
—v) = d
Gilx =) fA/bd et

(9.1.10)
We see that G,(x — y), like ¢, only contains Fourier coefficients in
the momentum shell.

Once the average over the short-wavelength modes in (9.1.7) has
been carried out, the remaining free energy is a functional of just the
long-wavelength modes. The final step in the renormalization proce-
dure is to restore the cutoff, which after decimation lies at A /b, to its
original value A. This is accomplished by rescaling the momentum
variables by

k=— (9.1.11)

and the fields by
¢ = bC M2 (9.1.12)



272  THE ¢ EXPANSION

The exponent 7 is determined by the condition that the coefficient of
the gradient-squared term in L, (9.1.3), remains fixed under the RG
transformation.

9.2 THE CUMULANT EXPANSION AND FEYNMAN DIAGRAMS

As we will see in a moment, writing down the expressions for the
cumulants, expanding out all the factors, and finally evaluating the
averages over the ¢ leads to a real mess, and it is useful to have a
compact notation for representing these expressions. If a picture is
worth a thousand words, it is also equal to many lines of algebra, so in
this section we present the basics of how to represent terms in the
cumulant expansion by Feynman diagrams. More details about
Feynman diagrams are given in App. B.

In order that this discussion not proceed completely in a vacuum,
let us consider the first cumulant

A
[0 40]) = 77 [dx(($06L)) + 20000(6047)
+ 4¢P (9.2.1)

First, we represent the Green function G(x — y) by a line extending
from y to x (Fig. 9.2.1). The fields ¢®(x), which are not averaged
over, play the role of fixed functions of x, and we represent these by a
dotted line attached to the point x.

The intersection of two or more propagator lines with an interac-
tion (wavy) line is called a vertex. Five types of vertices occur in the
present problem, which all contribute to the first cumulant, (9.2.1).
They are represented graphically as in Fig. 9.2.2. The potential, which
in this case has the simple form V(x — y) = A8(x — y), is represented
by a wavy line. A factor of ¢?D(x) is indicated by a dotted line.
Although we use a point-like interaction potential, we give the wavy
line some extension in space in order to make clear how the indices
and coordinate labels are attached. Also, we will see that we must
eventually abandon the point-like potential in favor of a more general
form when we carry out the cumulant expansion to higher orders.

G(x-y)

Fig. 9.2.1 The propagator G(x — y) is represented by a solid line.
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Is equal to the product of the averages of N pairs of fields SUIil’IItlI:s

over all possible ways of pairi i
pairing the coordinates. For e i
see App. B for a proof), for four fields we have xemple (again,

<¢a(x1)¢’/3(xz)¢y(x3)¢’a(x4)>
= Gop(x; — 22)Gys(x5 = x,) + Gay(xy — x3)Ggs(x; — x,)

+ Gys(x; — x4)Gp, (%, — X3) (9.2.2)

Using these rules, the first cumulant is

A
Tl¢®; 69D = o [adx[n(n + 2)G2(0)

+2(n + 2)G,(0)¢P(x)p?P(x)] (9.2.3)

273
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Fig. 9.2.3 Feynman diagrams for the first cumulant, (9.2.3).

The factors of »n that appear in (9.2.3) arise from clqsed prc;gai?zce);
loops, because each such loop yields a trgce over the 1nt<131rna in o
of the identity, 8, = n. The correspondmg graphs are s owrll in fs
9.2.3. Note that the first term in (9.2.3) gives rise to sevefra ggaf)ds
because, just as in (9.2.2), there are three ways to pair up ;)lur( )e nd.
The first term in (9.2.3), which is equal to .the sum of graphs '16; 2 d
(b) in Fig. 9.2.3, is independent of ¢ ?nd is part (g)the contri tu 11(1)1 :
to the free energy from the rapidly varying ﬁelds. ¢'*. As usua 'ﬁﬂn e
of this kind do not play a role in the RG equations 'anq w;al wi o
consider them further. The second term in (9.'2.3), which is t e sJ;urnt o
graphs (c¢) and (d), vields the first-order (in A) correction to

quadratic part of the free energy
SLL = -2—'2(;1 +2)G,(0) [dx 4P (%)L (%) (9.2.4)

The notation in (9.2.4) is as follows: The subscript refers to the
number of factors of ¢ appearing in that term of the frefa energy,
whereas the superscript refers to the order in the coupling A or
i lant.
equivalently, to the order of the cumu .
qAn important property of the cumulants,' which emerges whendv:e
consider the second and higher cumulants, is that they correspond to
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connected diagrams. By connected we mean that there is at least one
propagator line linking every part of the diagram. For definiteness let
us consider the second cumulant '

Co[¢0] = 26D 9] — ([¢®; @] | (9.2.5)

If a diagram has a disconnected part, then the corresponding alge-
braic expression factorizes. Each of these factors belong to lower-order
cumulants, in this case the first cumulant, and are cancelled by the
second term in (9.2.5). That this cancellation of disconnected diagrams
takes place in all the higher cumulants follows from the observation
that the fully renormalized free energy, which is in part the sum of all
the cumulants, must be extensive, that is, it must be proportional to
the volume of the system. If there were any terms in the renormalized
free energy corresponding to disconnected diagrams, that is, diagrams
that factorize into p > 1 factors, each separate factor would require
its own integration over the volume 'of the system+and would lead to a
term in the free energy proportional to VP. In the case of the free
energy, the connected diagrams are closed loops. |

Another way of seeing this [6] is to start with the straightforward
expansion of the exponential as a power series and average term by
term '

(="

n!

(e VileVieny i V@5 ¢, (9.2.6)
n=0

The average (V") is equal to the sum of all possible products of
connected diagrams with my, m,,...,m, vertices, where k is the
number of connected subdiagrams and the m; are subject to the
restriction that Y,m;=n,

VD=L L [T0ms(Sm-n) (029

k=1 ml,...,mkf=1

The subscript ¢ in (9.2.7) indicates that only the connected part is
included. Many of the possible partitions of the n factors of V into k
connected subdiagrams are equivalent, and the sum can be written as
the contribution of one such term weighted by the proper multiplicity.
First, we assume that all the m ; are different. The number of ways in
which n factors of ¥, can be sorted into & terms of my,m,,...,m,
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factors each is

n!

- 9.2.8
f(n;ml, mZ’--'7mk) - ml!mz! e mk! ( )

Let us define L, as

(-

L, = =V (9.2.9)

We can then write, for the sum of all disconnected diagrams of k
loops where all the loops are of different order

(e =(=1)LpLy, Ly, (9.2.10)

Now suppose that several of the m; are equa\l)V so that 1ﬂ$pm;11r1r11b$e§§
i i i d so on. We can lu

diagrams of m, vertices iS p; an . )

togither if we dlivide by p,! to avoid overcounting all the per.mutatloni

within the group, and so now we have, taking into account diagrams o

all possible numbers of loops,

1 P2 J 2
(-1)"'Lp  (-)7Ly
VN — Z
(e7") E, PR T
=e firtam (9.2.11)
By (9.2.11) we see that the average in (9.2.6) is given by the

exponential of the sum of all closed connected diagrams. If we now
return to (9.2.6), we have

<e~V[d)(I);¢(x)]>s — Zse_Ll_Lz_ (92'12)

Therefore, the coarse-grained free energy is
L[¢P] = Lo[¢®] + Li[¢P] + - (9:2.13)

The fully renormalized free energy is 2f(+)rrr/12¢d by ‘rescalnzlg. thgﬁ:ngt‘lh
by a factor b~ ' and the fields by b?2+*"/2 as discusse hm dlr)éti(;

Because the first cuamulant only leads t'o corrections in the glllla e
part of the free energy, the correspondmg.RG equatlpns .w1C ;ep 0
duce those at the Gaussian fixed point, which we studied in Chap. 8.
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Therefore, in order to go beyond the Gaussian fixed point and
discover “nonclassical” critical behavior, we must first tacqu “the
problem of calculating the second cumulant.

9.3 EVALUATION OF THE SECOND CUMULANT

The contributions to the renormalized free energy from the first
cumulant are given by (9.2.3). In order to find the WF fixed point we
need to include at least the second cumulant, which is given by

0] - (2] fasefa

X (L[4 0x) 8(x)
FASLN LX) (1) (%) + 48D (x) D) 6O (x) ()
+260(x)6P(x) ) (x) (%) + 4¢£5>(x>¢¥;(x)‘¢<ﬁ”(x)¢>;;>(x)
~n(n +2)G2(0) - 2(n + 2)G,(0)0(x)60(x)] |
X[$9NEPMNBDSP) + 46911 (1))
+26P(9)6P(0)SP(1)S(y) + 4¢§’)(Y)¢,‘s”(y)<{>§”(y)¢5$’(y)
LSNP — n(n + 2)G20)

=21 + G, (1)), (9.3.1)

One approach to evaluating this expression is to expand and then
collect all terms that are proportional to ¢“? and ¢* but this is very
tedious. We can make use of the diagram technique and the observa-
tion that the free energy contains only connected diagrams to simplify
our task somewhat. The extra terms in (9.3.1), which come from V),
can be neglected because they only yield disconnected diagrams. [It is
a good exercise to go ahead and evaluate (9.3.1) by brute force and
see that the disconnected terms all cancel.]

First, we collect all connected diagrams that contribute terms
proportional to ¢“2, that is, terms with two dotted lines. The
Feynman diagrams for the contributions to L3 are shown in Fig. 9.3.1.
Note that each of these diagrams contains exactly two dotted lines
representing the two factors of ¢, Figures 9.3.1 g—i vanish because
the Green function contains no Fourier components in the range
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Fig. 9.3.1 Feynman diagrams contributing to the renormalized ¢ term in the
second cumulant,

0 < k < A/b. Summing the remaining terms, we have

L3[¢"] = (%) Ja'x [ d%y[16(n + 2)’G,(0)G2(x — y)dP(x)pP(x)
+32(n + 2)G3(x — y)$P(x)6P(y)] (93:2)

In the same way, to find the second-order contribution to the fourth-
order term in the free energy, we must construct all diagrams with
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Fig. 9.3.1 (Continued)

four dotted lines as shown in Fig. 9.3.2. Summing these, we have

L[ ¢?] = ( ) [dx [y
X [16(n + 2)G,(0)G,(x — y)dL(x) L (x)dP(¥) b
+8(n + 4Gl (x = y)¢L(x) ¢ (x) ()P (¥)
+32G2(x —y)¢(’)(x)¢(’)(y)¢(’) ?c)¢§3’)(y)] (9.3.3)

Although the initial form of free energy, (9.0.4), contains only terms
up to fourth order in the fields, the second cumulant generates
sixth-order terms, and higher cumulants will of course generate
higher-order terms. However, given that A is the order &, these terms
will be of order £ and higher. For example, the six-field term is of
order £2 because it emerges in the second cumulant.

If we are interested in calculating the RG equations to O(g?), then
we only need to keep terms in the free energy up to sixth order in the
fields. In addition, because all contributions to the renormalized free
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Fig. 9.3.2 Feynman diagrams contributing to the renormalized ¢* term in the
second cumulant.

: 2
energy from the third and higher cuamulants will be at least of O(e ?,
we only need to calculate the first and second cumulants. The contri-
bution to the six-field term in the frce energy from the second

cumulant is

1= - (47 8% [ty 60080085
XGy(x — )P (»)dP(¥)dP(¥) (9.3.4)

and the graph for this term is shown in Fig. 9.3.3.
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// \ Fig. 9.3.3 Feynman diagrams for the N
' term in the second cumulant.

In addition to new terms that are higher powers of the fields, the
second cumulant also gives rise to terms that are clearly not of the
Landau-Ginzburg form, (9.0.4). For example, in the second term of
(9.3.3) the fields are evaluated at different periods. We can, however,
extract from these expressions terms that are of the Landau— —Ginzburg
form if we observe that the Green function G (x — y) ought to fall off
in a distance of the order of A=, Over thls intetval the relatively
slowly varying fields ¢® should not change very much, and this
suggests what is called the “gradient expansion,” in whith we write

PO

#O() = 60(x) + (v = 1) —(x)

1 32D
o7 =Xy —x)jé‘x, axj(x) + 0 (9.3.5)

When we do this, for example, in the second term in (9.3.3), we get a
series of the form

Jd'x [dly G3(x - y)pPpO(y)
- [fddy G?(y)]/ddx ¢ (x)dP(x)
J%/ ddyy2cs<y>]f e VEL(x) VP(x) + ¢ (93.6)

In (9.3.6) we can use the rotational symmetry of G(7) to show that all
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integrals of odd powers of r with G(r) vanish, and
f Yyx;x,G(x) = /ddxx2G3(x) (9.3.7)

In addition, we have integrated the second term by parts to put it in a
more symmetric form.

Unfortunately, the gradient expansion is not only divergent, but the
higher-order terms are individually infinite. This divergence can be
traced back to the sharp division in momentum space between the
fields ¢ and ¢®, which leads to an asymptotic form for G(x), with
r/A? < 1, in d = 4 dimensions,

A ikx
Gi(x) = [ d*
_ 1 Jy(Ax/b) = Jo(Ax)
= oy = (9.3.8)

where Jy(x) is the usual zero-order Bessel function. For large argu-
ment the Bessel function has the behavior

lim J. 2 T 939
tim Jo(x) =y = eos[x - 7 (9:3.9)

As long as we do not want to go beyond lowest order in &, we can turn
a blind eye to these difficulties and extract results that are indepen-
dent of exactly how the separation of the fields is achieved. However,
in order to calculate the critical exponents to O(e?), we must face up
to these difficulties. One approach, due to Wilson [6], is to smoothly
interpolate between decimated and undecimated fields. Another ap-
proach, which we will examine in detail in Sec. 9.5, is to consider the
limit in which the scale factor b is infinitesimally different from unity.

9.4 RENORMALIZATION EQUATIONS TO ORDER e

If we are interested in locating the WF fixed point just to lowest order
in &, our job is considerably simplified. First, we only need to keep the
leading terms in the gradient expansion (9.3.6). In this case, no new
terms involving the gradient of the fields are generated by the RG
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transformation, and in particular the renormalization equation for the

gradient-squared term of the free energy is simply
3

1 ! 1
2 (qd 2| _ 2 ,
[Zfd x(Ve) ] = b"é—jddx(V¢) (9.4.1)
Equation (9.4.1) follows simply from rescaling the coordinates and
fields according to (9.1.11) and (9.1.12), respectively. The exponent of

m is chosen so that the coefficient of the gradient-squared term is
unchanged by the RG transformation, and therefore we must take

n=0 (9.4.2)
This value of 7 only holds to O(¢): In second order in &, 5 is nonzero.

If we now collect contributions to the renormalized parameters r
and A and rescale, we arrive at the following RG equations:

r’=b2{r+4(n +2)GS(0)2—! - (%) fddy |‘
x[16(n + 2°G,(0)G2(x — y) + 32(n + 2)GX(x — )|
’ (9.4.3a)
’ /\2
X = b {A — 5 (n+ 8) [d'y G2(x - y)} (9.4.3b)

In order to analyze these equations, we must sort out their depen-
dence on ¢ and on the scale factor b.

First, we consider the factor G,(0) appearing in (9.4.3a). Setting
d = 4, we have

A d%k 1
G,(0) = fA/b(z—W)‘tkz—g
s, [ i
e A R R T

Next, we consider the integral of G*(x — y), which appears in (9.4.3b).
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Always working to lowest order, we have

4 2 A d4k Gz(k)
JatyGix - =] o

Ry
=—2 Inb (9.4.5)

@)

Putting these results together with (9.4.3a) and (9.4.3b), the RG
equations to lowest order in & are

n+2 S, ) n+2 S,
' = b2 A (1 = b 2)A — —* _/Alnb
R e L S e
(9.4.6a)
» S 4.6b
(= bt A — —(n+8 In b (9.4.6b)
X b{/\ 3!(n )(2”7_)4

As usual, our first job is to locate the fixed ppints .of the RG
equations. Because (9.4.6b) is a little simpler, we will begin there.
We are assuming that ¢ << 1, so we can express the dependence on

the scale factor b in (9.4.6b) as

bt = eelnb
~1+elnb (9.4.7)

Because A is, by hypothesis, already of order e, to lowest order we
have

A Az( + 8) 5 b (9.4.8)
| = - —(n —T 4.
A=A+ |e 3 (277')4
Setting X = A = A*, we have
4
. 3 (@m) 0.49)
n+8 S,

which bears out our original assumption that the fixed-point value of

A is of order &. ' '
Finding the fixed point of (9.4.6a) is a little less straightforward

because the dependence on the scale factor b is not homogeneous.
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Inside the brackets we have terms that are not explicit functions of b,
terms that go as b2, and a term that varies as In b, ,

Recalling the general discussion of Chap. 4, given initial values of r
and A on the critical line, the fixed point of an RG transformation is
reached after many iterations of the RG, or equivalently, in the limit
in which » — «, Physically, this means we are looking at the system
on very large length scales. In this limit we can neglect the terms that
depend on b through »~2, and because we are interested in determin-
ing the fixed point just to order €, We can also ignore the term in In b.
Therefore, the fixed-point value for r* is given by

n+2 S,
r¥ = — Ll

12 (27-,-)4

n+2
= - Ne (9.4.10)

n+8

Again, our guess that the fixed-point values of 7 and A are of order &
is borne out. The original supposition that a new fixed point (r*, x*)
close to the Gaussian fixed point for 4 — d = ¢ < 1 has been justi-
fied. To summarize, the location of the WF fixed point to O(e) is

4
j 31 (2w)
nre (9.4.11)
n+2
r¢ = — A%e
n-+8

Now that we have located the WF fixed point, the critical exponents
can be determined by linearizing the RG equations about the fixed
point. Denoting the deviations of r and A\ from their fixed-point
values by 8r and 6, the linearized RG equations are

n+2 S, n+2
or' = b%{5r + 4A26A———85r
(n+2)7° 8, A
+ 7 77E0A) (9.4.12a)
2 (n+8)s8,
X =(1+elnb)sr — — ———A*Inb s (9.4.12b)
3! (2m)



286 THE ¢ EXPANSION

Equation (9.4.12b) is easily solved by using (9.4.7), and we find

SN = (1 — elnb) oA
= b o) (9.4.13)

The exponent y, = —e tells us how the quartic interaction transforms
under the RG, and we see that, unlike the behavior at the Gaussian
fixed point, the WF fixed point is stable with respect to quartic terms
in the free energy for d < 4. On the other hand, if d > 4, so’tha'lt-
e < 0, the WF fixed point is unstable and the Gaussian fixed point is

the stable one. _ _
Again making use of (9.4.7), (9.4.12a) can be written in the form

(n + 2)S,A?
12(2m)*

From this we identify the relevant scaling field 4, by

Sr' = b2 ln+2/ (8| 5, 4 S\ (9.4.14)

n + 2)S,A?
hy=or + L#;—-a,\ (9.4.15)
12(27)
and its associated eigenvalue
n+2
=2 — 9.4.16
y =2 o+ 88 ( )

The “critical surface,” which in this case is a line, is the set of points
(r., A,) on which h; vanishes, so that
n + 3)8,A*
r, = — -(—)“TAC (9.4.17)
12(2)

As we have argued previously, the deviation of r from its fixed-point
value is a measure of the reduced temperature ¢t = (T — T,)/T,, and
we can identify y, with the thermal eigenvalue y,. In addltlon we
know that the correlation length is related to r by ¢ = r~/2, and so
the correlation length exponent v is

1
V=
Yr
1 n+2
= -4+ —— 9.4.18
TR (9.4.18)
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TABLE 9.4.1 Critical Exponents of Order ¢

@ B Y n v !
4—n 1 3e (n+2)e 1 (n+2)
—f == |4 — -+ -
2(n +8) 2 2(n+3) 2(n + 8) 2 4(n+pR)

Now that we have calculated two exponents (1 and ») to order &, the
others can be determined by applying the scaling laws, (4.6. 1a) to
(4.6.1¢). Results to first order in & are given in Table 9.4.1.

These results for the critical exponents are an eloquent expression
of the universality hypothesis. We see that only the dimensionality of
space, d = 4 — ¢, and the number of components in the order param-
eter n enter into the expression for the exponents. This happy
situation persists beyond the first order in ¢, and if the expansion
were convergent, we would have a proof of the universality hypothesis.
Unfortunately, there are strong indications that the e expansion is
asymptotic (see the discussion in Sec. 6.8), and in fact results to
second order in ¢ seem to give better values for the critical exponents
in three dimensions than those carried out to third order. In Table
9.4.2 we compare the results for the critical exponents of the &
expansion up to third order with values obtained by other methods for
order parameters with n = 1 (Ising model) and n = 3 (Heisenberg
model) components in three dimensions. / :

In analyzing the behavior of the RG equation, it is convenient to
express (9.4.6a) and (9.4.6b) in differential form by taking

b=e” (9.4.19)

where dl < 1, and we consider r and A to be functions of the
continuous variable /. The renormalization equations can also be

TABLE 9.4.2 Critical Exponents Calculated by ¢ Expansion

n=1 n=2
Y n Y n
Other methods ~ 1.250(3)  0.56(8)  1.38(1)  0.043(14)
O(e) 1.167 0.0 1.227 0.0
O(e?) 1.244 0.020 1.347 0.021
0@ 1.197 0.037 1.325 0.039
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simplified by rescaling r and A as

r— A’r
312wt (9.4.20)
A2 i8S,

When we do this, (9.4.6a) and (9.4.6b) become

dr n+2 n+2

ar _ _ A 9.4.21a
A T T R ET Y ( )
a (9.4.21b)
dl

It is possible to solve this set of coupled nonljnear equations by
quadrature. First, (9.4.21b) can be integrated to give

-1 =
1 1
A= |:_/\_e—£l + _(1 _ e”El)l (9.422)

0 £

Note that in the limit / — o, A always tends to its value at the WF
fixed point

[ &
lim A(7) — X* + e”’\r - 1) (9:4.23)

|- 0

with A* = ¢ and y, = —e.
Equation (9.4.21a) can be cast in the form

2
dar _ _”+2)+”+ A (9.4.24)
dl n+8 n+8
Defining
/ n+2
= "2 — ——— (I 9.4.25
0(1) fodl[z n+8()] (9.4.25)
and

r(l) = e"OF(1) (9.4.26)
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we have
T o[ 2) 9.4 57
a (n+8)() (427)
which can be integrated to give
n+2\ .
— - 5 ' ,—0(") ’
F(I) =7y + (n e )[Odl e~ ON(I) (9.4.28)

Taking this result and putting it together with (9.4.26), we have

n+?2
r(l) = rye®® + (n

!
o) t =0y (1
+8)e fodze A(I)  (9.4.29)

Let us now examine the behavior of this solution for large /. Let
I > [, > 1, so that ,

0(1) = 6(1y) + y,(I — 1,) | (9430
and

*e —8(ly)

/ e ON1) = / i e~ 0ON1) + [1 — gvat=1]
0 0

2

(9.4.31)
We now have by (9.4.29) to (9.4.31)
n+2\[ ., ¥
— - 4 =6y (11 + e 00 | py2l-Ipp\ _
r(l) {r0+(n+8)[f0de A(!') + AFe }e } 0
(9.4.32)

Evidently, the quantity in the curly brackets in (9.4.32) is the nonlinear
generalization of the linear scaling field hy, (9.4.15), and it scales with
the exponent y,.

If we take the limit /, — o, the exact critical line (7, A ) is given by

c? c

[remember that § and A(/) depend on Al :

n+2
r. +

" n+38

[Car e on@;a) =0 (9.4.33)
0
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Critical Line

Gaussian Fixed Point

Fig. 9.4.1 RG trajectories to O(e). The heavy line is the critical line and connects
the Wilson-Fisher (WF) and Gaussian fixed points. ,

Close to the WF fixed point, (9.4.33) reduces to our previous result,
(9.4.17).

Typical RG trajectories are shown in Fig. 9.4.1. The Gaussian and
WF fixed points are indicated by an *, and the line connecting them
is the critical line.

It is possible for an RG trajectory to pass close to both fixed points,
for example, the trajectory on the lower left of the figure. For
moderate values of [ <[, the RG equations linearized about the
Gaussian fixed point will be valid, and for this limited range of scales
one will observe scaling with the classical, or Gaussian, critical expo-
nents. As one approaches the critical line, more closely, or equiva-
lently for [ > [, the trajectory enters the linear scaling region of the
WEF fixed point and the true scaling behavior of the system emerges.

The value of [, at which this crossover from the Gaussian to the
WF fixed point takes place tells us the width of the critical region. If
I, is relatively small, then the critical region will be large, whereas if /,
is large, then there will be a wide range of temperatures over which
one can observe mean field behavior, and the true scaling of the
system is revealed only very close to the critical line.

Outside the critical region fluctuations are small and mean field
theory can be applied.
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9.5 THE WEGNER-HOUGHTON INFINITESIMAL
RENORMAILIZATION GROUP GENERATOR

In order to carry out the £ expansion beyond first order, we need to
keep higher-order terms in the gradient expansion, (9.3.6). Unfortu-
nately, when we try to do this we find expressions that diverge: The
gradient expansion together with a sharp cutoff in momentum space
just does not work.

The motivation of the gradient expansion is to keep the renormal-
ized free-energy functional in the Landau—Ginzburg form, but clearly
this is not possible in general. We are forced then to consider a more
general class of free-energy functionals. We can also simplify the form
of the RG transformation by taking the limit b = e%, as we did in Sec.
9.4. In this way the RG equations become integro-differential equa-
tions.

The infinitesimal RG transformation has been formulated in sev-
eral ways. Here we will consider the derivation of Wegner and
Houghton [7], which is a very natural extension of the methods we
have employed thus far.

We begin by generalizing the Landau—Ginzburg form of the free
energy (9.0.4) to

t~
[

o7 2 Va(k)ba(k) o (K)3(k + k')

2! k,k,

1
o L vk Kk, K)o (k) (k1) $p(ks)
kg, ks ks kY

Xpg(ky)d(ky + k') + ky + kb) ' (9.5.1)

Note that in (9.5.1) we have assumed the free energy is a function of
¢,¢, only, and the momentum vectors for the pairs of fields with the
same internal index are labeled (k, k').

The 8’s appearing in (9.5.1) are Kronecker deltas and are included
explicitly to ensure translational invariance of L. The familiar
Landau-Ginzburg free energy (9.0.4) is recovered if we choose

vy (k) =k*+r vk, ki ky, k) =d 1 (9.52)

The first step in constructing the RG transformation is to divide the
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field variables into those with momenta in the shell
1-8)A<ps<A (9.5.3a)

and those with momenta in the interior of the sphere
0<g=<(1-8)A (9.5.3b)

In what follows we will adopt the convention that momenta in the
shell will be labeled p, and those in the interior will be denoted by gq.
We will also rescale the momentum variables

q
g~ (9.5.4)

so that the cutoffisat p=1and0<g <1 - 6.
The partition function is

Z = [D[g]e1

= j’D[(p(q)]e—L[¢<q)]fD[¢,(p)]e—Ll[qs(q); ¢l (9.5.5)

where

Li[#(a); ¢(p)] = L[6] — L[¢(q)] (9.5.6)

The integration in (9.5.5) can be evaluated by cumulants in the usual
way by taking averages with respect to Ly[¢], where

Lol¢] = = Z 02(P)ba(P)bo(P)3(p + 1) (9.5.7)

PP

If we expand L, in a power series in ¢( p), we have

Lis@y: (] = £ 7220

4 _1_ 32L1[¢’(‘1)]
2! )= 0do(p) 0ds(P')

¢u(P)dp(p) + -
(9.5.8)
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Each of the derivatives of L, is evaluated at ¢(p) = 0 and is there-
fore a function of the slowly varying fields ¢(q) only. A typical term in
the cumulant will be of the form ;

hy

R 5

™
) o < M ¢(P1 D (Pon)

¢(P2 1)
i ¢(P2,n2) o 9" i ®(Pi,1) ¢(Pk,nk)>
(9.5.9)
where the subscript ¢ indicates the cumulant or connected part.

The average of products of fields is the sum of products of all
possible averages of pairs, where, as in (9.1.9),

($a(P)bg(D')) = 8up

1
o7 | (9.5.10)
1

The average in (9.5.9) involves n; +n, + -+ +n, sums over wave
vectors in the momentum shell, but half of these can be eliminated by
the delta functions in (9.5.10). Therefore, there are in general (n; +
n, + -+ +n,)/2 independent summations over wave vectors in the
momentum shell. It is possible that a part of a diagram consisting of k
momenta has zero total momentum, that is, there arises a factor
8(p, + -+ +p,). This puts an added restriction on the number of
independent momentum summations so that if there are M such
“zero-momentum” parts we will have

N=2%i(n+n,+ - +n)-M (9.5.11)
independent momentum summations. Because each sum over the

momentum shell is proportional to 8, the width of the shell, and we
only want to keep terms of O(8), we require that N = 1, or

2IM+1)=n,+n,+ - +n, (9.5.12)

Because M + 1 < k we have b

ny+ny,+ - +n,  ntn,+ o tn,
<
k M+1

=2 (9.5.13)
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From this it follows that the only types of functional derivatives we
need to keep are those of first order (taken in pairs) and second order.
Therefore, we can write

L= L10)) + Tl

2

0¢o(p) 9ds( ")

and the functional integral we need to evaluate is

2_1 L $u(P) ba(P')8(p +p') (9.5.14)

e 41 = [D[¢(p)]exp — {Zd’ (p)¢9¢ (p)

2

I¢o(p) Ibs(—p)

This is a Gaussian integration and we can evaluate it by completing
the square. The result is

+5 Z%(p) ¢,3(—p)} (9.5.15)

N L 9L J‘l oL
L 2,5, 90u(p) | 06(P) 06(=P) |, 964(P)
1 d%L
2 a¢(p) a6 ( —p) (9.5.16)

The sum over momenta in the shell can be written in the form of an
integral as

1
Y, = 5 (9.5.17)
1-6

Ipl=1~

where S, is the area of a unit d sphere, V, is the volume, and d{)( p)
is the element of area on the unit d sphere.

In addition to changes in the free energy produced by dec:1mat1ng
the fields ¢(p), changes are caused by rescaling the fields

b = b M/ 2 (9.5.18)
the momenta
k=b"1k' (9.5.19)
and the volume
V = by’ (9.5.20)
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First, rescaling the fields produces the change

AL, = L[(1 +8)*7"%¢] - L[¢]

(2 )5Z¢ (k)a¢ (%)

Rescaling the momenta by (9.5.19) causes the potential functions to
change

(9:5.21)

"9,
Ao, (kys kg k) = =8 kit (kys kg k) (9.5.22)
i=1 i

We can express this change in a compact way as

oL
_ —5Zd>( Yeor 7300 (9.5.23)

where the prime on the derivative indicates that it acts only on the
potential function. Finally, rescaling the number of, degrees of free-
dom (9.5.20) leads to a change in the nth-order term in the free
energy L, |

n
ALY = d( o 1) 5L™

= —d2¢a(k)a¢L:Z) —8dL™ (9.5.24)
and so in general
[ 2 da(k )a¢ B —dLl (9.5.25)

Putting all these together, we have

AL = 8{———1—/————fdﬂ( 5)|1
emy®

9’L
[M(p) d(—p) La
9L oL
3¢(p) 9¢(—p) Lﬂ dpp(—p)

oL
d¢,(p)

—Z¢(k)k T lam-ay
aka¢(k) 2

qu (k)6¢> B +dL} (9.5.26)
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Following the method of Sec. 9.4, we can define a continuous variable
[ related to the scale factor b by

b=eé (9.5.27)
Dividing (9.5.26) by dl and taking the limit d/ — 0, we have

oL armlh 9L
i~ amy ) 1) [n%(l’)‘w(‘l’)]aa
oL 2L r oL
Ibo(p) | 9b(P)0¢(—p) |, 9bs(—D)
1
_Zd)()akad)(k) (2~77_d)
X Z¢ (k)a¢ o +dL (9.5.28)

The complicated expression on the right-hand side of (9.5.28) is called
the Wegner—Houghton infinitesimal generator of the RG.

9.6 SOLUTION OF THE RENORMALIZATION EQUATIONS
TO O(¢)

As it stands, the Wegner—-Houghton generator is an imposing and
intractable nonlinear functional differo-integral equation. To actually
get anything out of it, we again make use of the ¢ expansion. First, we
observe that v,(0) and v,(0) are of O(e), whereas vy is of O(e?), and
all higher potential functions are of O(e®) and higher. Therefore, to
O(&?), we only need to keep up to six-field terms in the free energy,
and the RG equations can be closed.

The strategy is to expand the nonlinear terms in the generator in
powers of d°L /3¢? and keep only terms to O(e2). Explicitly, we have

&L, 1 9L,
+
vy(p) 9¢*  vy(p) 947
1 82L4 1 0L

va(P) a7 v,(p)* 94
2

+ 0(e%) (9.6.1)

82

lnr&} =nlnuv,(p) + In|1 +

=nlnv,(p) +

1(d*L,
2| d¢?
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and
PL\ 1 1 oL, 1 oL |t
(5?) B ?;(75[1 ’ vy(p) 3¢ ’ vy(p) 3¢4
1 1 L, 1 %L,
- U5(P) Uz(p)2 a¢? Uz(p)2 o*
1 1 (oL, ;
+§U—2(p—)3 7o + O(¢”) (9.6.2)

By collecting terms with the same number of powers of ¢, we can
derive RG equations for the potential functions v,, v,, and vg:

L2 oL,
=@2-n)L, -—‘Zcb (k)kak 59K
1 v 1 2L,
+5(2—w)7fdﬂ( )Uz(l’) 3¢ (p)<9¢> (—p) 063)
= =420 —d)L, - Zd> (k)k aka¢ (k)
1 Vv 0L
"3 ) P s
1 1 9%L,
2 vy(p)* 9ba(P) Is(—p)
o’L,
X a%(_p)a%(p) (9.6.4)
aL6 dL,
= (6 —m —2d)L¢ - Zcb( )k akaqs( )
1 v oL, oL,
“2Gm) ¢ (")vz(m 96u(p) 99a(-p) O

Before we plunge into the solution of the RG equations, it will be
helpful to reflect a little on their structure.

First, we know from the results of Sect. 6.4 that at the fixed point,
v, and v, are independent of the momentum variables to O(e). This is
consistent so long as the momentum-independent part of v, vanishes.
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Furthermore, by (9.6.5), v, is determined to O(g?) solely by v, to
O(¢), that is, by the momentum-independent part of v,. With this in
mind, let us first construct the solution to (9.6.3) and (9.6.4) to O(¢).
To this end, let us separate v, into a momentum-independent part
v,0) and a momentum-dependent part 7,

vy(kys ko3 ks, ky) = 04(0) + Dy(ky, kps kg, ky) (9.6.6)

where again v,0) is O(e) and & is O(e?). To O(e) the second
derivatives of L, are

0°L, v4(0)
8¢a(p)6¢3(—p) 41V

48,5 Z b, (k)b (K')d(k + k')

+8 Y do(k)b(k)8(k + k)| (9.6.7)

kK
If we substitute (9.6.7) into (9.6.4) and set all momenta to 0, we have

dv,(0;1) n+8
T = 804(0,1) - 6

4_12(0;1 9.6.8
2n)? 0;0)  (9:6.8)

where we have used
vy(k; 1) = k* + v,(0;1) (9.6.9)

and we have assumed that v,(0) is O(e) so that to lowest order in &,
v,(P) = 1. Also to O(e) we take n = 0. First, we see that there is a
fixed point

d
PR CC) (9.6.10)
*  n+8 S, o

and linearizing we have, with

0,03 1) = v + V(D)
avi(1)

, n+8
T evy(l) — ——-————04 Fvy(1) (9.6.11)

0
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which has the simple solution
vy(1) = vj(0)e* (9.6.12)

By (9.6.12) we see that v, is irrelevant, and we regain our preyious
result (9.4.13).
Let us now turn to (9.6.3). Here we must expand 1/v, to O(e),

1 1 1
k% + v,(0) k2 1+ 0,(0)/k?
1 v,(0)
i U= nh (9.6.13)

Because v,(0) is irrelevant we can set it to its fixed-point value so that,
by (9.6.13), we have, setting n = 0 to O(e),

50,(0) Se v L S
ol = 20,(0) + (2w)d?(’1+ ) — @ ) 6

(n + 2)v,(0)
I (9.6.14)

Using the fixed-point value (9.6.10) for vf, the fixed-point value for
v,(0) is

0 = "2 0@y (9.6.15)
2 2n+8

Linearizing around the fixed point, v,(0) = v3(0) + v}, we find

avy(!)

— = [1 T (9.6.16)

which has the solution

(9.6.17)

o (1) = U’Z(O)exp[(Z - : : ze)l |

These are, of course, just the results we obtained to O(e) in Sec. 9.4,

!

n+?2
yi=2- gt (9.6.18)

Yy, = —¢&
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9.7 SOLUTION OF THE RG EQUATIONS TO O(&>):
EVALUATION OF 7

Now that we have solved the RG equations to O(e), we are in a
position to extend the solution to O(e?). We begin with the RG
equation for L, (9.6.5), and again observe that we only need to know
L, to O(g), and to this order the first derivative is

L _00) | |
aqba(;) - kz’%’k12¢a(k1)¢ﬁ(k2)¢,3(k2)6( bk ke + kD)

(9.7.1)

The linear part of the RG equation is easily solved, so first we will
address the nonlinear term

Vv dL, oL,
2 (ZW)df 2) vz(p) 1$.(D) dbo(—P)
1 VvV (v,0)
gl feeo = 2

X [¢>a(kl)%(kz)%(ké)%(k’l)%(ks)%(k%)
X8(p + ky + ky + k5)o(—p + ki + ks + k3)] (9.7.2)

By the properties of the Kronecker delta, we can write

8(p + ki +ky+ ky)d(—p + k| + ks + k)
=68(k, + K\ +ky+ky+ky+Kky)8(p +ky +ky+ k) (9.7.3)

Furthermore, we want our expression for v, to be explicitly symmet-
ric. This can be achieved simply by summing over the appropriate
permutations of the arguments and dividing by the number of permu-
tations. There are in all eight permutations of the arguments, but by
using the additional symmetry p - —p, together with the constraint
that the sum of all the internal momenta must vanish, the number of
independent permutations is reduced to 6. Using (9.7.3), the sym-

9.7 SOLUTION OF THE RG EQUATIONS TO O(e2): EVALUATION OF 77s 301

metrized version of (9.7.2) is

14 1 L, oL,
> ——= | 40(p)
2 (2m) U2(p) 9¢,(p) 3. (—P)
1 V(0,002
= — dQ(p —
2 (217)"( 6V ) [ (p)vz(p) 6
X[8(p+hki+ky+kh) +8(p+k +ky+kl)+8(p+hky+k, +ki
+8(p+ Ky +hy+ k) +8(p+ky+ Ik +E)+8(p+ky + K+ kY]
X 8(ky + Ky + ky + kY + ks + k5) (9.7.4)

We can now write the RG equation for v,

905 6 dvg 5 w
=(6—n—-2dw,— YLk— —=——[dQ
ol ¢ S ok, 3 (277)‘1/

4

A

1
v,(P)
X [v4(Pys ki3 kay K )0i(—p, keys ey, K5)0(p thytky+ k)
T04(P, ki ko, K3 )0u(=p, Ky ey K3)S(p + kg + Ky + k)
+0,(P, ko Ky, Ky 0u(—D, Ky fes, K)S(p + Ky Koy + K
+uy(p, ks ky, K vs(=p, kys ks, kK5)8(p + kY + ki + k)
+0y(D, k33 ey K)vy(—p, K5 ko, k)8(p + ks + Ky + KY)
+oy(p, ks by, K )vy(—p, ks Ky, k)
X8(p + kiy + ky + k)] (9.7.5)
We have argued that v, is O(e?) and we have already found v, to
O(e), so to O(e?) we can set 7 =0, d = 4, and v, = v,(0) in (9.7.5).
Furthermore, we are ultimately interested in calculating the correc-
tions to v} to O(e?), which means that we only need to know v, at

the fixed point. Setting the left-hand side of (9.7.5) to 0, we have to
O(&?),

*

20¥ + f}k i > (0’ d(p L
ia. T T A D
° i-1 9k, 3¢ vy(P)

X[8(p + ki +ky+ k) +8(p+ ki + ky+ k)
+8(p +k,+ky+k})+8(p+ky)+k +k)
+8(p +ky+ky+ k) +8(p+ky+k + k)

(9.7.6)
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In (9.7.6) we have translated the Kronecker delta to a Dirac delta
according to the prescription

(2_77)43K(k) - 3p(k)

First, let us examine the homogeneous part of (9.7.6), that is, the
terms on the left-hand side. Because these terms arise purely from
rescaling, it should be no surprise that the solution to the homoge-
neous part of (9.7.6) is a generalized homogeneous function, and in
fact

f({k:}) = b2f({bk3}) (9.7.7)

To see that this is indeed a solution, let b =1 + 8, 6 < 1. Then to
0(8) we have

f({k)) = @+ 28)f({(1 + 8)k}})

- f(lkd) + [2A(UkN) + Skl ©78)
of
2f({(k}) + Lkig = =0 (9.7.8b)

i

The inhomogeneous terms in (9.7.6) are integrals of the form

1
fdQ(p);;(p—)ﬁ(p + k) =6(1 — |k) (9.7.9)

where we have used the fact that |p| =1 and to O(1), v,(p) =1 on
the momentum shell at the cutoff.

Because the homogeneous part of f(k) goes like 1/ k2 and its first
derivative must have a delta-function singularity as in (9.7.9), consider
the function

fk) = l—kl—lzm(lkl - 1) (9.7.10)
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where 6, is the step function defined by

_J1 x>0 1
6, (x) = {O x>0 (9.7.11)
Evidently, f(k) has the correct homogeneous behavior and the discon-
tinuity at |k| = 1 arising from the step function produces a é function,
so that we find

2f(k) + k;j—i— = 5(Ik| — 1) (9.7.12)

The fixed-point function v¢ is therefore

v§=—§v4(0) [f(ky + ky + KY) + f(Kky + ky + Ky)

+f(k, + ky + kY) + f(Ky + kg + KY)
+f(k3 +k, + k’l) +f(k’3 + ky+ k'l)] (9.7.13)

Note that because v, is multiplied by 8(k, + k' + k, + k3 + ks + k%)
and f(k) = f(—k), one can replace, for example f(k’ +k, + k) =
flky + ky+ ky) = flky + ky + kY).

We should also note a rather subtle point which is that f(|k]) =0
for |k| < 1. This reflects the fact that in the delta functions that
appear in (9.7.6), we can take |p| infinitesimally greater than unity
(within the momentum shell), whereas each of the k; must individu-
ally be less than unity.

Now that we have found v, to O(e?), let us turn to the solution of
the RG equation for v,, (9.6.4). We have already evaluated the
nonlinear term in the'limit k;, —» 0 to obtain (9.6.8), but here it is
instructive to keep the full momentum dependence. The RG equation
for v, is, to O(g?),

v, 4 1
—=evy— Lk + ——— [ dQ(P
ar El Yok, 10 (2—”)"[ (p)Uz(P)

X[”Us(P, —p;ky, ky; kz, kb)) + dvg(p, ky; —p, ks Ky, KS)]

vy

6(2) (p)2

X[nv4(py _p; kl; 1)U4(p: —D; k2’ k’2)8(k1 + k,l)
+4U4(p’ —D; kla k’l)v4(p, k2; -D, k’2)6(k1 + kll)
+4v,(p, ky; —p, k)vy(p, Kb; —p, K)8(ky + ky)] (9.7.14)

.
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[The delta functions in (9.7.14) and the following are again Kronecker
deltas.]

Using the solution (9.7.13) for v and replacing v, by v,(0) in the
last group of terms in (9.7.14), we have

SRS Y9 B 1L
al YoE ek 2

—— 49

X[nf(p + ky + ky) + nf(p + ky + ky) + 4f(p + ki + kY)
+4f(p +ky+ ky) +4f(p + ki + k) +4f(p + ky + k3)]

2
S, vy (0 ) , )
% [nﬁ(kl + k) +né(ky + kb)) + 46(k + kD

" an?

+48(ky + kb) + 48(k, + ky) + 48(k, + ky)] (9.7.15)

Note that in (9.7.15) we have symmetrized the arguments in the last
term so that we can combine the last two terms mto a single term,
giving

v, 4y, S, vi(0)
B A - Y T4 At
X [ng(ky + k1) + ng(ky + k) + 4g(ky + k)

+4g(k, + kb)) + 4g(k, + k,) + 4g(k, + ky)] (9.7.16)

where we have defined
1 R 1
g(k) = S—fdﬂ(p)(f(k +p) + 58(k) (9.7.17)
d

Note that the delta function in (9.7.17) is a Kronecker delta, and as
defined, g(k) is a continuous function. The integral of f(k + p) over
the unit sphere has a discontinuity at k = 0 because f(1) = 0. How-
ever, for k infinitesimally dlf’ferent from O the value of the integral
is1/2.

If we now set all the momenta to 0, we recover (9.6.8). Ultimately,
we are interested in finding the exponent of 7 to O(¢?), and to do this
we need to evaluate the momentum-dependent contributions to the
RG equation for V,, (9.6.3), which come from the momentum-depen-

Oy(ky, k5 ky, k) =
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dent part of v,, 0,. Because 7, is O(&?), we have at the fixed point
61)4 S, v
“ok, @y’

+d4g(ky + ky) + 4g(ky + ky) + 4g(ky + k)] =0 (9 7 18)

—ﬁ: [ng(k + kY) + ng(k, + kb)

i=

Let us define yet another function A(k), which is the solution of

on(k)

—k ok

=g(k) — g(0) (9.7.19)
with the initial condition A(0) = 0. Then 7, is given by

62 (27T)d
(n+8)Y° S,

+4[h(ky + k) + h(k, + k) + h(k1§+ k,)
+h(k; + k5)]) (9.720)

(nh(ky + KkY) + nh(k, + kb)

This completes the solution of the RG equation for v, to O(e?).
Finally, we can apply this result to the evaluation of the exponent 7.
Written out in full, (9.6.3) is

61)2 5 31)2+1 1 1005 1
5 = @ mva k= g(zw)df (p)Uz(p)

X[nv4(p; —p;k, —k) + 2v,(p, k; —p, —k)] (9.7.21)

Again, we make the decomposition v, = k? + v,(0). In order for a

fixed point to exist, we must choose m to cancel any k2 dependence

that emerges from the third term on the right-hand side of (9.7.21).
Substituting the solution (9.7.20) for d = 4, we have

11 1
g(_gﬂ-_)i/dﬂ(ﬁ)m[’“&(l’, —p;k, —k) + 2v,p, k; _e, —k)]

126%(n +2) 1
= s s 5 [dn(p)h(p + k) (9.7.22)
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Setting p — —p in the second term, we have for (9.7.22)

v, v,
"a—l‘=(2_77)”2‘“k';97€'
+ EM : fdﬂ(p)h(p +k) (9.7.23)
(n + 8)

The third term on the right-hand side of (9.7.23) can be expanded in

powers of |k|. The constant term shifts the fixed point v} in O(g?),

whereas the next term, which is proportional to k2, we can denote by

ak?. If we denote the coefficient of the k? term in v,(k) by C (C is
initially taken to be 1), then the RG equation for C is

a—l=(2—n)C—2C+a

= -—nC+a (9.7.24)

We'require that C be fixed at C = 1, and therefore we must have

n=a (9.7.25)

To find 7 then, all we need to do is evaluate the leading k-dependent
term of the integral in (9.7.23). Expanding A(k + p) for small k,

2

Sifdﬂ(ﬁ)h(p +k)=h(1) + %(3;;'(1) +h'(1)) (9.7.26)
By (9.7.19)

oh
k——— = kh'(k)
= —g(k) (9.7.27)
and therefore
3K(1) + h"(1) = —2g(1) + 2g(0) — g(1) (9.7.28)
so that finally we have

e*(n +2)

_2e
2 (n+8)

[—2g(1) + g(0) — g'(1)] (9.7.29)
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Evaluating g(1) and g'(1) by (9.7.17), we have, for d = 4,

13
s() =35~

3

27

(9.7.30)
g'(1) =
so finally we have
(n + 2)e?
n=—>= (9.7.31)
2(n + 8)

9.8 FIELD-THEORETIC APPROACH TO THE ¢ EXPANSION
We have pushed the simple RG approach to order €? and have
already encountered severe difficulties. It is pOSS1ble to improve the
RG to avoid some of these difficulties, but in practice the ¢ expansion
to higher order is generally carried out within the framework of field
theory and Feynman diagrams. At this point the reader who is not
familiar with Feynman diagrams should read App. B carefully. Some
of what we will do here is repeated in more detail in App. B. The
approach outlined here follows the review of Barber [2].
Let us assume that T > T, and consider the correlation function

1
Gup(r) = — [Dldle 19 (r)b4(0) (98.1)

where we again have
4 1 r A )
‘L[d)] = fd X[EV(ﬁan)a + Ed)a(ba + H(d’a‘ﬁa) (9'8'2)

If we expand the average in (9.8.1) in powers of A, we can represent
each term by a Feynman diagram. If the diagram contains a discon-
nected part, it can be factorized so that we have

1 ,
Gop = —Z—( Y disconnected diagrams) X (Z connected diagrams)

(9.8.3)
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R

(a) (b)
Fig. 9.8.1 First-order Feynman diagrams for G,,5.

The sum of disconnected diagrams is identical to the diagrammatic
expansion for Z itself and so the correlation function is given as the
sum of connected diagrams. (See App. B for details.) Figure 9.8.1
shows the first-order diagrams for G, whereas Figs. 9.8.2a—j show all
the second-order diagrams for G. The general structure of a Feynman
diagram for the correlation function is shown in Fig. 9.8.3. The shaded
blob is called the “self-energy” %, and in coordinate space we can
write

Gop(x —¥) = GQG(x — )

+fddzfddz’ GO(x — 2)3 5(z — 2')G§H(Z' — y)
(9.8.4)

Taking advantage of translation invariance by Fourier transforming
(9.8.4), we have

G(k) = Go(k) + Go(k)Z(K)Go(k) (9.8.5)

Figures 9.8.4a and b show the first-order self-energy insertions,
whereas Figs. 9.8.5a—j show the second-order self-energy insertions.
Note that the self-energy diagrams (¢)—(f) can be decomposed into
two first-order diagrams connected by a single line. Such diagrams are
called improper self-energy diagrams. Diagrams that cannot be sepa-
rated into two self-energy diagrams by cutting a single line are called
proper self-energy diagrams. Figure 9.8.6 shows the proper self-en-
ergy diagrams in second order. We denote the sum of all proper
self-energy diagrams by 3*(k). The total self-energy is given in terms
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(b) ¢

(d)

e

(e)

éw

L

(R)

T

@ )

Fig. 9.8.2 Second-order Feynman diagrams for Gmﬁ.
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4 eee

Fig. 9.8.3 Diagrammatic equation for the Green function. The shaded blob is called
the self-energy insertion.

RN

(a) (b)

Fig. 9.8.4 First-order self-energy insertions.

(&)

(@ (d)

(e)

Fig. 9.8.5 Second-order self-energy insertions.

9.8 FIELD-THEORETIC APPROACH TO THE ¢-EXPANSION 311

(f) (&)

(h) @)

9)
Fig. 9.8.5 (Continued)

&

(a) (b) (c)

e

(@) (e) ()]

Fig. 9.8.6 Second-order proper self-energy insertions.
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of the proper self-energy by

3(k) = 3*(k) + 3*(k)Go(k)Z* (k)
+ 3*(k)Go(k)3* (k)Go(k)S*(k) + -+
3¥(k)

- - G ® (9.8.6)

where we have formally summed the infinite series.
Taking (9.8.6) together with (9.8.5), we have Dyson’s equation for
the Green function,

G-1(k) = Gy'(k) — 3*(k) (9.8.7)

Equation (9.8.7) is deceptively simple. It is deceptive because the
proper self-energy depends on G and vice versa. To illustrate this,
suppose we take a subset of self-energy diagrams 2} and define

Gr'l(k) = Gg'(k) — 21 (k) (9.8.8)
we then have
G1(k) = G (k) — 33 (k) 9.8.9)

where 3% are all the remaining self-energy insertions. This equation
~ has the same structure as (9.8.7), but we must keep two things in
mind. First, we have already taken into account all self-energy inser-
tions of the type 2%, and so no diagrams of this kind can appear in
2%. Second, in constructing the diagrams for 2%, the solid lines now
represent G, rather than G,. The power of the Feynman-Dyson
approach is that a finite-order evaluation of 3* leads to an expression
for G(k) to all orders.
At the critical point the correlation length diverges and

GYk=0)=0 T=T (9.8.10)

Defining

F=r—3*k = 0) (9.8.11)
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and

W(k) = 3*(k) — 3*(k = 0) (9.8.12)
Dyson’s equation (9.8.7) takes the form ;
Gl =k*+ 7 — W(k) (9.8.13)

We must now evaluate the proper self-energy up to second order in A.
To first order we have Figs. 9.8.4a and b, which yield (see App. B)

M) - 50+ D [¢G0) 0810

Note that there is no dependence on the external momentum k, so ¥
does not contribute to W(k), but only to 7.

Once we absorb the first-order diagrams into G, we automatically
take into account some of the second-order self-energy insertions. The
only diagrams that are not taken into account are Figs. 9.8.5¢ and f.
These diagrams are most easily evaluated in momentum space, and
Fig. 9.8.7 shows the definitions of the momentum variables. The sum

e pP—q B /
(b)

Fig. 9.8.7 Second-order contributions to the proper self-energy remaining after the
first-order terms are taken into account.
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of these two terms is

W(p)

(n +2)/\2f d*q f d'q 1 1
- 18 er)') en) d®lg-aql

1 1 )
lp—q) 4
(9.8.15)

We need to evaluate W(p) to O(&?). Because A is of O(e) at the fixed

point, the coefficient of the integral is already of order €? and we can
set d = 4 in the integral (9.8.15).

We first consider the integral

dtqg 1 1
/

RO =] oay 1P 1 =T

1 A ™ sin” ¢
=——1| dqq| d 9.8.16
4773‘[0 qqfo ¢q2+q2—2qq’cos¢ ( )
The angular integral can be performed first
il > >0
- sin? ¢ 2’| -4
[ d¢—r—s , {7 (9.8.17)
o lql®+1q'l" — 2qq’ cos ¢ _ 4>q >0
2|q?|
Now performing the remaining integral over g,
1 ,aq 1 . adqg
R(g)=—| 5 +—| —
() 8r? fo q° 82 fq q
= 1—-1In q_2 (9.8.18)
1672 A2 o

Substituting (9.8.18) into (9.8.15), we have

_(n+2)N . dYg 11
W(p) = (3-41)° f(zw)“R(q)[lp—q!Z |q|2] (8.19)

The angular integration for the first term on the left-hand side is again
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given by (9.8.17), which gives
(n+2)A22 1 q* .
W(p) = 1 - In =
(p) (3 - 4!)2 256774-/(‘) daq " A? (
000 -p) + 200 - 0) - ]
X|—6(qa —p) + =6(p—q) — =
pe e aq pe
(n+2)2% 1 A q*\( 1 1
= dgg*ll —In—= || = - —= 9.8.20
(3 - 417 w6ty 4|10 )| 7 | 0820

Performing the g integration, we have

W(p) =

(m+2)2® 1 (, p 5,
(3 - 41)° 512774(1’ In—+—7p ) (9.8.21)

If we return to (9.8.13), setting 7 = 0, we have

W(p |
p*G(p) =1+ ;2 ) 1
(n+2)A* 1
= - 4')2 P Inp (9.8.22)

In order to find n, we note first that at T = T, (see Sec. 4.0)

G(p) ~p~*"" (9.8.23)

Therefore, expanding p?G(p) in a series in 1, which we know to be
small,

p*’G(p) ~p"
1
=1+nlnp+5(nlnp)2+--- (9.8.24)

Comparison of (9.8.22) with (9.8.24) shows that 7 is just the coefficient
of the In p term. Taking for A its value at the fixed point, (9.8.9),

ln-}-22

= ———¢ : "(9.8.25

which agrees with the value calculated in the previous section.
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With just a little more effort, we can use the results we have
obtained thus far to obtain the susceptibility exponent vy. First, we
note that the susceptibility y is given in terms of the correlation
function by

x = [ G(r) (9.8.26)

or, in terms of the Fourier transform of G(r),
x = G(k = 0) (9.8.27)
By (9.8.7) we have

X '=xo =2 (k=0)
(9.8.28)

Il
M

where y, is the susceptibility of the noninteracting system
xol=r (9.8.29)

At the critical temperature y ' vanishes, and recalling that r is a
function only of the temperature, the critical temperature is given by
the implicit equation

F

ro— 3*(k = 0)
0 (9.8.30)

Near T, we expect x ~|T — T,|77, or
F=r—r,— (2%(0,F) — 3%(0,0))
~lr=rl (9.8.31)
Dividing by 7, we have

*(0,7) — 3*(0,0
L g 20OF) - (0,0)

F

~ FA/7=D (9.8.32)
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To first order in &,

(n+2)x 4 d%k

3*(0,7) — 3*(0,0) = - fo oy

1 11
Frk? k2
(9.8.33)

For small 7 the dominant term in (9.8.33) is

A
2*(0,7) — 3*(0,0) ~ — 27 g(n +2)FIn7  (9.8.34)
Substituting this into (9.8.32) gives, after setting A = A* [see (9.4.9)],

. 1n+2
2n+8

gln 7 = 71/7=D (9.8.35)

Now in the mean field approximation y = 1, so we can expect that
1/y — 1 is of the order e. We can then expand the right-hand side of
(9.8.35) as |

1
— -1
Y

FA/7-1D =~ 1 4 InfF+ --- (9.8.36)

Comparing coefficients of In 7 in (9.8.35) and (9.8.36), we see that
to O(e),

Lo in*2, (9.8.37)
Y 2n+8
or
1n+2
'y=1+—2-n+8£ (9.8.38)

9.9 CRITICAL BEHAVIOR FOR d = 4:
THE UPPER CRITICAL DIMENSION

It is clear that d = 4 plays a special role in the theory of critical
phenomena. Above d = 4 the critical exponents of the n-vector model
take on their classical, or Gaussian, values, whereas for d < 4 we find
nontrivial critical behavior. An important and interesting question we
should ask is: What exactly happens at d = 4?
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From the point of view of the RG, at d = 4 the Gaussian and WF
fixed points merge into a single fixed point. By (9.6.8) and (9.6.14) the
RG equations for v, and v, become, for d = 4,

ar n+2

a_l =2r + 6 A (9.9.1)
n__nt8e (9.9.2)
al 6

Equation (9.9.2) can be integrated at once to give

1

Al) = n+8)l

(9.9.3)

So as [ = », A tends to 0 as we would expect for the Gaussian fixed
point. '

By (9.9.1) the dominant behavior of r is r ~ 2. For large [, r > 1
and (9.9.1) can be simplified to

dr _ (2 _nt ZA)r (9.9.4)

Dividing by r and using the large-/ limit of A,
r(l) = rye -2/ *H (9.9.5)
In terms of the scale factor b = e/,
r(b) = byb*(In b) "/ +® (9.9.6)

The leading term is what we would expect for the Gaussian fixed point
in the limit ¢ — 0 for the Wilson-Fisher fixed point. The logarithmic
correction occurs, because, although A tends to 0 with /, it does so as
a power of [ rather than exponentially, which means that A is a
marginal variable. It is characteristic of marginal variables that they
lead to corrections to the dominant scaling behavior.

To see how the logarithmic corrections affect the familiar scaling
laws, consider the case of the correlation length &. Because r is
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proportional to the reduced temperature ¢, we have
f(l) — bf[bz(ln b)—(n+2)/(n+8)t] (997)

Choosing b such that the argument on fhe right-hand side of (9.§.7) is
unity, we have (for large b)

E(t) = t71/2)In ¢+ A0S (9.9.8)

The leading behavior is again what one would expect from the
Gaussian fixed point, and again we see that the leading singular
behavior is modified by a logarithmic term.

Except for the specific heat, which in d = 4 has an additional
logarithmic factor arising from the fluctuations, the logarithmic cor-
rections to the thermodynamic quantities of interest are given by the
scaling hypothesis and (9.9.8).

The free energy in the Gaussian model is

A

F 1[A ak In(k? + r) 9.9.9
= — - n +r 9.

The specific heat can be found by differentiating the free energy twice
with respect to r, which is proportional to the reduced temperature.
This gives
c 1 fA d%k 1
2% (2m)" (k% +r)

(9.9.10)

Defining a dimensionless variable x = k?/r, we have for d = 4,

A2 o 3
/r
C=— dx
rfo

X

(T:l:xT)z (9.9.11)

As T — T,, r — 0 and the integral diverges logarithmically as

,

S, A?
7In— (9.9.12)
4(2r) r

~
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If we now write down the scaling form of the free energy

F = b if(£(b)1) (9.9.13)

where we generalize the usual power-law behavior of &(b) to the
function of b in (9.9.6), then

C ~ b ig2(b) " (£(b)0) (9.9.14)
Substituting in form &(b), we have
C ~ b*4(In b) X"/ e[ £(b)e] (9.9.15)

Choosing b so that £(b)t =1 and keeping in mind the general
prescription that

lim b*~¢ > In b (9.9.16)
d—4
we find
C ~ (ln t)(4—n)/(n+8) (9.9.17)

We see from these calculations that in d = 4 dimensions the leading
singular behavior is given by the mean field theory, modified by
logarithmic factors. Interestingly, the power of the logarithm, which
depends only on 7, the number of components of the order parame-
ter, is exactly the coefficient of ¢ in the expression for the critical
exponent calculated in the & expansion, see Table 9.4.1.

PROBLEMS
9.1 For the quartic interaction of (9.0.4), expand V][¢®; $] in
powers of ¢ and verify (9.1.5).
9.2 Derive (9.2.3) from (9.2.1).

9.3 Expand (9.3.1) and average term by term to get (9.3.2) and
(9.3.3). ' '

9.4 Calculate the six-field term in the free energy which arises from
the second cumulant.
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9.5 Evaluate the integral in (9.3.8) and derive the form for G,(x)
for d = 4.

9.6 Calculate the integrals in (9.4.4) and (9.4.5).

9.7 Given the values for y; and n to O(¢), calculate the rema,,lnlng
exponents in Table 9.4.1.

9.8 Verify equations (9.5.21), (9.5.23), and (9.5.25).
9.9 Derive (9.6.8).
9.10 Work out (9.7.5) in detail.

9.11 Verify that (9.7.10) is a solution to (9.7.12) by direct substitu-
tion.

9.12 Evaluate g(1) and g’(1) from (9.7.17), see (9.7.30).
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THE SPHERICAL MODEL
AND THE 1 /n EXPANSION

10.0 INTRODUCTION

We have seen that the Landau—Ginzburg model can be solved exactly
in d = 4 dimensions, and that a systematic expansion in four dimen-
sions can be derived for the critical exponents. There is another
exactly solvable model, the spherical model [3], which has been shown
to be equivalent to the n — o limit of the n-vector model [7-9]. The
observation that the critical behavior of the 1/n model can be
determined exactly in the limit 1 /7 — 0 led to the idea of a perturba-
tion theory in powers of 1/n, which is called the 1/n expansion.

In this section we introduce the spherical model and derive the
equation of state following the method of Baxter [2]. A more complete
discussion including alternate approaches to the problem can be
found in Joyce [4]. Apart from serving as the basis of the 1/n
expansion, these results are of interest in their own right because the
spherical model is the only model that has, thus far, been solved in the
presence of a magnetic field. The original motivation for the spherical
model was to cook up a model that was like the Ising model, but
instead of having spins at each site with the restriction

s?=1  Ising model (10.0.1)

14

Berlin and Kac [3] relaxed this somewhat and allowed the spin at each
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site to take on any real value subject to the global constraint
Y. s? =N  Spherical model (10.0.2)

where N is the number of sites in the lattice. The name of the model
derives from the observation that, if we imagine the N-dimensional
space spanned by the s;, then the allowed states of the Ising model are
the corners of the unit N-dimensional hypercube, whereas the allowed
states of the spherical model are all points on the surface of the
hypersphere of radius N.

The partition function for the spherical model in an external
magnetic field 4 is '

Z = fD[s]exp(Jg:j)sisj + hzi‘,s,-)a(N— Xi‘,s,?) (10.0.3)

]
i

where, as usual,

N o %
Dls] = E[_mdsi C(10.0.4)

The delta function ensures the constraint (10.0.2). Because of this
constraint we can add to the Hamiltonian any term of the form
a(N — 352), where a is an arbitrary constant, without changing the
value of the partition function. The motivation for including this term
will be clear in a moment.

If we represent the delta function by its Fourier transform, the
partition function becomes

© dw
Z = f_wiﬁ;fD[s]exp(Jgsisj + thi —(a + iw)Zs?) (10.0.5)

Note that the integrations over the spin variables are now Gaussian,
and the quadratic form can be diagonalized if we introduce the
Fourier-transformed fields s(k),

;

1 .
S = %e””‘is(k) (10.0.6)
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In terms of the s(k), the partition function has the form

© do
Z = f_w—z—w—fD[s(k)]exp(— Y.la +io —JA(K)]s(k)s(—k)

+hV/Ns(0) + (a + iw)N) (10.0.7)

where A(k) is given by
’ d
A(k) = ) cosk; (10.0.8)
i=1

It is important to note that because s, is real, the Fourier coefficients
s(k) and s(—k) are related by the condition

s(—k) = s*(k) (10.0.9)

and therefore we are to understand the integrations over the field
s(k) with k£ #+ 0 as x

[ ds(k) ds(=k) = [ dRe[s(k)] d# m[s(k)] (10.0.10)

- The order of integrations can be reversed, and the Gaussian integra-
tions performed, so long as the real part of the coefficient of the
quadratic term is positive. Therefore, we must choose a > dJ, and for
k > 0 we find that

f°° d?s(k)ela+io =T MM — (10.0.11)

a+io—JA(k)

The integration over the field s(0) can be done separately, and we
have '

fjmds(O)exp(—[a +io — dJ]s*(0) + th(o))

1 Nh?
_eXp2a+iw—dJ (10.0.12)
B a4 +iw —dJ o

Equations (10.0.11) and (10.0.12) can be combined to give, apart from
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an uninteresting constant factor,

©dw 1 h? i
z=[ ooV s @ Tt

r,

LI A(k)]}) (10.0.13)
k

2N

Let us now define a new variable z by

(a +iw+dJ)

10.0.14
: ; (10.0.14)
so that the partition function is
joo+c¢ d
I B oo , (10.0.15)
—iwte 2T '
where ¢ = a — dJ and we have defined the function d)(z?;),
L. 10.0.16)
¢(z)=m+z+ —Eg(z) (10.0.
and g(z) is defined as
1
g(z) = ~ Y In[z +d — A(k)] (10.0.17)
k

Thus far, we have succeeded in representing the partition function in
terms of a single integral. In the limit N — o we can approximate the
integral by the steepest-descents method. We assume that ¢(z) has a
maximum for z = z,,, and expand about z,. The conditions that z, be
a maximum are

‘Z_‘Z”(zo) ~ 0 (10.0.18a)
2
ijlz_f(zo) <0 (10.0.18b)

If we now expand ¢(z) about z, and deform the contour as shown in
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7

®

(9]

Fig. 10.0.1 Contour of integration for evaluating the free energy in the steepest-
descents approximation.

Fig. 10.0.1, we find
Z = e | Y 4z e N /D8 (zo)z =20 (10.0.19)

In the limit N — «, we only need the leading dependence on N,
which is simply N¢(z,). Therefore, we finally arrive at the following
expression for the free energy per spin:

f=—d(z) (10.0.20)

10.1 THE EQUATION OF STATE AND CRITICAL EXPONENTS
FOR THE SPHERICAL MODEL

Equation (10.0.18a) is an implicit relation for z,, and in general it is
rather difficult to evaluate explicitly the function g(z), (10.0.17). We
can, however, derive a second relation for z, in terms of the magneti-
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zation by differentiating the free energy with respect to 4,

of
on

) F
= 2 (20) + 5 (20)

h 10.1.1
20z, (10.1.1)

because ¢'(z,) = 0. If we expand (10.0.18a) we can write (10.1.1) in
the form

"(z
122 ;J") (10.1.2)

This is the exact equation of state, and it relates the magnetization to
the applied field and the temperature (through J). At the critical
point the ratio & /m, which is essentially the inverse of the magnetic
susceptibility, vanishes in the limit # — 0, and so the critical tempera-
ture is given by

J, = 18/(0) S (1013)

We are by now well acquainted with the fact that close to the critical
point the singular behavior of thermodynamic functions arises from
the long-wavelength fluctuations of the system. If we approximate the
function A(k) for small k& by L1 — 3k?), we find, replacing the sum
over k by an integral,

"(z) =2o'(z) — g'(0) = — : 10.1.4
Ag'(z) =g'(z) —£'(0) f(2w)d & ) & ( )
AU
If we now let z = Az, we have
Ag'(Az) = A9 1 Ag'(2) " (10.1.5)

Therefore, g'(z) — g'(0) is a homogeneous function of z of order



328 THE SPHERICAL MODEL AND THE 1 /n EXPANSION
id — 1, that is,

Ag'(z) = —Az4*7! (10.1.6)

If we substitute this into the equation of state (10.1.2), we have
27 2/(d-2) .
h= 2ch[-;1£(t + mZ)] (10.1.7)

where ¢t = J,/J — 1 plays the role of the reduced temperature.
We can now use the equation of state (10.1.7) to derive the critical
exponents. First, if we set T = T,, we have

m ~ hd=2/@+2 (10.1.8)

From which we see that the critical isotherm exponent is 8 = (d +
2)/(d — 2). Next, in the limit £ — 0, the magnetization is given by
(t<0

m:= —t (10.1.9)

and we see that 8 = 1/2. If we differentiate (10.1.7) with respect to A,
we find in the limit m — 0,

om
X= 0~ (m2/d-2 (10.1.10)

so that y = 2/(d — 2).
The critical exponents for the spherical model are collected in
Table 10.1.1.

TABLE 10.1.1 Critical Exponents for the Spherical Model

d-4/d-2)
1/2
2/(d - 2)
d+2/d-2
0
1/(d —2)

T3 ™R

102 THE N-VECTOR MODEL IN THE LIMIT n S 329

10.2 CRITICAL PROPERTIES OF THE »-VECTOR MODEL
IN THE LIMIT n — oo

Now that we have outlined the solution for the spherical model we
must make contact with the physically more interesting n-vector
model. As we mentioned in Sec. 10.0, the critical properties of the
n-vector model in the limit n — o are identical to those of the
spherical model. We begin by writing the free-energy functional in
the form

L= [d'%(5V$, Y, + Ulp..]) (10.2.1)

The quantity ¢ = ¢ ¢, is of O(n), and at any reasonable fixed point
we should expect the potential and kinetic parts of the free energy to
be of the same order in 7, so we assume that U(¢?) ~ O(n). We now
expand U as a power series in ¢2, ~

b
i

o Upg (¢2)k 1
U(¢?) = — ‘
(#*) % 2

(10.2.2)

[The definition of the u,, in (10.2.2) is a convention due to Ma [5],
which we will follow here.]
If U(¢?) is to be of O(n), then it follows that

Uy, ~ O(n' %) (10.2.3)

This assignment of the n-dependence of the coupling constant u,, is
called Ma ordering. Because ¢? is the sum of n terms, where n is
large we can expect that the relative fluctuation in ¢2 will be small

4 _ ¢ a2\2
(8" = (7)) ~0(1)

lim = — (10.2.4)

n

This suggests that we expand the potential about (¢$?) in powers of
the fluctuation ¢? — ($2). This procedure is very reminiscent of
mean field theory, and indeed, (¢$?) must be determined self-con-
sistently just as the mean field is. Here, however, we do not introduce
symmetry breaking and the method is actually equivalent to the



330 THE SPHERICAL MODEL AND THE 1 /» EXPANSION

Hartree approximation. In this and the next section we are following
Ma [6]. Expanding U, we have

U(¢®) = U({d™)) + U'((p?)(¢* = ($))
LU (D) (B — (D)) + -+ (10.2.5)

If we keep just the first two terms
U($?) = U(Kd?)) — U' (> )N + U'({d?))$> (10.2.6)
the free energy becomes, apart from constant terms,
L =4[ d% (Y, Y, + 1(($7))bubs) (10.2.7)
where

H(4?) = 20"(¢?) (1028

We must determine {¢$?) self-consistently

[D[¢]exp(— 1/ d%%[ Ve, Vo, + t(($?))d.ba])utb

= ID[$lexp(~ 3/ dx [V, Vb, + 1((*))butc])
n 1 :
-5 Y i) (10.2.9)

At the critical point t({¢$?)) Vamshes and converting the sum over k
to an integral,

A d% 1
<¢2>c = n—/;) (27)‘1 Ez—

nS, A2
- (211')d d-2

(10.2.10)

where the subscript ¢ indicates that this is the value at the critical
point.

Evidently, (¢?) is playing the role of r in the usual Landau-
Ginzburg theory, and therefore the deviation of (¢$?) from its critical
value is a measure of the deviation of the temperature from T.

10.2 THE N-VECTOR MODEL IN THE LIMIT n — o 331

Because the susceptibilty is related to the Green function by

x = [d*xG(x)
= G(k = 0) (10.2.11)
we have
x P =1t({¢$»)
~ [(62) = (o?)]” (10.2.12)

where y is the usual susceptibility exponent.
By (10.2.9), again going over to an integral,

d

A%k
() = (97 = "ng 2m)°

1 1
EE) P‘] (10.2.13)

In the limit A?/t({$2)) > 1 the upper limit on the integral can be
replaced by «, and we have

d—3

— (102.14)

S _ o
() — (P?), = dd[f(<¢2>)](d 2)/2f0 o 1x

(2w

The definite integral in (10.2.14) exists for 2 < d < 4 and it has the
value

d-3

fo 1+x2
127—( — 2)csc —(d - 2) (10.2.15)

Substitution of (10.2.15) into (10.2.14) gives

y=— (10.2.16)

which is just the result obtained for the spherical model [see (10.1.10)].
Because n = 0, see Table 10.1.1, the other exponents follow by
scaling.
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103 RENORMALIZATION GROUP IN THE LIMIT n — «

Thus far, we have not employed the RG to solve the n — oo limit of
the n-vector model. This really is not necessary as the model can.be
solved exactly. However, it is instructive to carry out the construction
of the RG equations in this case [6].

As usual, we begin by dividing the fields into ¢®:0 <k <A/band
¢ A/b < p < A. Let us define ( - -+ ), to be

/D] 4
T D[]

=) (10.3.1)

The partition function is
Z= f D[¢®] f D[ ¢®]e~H#" 6]
| D[¢<’>]exp( —3 [ d'x VP V¢g>)
x [ D[d’“’]exp( —1 [ dx Vo V¢§;>)e—vl<¢>l<’> + @) (10.32)

We can argue that (¢© + ¢©)? = (¢©)? + (¢*))* because (¢p®)?
and (¢®)? are O(n), whereas ¢@p® is O(1) (see Prob. 10.4). We
again make the argument that the fluctuation in ¢ due to the fields
#% is small compared with ¢ itself and so we write

Uldatal = U[4000 + 1] ~ %[4»;%5? + nlng

t

+—[¢P? + n,]|pOey (10.3.3)

™|

where n, is given selfconsistently

ng= <¢S)¢)S)>s
n 1
Y\I—Zk“ k2 + t[¢Pp? + n|

(10.3.4)

Note that the average in (10.3.4) is over the short-wavelength fields
only.
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The partition function now becomes
z={ D[qs")]exp( — 5[ dx VP VD + U™ + ns]) .

xJ D[¢“>]exp( =3[ dx VL VHQ + [ 0% + ns]¢$:>¢f:§)
(10.3.5)

The integration over the short-wavelength modes is Gaussian and can
be carried out with the result

/ D[¢<s>]exp( —3 [ dx VP VY + U[™ + ns])
=3 In[k? +t(¢D? + n,)] (10.3.6)

Here we are simply doing the functional integral in little steps, and at
each step the self-consistency condition (10.3.4) must be satisfied.

If we now rescale the momenta and the fields, the remormalized
potential U'($?) is !

U(¢7) = b{U(BP U+ n) = 12(b 9 + ),
+1T In[k? + b2(62 9 + n)]) (103.7)
: k

It is important to note that », minimizes U'(¢?),

U’ (¢?)

S — =0 (10.3.8)

s

Using this result, a simpler RG equation can be obtained for ¢,
t’(gbZ) = bzt(bz"d(ﬁ2 + ns) (10.3.9)

This, together with (10.3.5) for n, constitute the RG equation for the
function ¢. These equations are highly nonlinear, but they can be cast
in a much simpler form if we consider an infinitesimal RG transforma-
tion

b=1+6 os<1 (10.3.10)
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with
d
_ 2m)(d - 2) e
nsS ;A*
we find (see Prob. 10.5)
ot 2t + (2 —d ! at 10.3.11
ab_t(_)(x_l—}-t)dx (10.3.11)

At the fixed point ¢*(x), the left-hand side of (10.3.11) is 0 and we
have

dt*
2t% + (2 — d)(x - )—— =0 (10.3.12)

1+¢t*) dx

Rather than trying to find t*(x), let us change variables [10] and
look for an implicit solution x(¢*). By (10.3.12) we have

& (d-2) 1
dr*  2r* (x_ 1+t*)

(10.3.13)

The initial condition for this first-order differential equation is
x(0) =1 (10.3.14)

which fixes the coefficient of the term in U* proportional to x to be 1.
With a little algebra, (10.3.13) can be cast in the form

P2y -2 ¢ (10.3.15)
dr* 2 2 1+t
Let us “guess” a solution of the form
x =1+ t922f(1) (10.3.16)
Substituting (10.3.16) into (10.3.15) gives
e 422 L g,
which can be integrated to give
d—2 . s @272
f(1*) = — fo ds —— - (103.18)
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Putting these results together, the fixed-
-point solution #*
implicitly by (x) is given

1+ E22 (SO
x = ——— - _ )

> fo ds ——— (10.3.19)
To find the scaling fields, let ¢ = t* + ¢’. Then ¢’ satisfies

o’ ' 1 o

— =2+ (2—-d —

ob ( )( 1+t*)ax
dr* 1

+(2 - E?HT*)" ¢ (10.3.20)

We now again change variables from x — ¢*, which gives

at'
b

1 ) dr*’ 8t;(

=2t'+ (2 - d)(x— -
1+ ¢* dxat*\

dt*

1
+2-d) —— ——— ¢
& (157 (10.3.21)

By (10.3.12) this can be simplified somewhat to

at’ at' dt*

1
— =2t + 2t* — -
ox o T & i) ) ' (10.3.22)

Finally, let us define a new function 7,

b= (10.3.23)

So that (10.3.21) becomes

ar dt*\7 1 9 *
= 27‘ - 2t*( —— d—t—zr
ab dx ar* \ dx

A\ 1 :
+(2 - d)( )m (10.3.24)



336 THE SPHERICAL MODEL AND THE 1 /n EXPANSION

Using the identity

g (dt* dr*\? d*x
‘37*'(7;) - ‘(z;) prEe (10.3.25)

and (10.3.12), after some algebra we find

dr . T
— = - - — 10.3.26
7 (d —2)r— 2t Py ( )

If we assume that 7 is a monomial in ¥,
r=(t*)" (10.3.27)
then (10.3.27) becomes

4 _ (d—2—2m)7 v (10.3.28)
db

from which we see that the eigenvalues of the linearized RG are
Yyo=d—2—2m (10.3.29)

As usual, the largest (m = 0) eigenvalue is yr,

—_

yr=—
=d-2 (10.3.30)

<

which agrees with our earlier result (see Table.10.1.1). The other
critical exponents can be determined by the scaling laws along with
the result 7 = 0.

10.4 FIELD-THEORETIC APPROACH
TO THE 1 / n EXPANSION

Just as with the e expansion, further light can be shed on‘the 1/n
expansion by applying field-theoretic methods to the correlation func-
tion. The discussion in this section parallels that of Sec. 9.8 rather
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S §

(@ () ()

Fig. 10.4.1 First-order proper self-energy insertions.
closely [1]. We begin with the usual free-energy functional, (9.0.4)

1 A |
L= [d%(V$ Y, + réub.) + 5 [ dx(d.4,) (1041)

\
where, according to Ma ordering, we take A ~ (1/n).

At first sight this might seem to make our job quite easy because all
we need to do is calculate to first order in 1/n. Unfortunately, as we
know from the rules for constructing Feynman diagrams, each closed
loop yields a factor 7, so we must carefully keep track of all diagrams
for G of O(1) and O(1/n).

We begin this discussion with the lowest-order proper self-energy
insertion, shown in Fig. 10.4.1. Because Fig. 10.4.1a contains a factor
of A and a closed loop, it is of O(1), whereas Figs. 10.4.1b and c¢ are
of O(1/n).

To O(1), the Green function is given by the self-consistent Hartree
approximation, shown diagrammatically in Fig. 10.4.2. In the limit
n — o, the Hartree approximation is exact and yields the spherical
model critical exponent n = 0. The Hartree approximation to the

= -+

Fig. 10.4.2 Dyson equation for the Green function in the Hartree approximation.
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Green function is given by

Gy'(p)=p*+ry (10.4.2)
where ry is given self-consistently by

d% 1
@m)! a* +ry

2nA
L Zz /

(10.4.3)
It is easy to see that (10.4.2) leads to the spherical model Yalues for
the critical exponents. First, by (10.4.3) at r =r,, Iy vanishes and
Gy =~ p~2, 50 n = 0. Near r, we can write

2nr . d [ 1

! 10.4.4)
rg(r) =r—r.— 41 f(zﬂ_)d _—E] (10.4.

p*—ry P

This equation should be compared with (10.2.13). Note that here rj is

playing the same role as 1({$?)). -
Defining x = p/ y/ry, (10.4.4) can be written in the form

2nA
=TT T r¢=2r, (10.4.5)
where 1, is given by (10.2.15). To leading order in ¢t we have ry ~ t7,
so by (10.4.5) we must again have
2
= — 10.4.6)
vV=75 (

If we want to go beyond the n — o limit and calculate the ez:ponents
to O(1/n), we need to keep all diagrams of O(1/n). Let 2, denot’e
the sum of all proper self-energy insertions of O(1/n). Dyson’s
equation for the Green function is

G (k) = Ggl(k) — 2*(k) (10.4.7)
As in Sec. 9.8 we split off the p = 0 part of the self-energy and define

W(k) = 3*(k) — 3*(0) (10.4.8)
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Fig. 10.4.3 Sums of diagrams defining the effective interaction in the ring approxima-
tion.

Dyson’s equation now becomes

G~l(k) =p* + 7 — W(k) (10.4.9)

and 7 is the inverse susceptibility to O(1/n).

In constructing the self-energy insertion to O(1/n), it is important
to realize that in addition to Figs. 10.4.15 and ¢ in which the “bare”
coupling A appears, we can replace the bare coupling by the series of
ring diagrams shown in Fig. 10.4.3. This series defines what is called
the effective interaction in the ring approximation and is represented
by the heavy wavy line in the figure. Because each additional factor of
A is O(1 /n) and each additional loop is O(n), each term in the sum is
O(1/n). This series can be expressed in the compact diagrammatic
equation shown in Fig. 10.4.4. '

It is important to keep in mind that the propagator lines in Figs.
10.4.3 and 10.4.4 represent factors of G(p), where

Gil(p) =p*+7 (10.4.10)

To O(1/n) then, the full set of self-energy insertions are these shown
in Figs. 10.4.5a and b. Note that the bare coupling appears in Fig.
10.4.5a along with the effective coupling. The reasons for this is that
the Hartree approximation has already summed all diagrams with an -
arbitrary number of “tadpole” self-energy insertions, Fig. 10.4.1a, so
we do not need to take this sum into account again in the interaction

ANAAN _—_-W+JW\/O/V\N

Fig. 10.4.4 Dyson equation for the effective interaction in the ring approximation.
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i

Fig. 10.4.5 (a) Self-energy insertion con-
tributing to 7. (b) Self-energy insertion con-
tributing to W(p). (a) (b)

line. Writing out the Dyson equation, Fig. 10.4.4, we have
2nA
u(p) = — —~1(p)u(p) (10.4.11)

where TI( p) is the factor coming from the closed loop, and it has the
value X

M(p) = [ d%qGy(a)Gi(p — a) (10.4.12)

In the language of many-body theory, II( p) is a polarization insertion,
and is to the effective interaction what the self-energy is to the Green

function.
Equation (10.4.11) is easily solved for the effective interaction

(10.4.13)

The only contribution to W(p) to O(1/n) comes from Fig. 10.4.5b;
Fig. 10.4.5a contributes to 7. We have, to O(1/n),

dd
W(p)=—4i!f -

(2ar)* 2nA [Gi(p —q) — Gi(q)] (10.4.14)
()
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At the critical point we can set 7 = 0, and in this case

M(p) = f dig 1 1
@m)* a® [p - ql?

— d— ;
=Aup** (10.4.15)

where

2 2
Zde/ZF(d - 2)

e

(10.4.16)

and I is the usual gamma function.

For d <4, II(p) diverges at small i
approximate D, so in (10.4.14) we can

1 2”/\ 2n)t . '
) ~ —-Tie) (10.4.17)

which gives

1 d 1 1
W(p) = - 4-d o

EYIZ Swant to isolate the small-p behavior 9f W(p). For small p one

W(p) ~np*Inp (10.4.19)
where
4 s,
m = 4(5 - 1)7 (10.4.20)

The Green function at T = T, is therefore for large n,
G(p) ~p*(1 — nln p)
= p?m (10.4.21)

an% lfo “;i can identify (10.4.20) with the critical exponent 7
€ other critical exponents have been worked out t .
they are given in Table 10.4.1. ut o O1/m), and
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TABLE 10.4.1 Critical Exponents to O(1 / n)

d—4 d—1Sd)
« (d—2)(1+8d—4n
—_ 1 -6—
Y d—Z( n
1 8d—1)Sd]
v d—21—( d |n
1 2 Sy
- = ed-0=Z
A 2 (d—Z)(2 )n
4 d
—(4 -2
n d( )

" PROBLEMS

10.1 Derive (10.0.12) by explicitly evaluating the integral
foo ds(o)e—[a +iw—dJ1s%(0)+ YN hs(0)
10.2 Verify that the function Ag'(z) given in (10.1.4)

o d% z

2 2

is a homogeneous function of z as in (10.1.5).

10.3 Derive the result of (10.2.9) by introducing the Fourier compo-

nents
1 Z ikr d’ ( k)
_ —"—— e @
b, (x) /N -
10.4 For the free-energy functional

3 [ dx Vo (x) V()
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show explicitly that

¥ ([60(x)60(x)]), = 0(1) .

a

- Note that ¢{(x) can be regarded as a fixed vector.

10.5 Derive the renormalized form for ¢, (10.3.9) (assume 1 = 0).
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THE TWO-DIMENSIONAL X-Y MODEL
AND THE KOSTERLITZ-THOULESS

TRANSITION

1.0 INTRODUCTION

The isotropic X-Y model consists of classical two-component spins
S; = (S, S, ;) subject to the constraint that the magnitude of the
! s 3

spin at each site is 1,

$2,+582,=1 (11.0.1)

The Hamiltonian for this system is

<if»

If we define 0, as the angle made by each spin with respect to some
arbitrary direction, then the Hamiltonian can be written as

H=—JY cos(6, — 6)) (11.0.3)
<ijy

The X-Y model was originally introduced as a model of superfluid
He* in which the order parameter is a complex scalar field. If one
neglects fluctuations in the magnitude of the order parameter, then
the excitations of the system are described in terms of the phase angle
of the “condensate wave function.” The angle 6 plays a role analo-
gous to the phase of the condensate wave function in the theory of

344
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superfluid He* The low-energy excitations of the X—Y model will
consist of arrangements of the spins that vary slowly from point to
point. Therefore, it is possible to replace the cosine by a quadratic
form, and the discrete difference by a gradient. Apart from uninterest-
ing constant terms, the Hamiltonian can be expressed as

H =7 [d*(V9)’ (11.0.4)

The partition function of the X-Y model can then be expressed as a
functional integral over all “textures” of the field (x),

Z = [D[6(x)]exp — BJ [d?r|Vol® (11.0.5)

The “most probable field” ¢(x) is the function that maximizes the
Boltzmann weight, and therefore is a solution of the equation

5H
‘ég[d’] =0
or
V3¢ = 0 (11.0.6)

In addition to the rather uninteresting solution ¢(x) = ¢,, a constant,
Laplace’s equation in two dimensions has singular solutions of the
form (see Prob. 11.1)

¢ =ntan‘1[m] (11.0.7)

The point-like singularity is at (x,, y,), and the solution has the

property that
[di - V¢ =2n (11.0.8)

Such a spin configuration is shown in Fig. 11.0.1 and we refer to it
as a “vortex.” The vortex solution of Laplace’s equation, (11.0.6), is
the simplest example of a fascinating class of objects called “topologi-
cal excitations.” In the present situation the symmetry group of the
Hamiltonian (11.0.2) or (11.0.4) is the abelian group O(2) and the
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e

//"‘i\
/7 v X\
L=y
VAN
NS

Fig. 11.0.1 Spin configuration of an isolated n = 1
vortex in the planar X-Y model. S -7

“topological charge,” n of (11.0.8), is the circulation. However, when
one considers systems in which the symmetry group of H is non-
abelian, then the nature of the topological excitations and the form of
the topological invariants, or charges, exhibits a rich variety.

The one-vortex solution can be generalized to a many-vortex solu-
tion by virtue of the linearity of (11.0.6), and the general vortex
solution has the form

X.

1

$(x) = éni tan_l{i :y"] | (11.0.9)

Because ¢ is a solution of Laplace’s equation in two dimensions,
one can introduce its harmonic conjugate y and define a function
f(z) of the complex variable z = x + iy,

f(z)=¢ +ix (11.0.10)

which is analytic except at the singular points. In hydrodynamics ¢ is
called the velocity potential and y is the stream function. Because the
singularities in f are at isolated points, the Cauchy—Riemann rela-
tions hold for the partial derivatives

dp  Ix

ax  dy

o5 oy (11.0.11)
3y | ox

It is easy to see that by (11.0.7) and (11.0.11), y satisfies Poisson’s

equation
V2y = 4mp (11.0.12)
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where p is given by

p=Lndr—r) (11.0.13)

Note that in (11.0.11) and (11.0.12), we have succeeded in ntlapping
the many-vortex system, or “vortex gas,” into the two-dimensional
Coulomb gas in which the electric charge is replaced by the topologi-
cal charge, (11.0.8). This equivalence has been used with great success
by taking results from one model over to the other.

In dealing with Poisson’s equation, it is useful to construct the
Green function g(r), such that

Vig(r—r') = 8(r — r') (11.0.14)

A good' approximation for g(r) on the square lattice, for > a (a is
the lattice spacing), is :

b

1 r
g(r)=—In— !
2w r, ’
. (11.0.15)
ry = ———
0 2V2 e

where y = 0.577216... is Euler’s constant. By (11.0:11) the deriva-

tives of ¢ can be expressed in terms of the derivatives of X, and we
have for the energy of the vortex state

E, =J[d*(Vx)’ (11.0.16)

Rewriting the integrand as a diver i i i
gence and integrating b t
(see Prob. 11.3) ¢ # 7Y parts gives

E, =7 [d’r[V - (xVx) - x V]
=J[diA - (xVx) - 4] [d?r px (11.0.17)

where. p is given by (11.0.12). The boundary term can be evaluated by
assgmmg that all the vortices are far from the boundary, which can be
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taken to be a circle of radius R. This gives
2
[ath - xVx = 2#(Zn,«) In R (11.0.18)

From this we see that the energy of a state with nonzero net vorticity

diverges as the size of the system increases, and such configurations -

play no role in the thermodynamics of the system. We therefore
require strict neutrality of the vortex gas

Yon,=0 (11.0.19)

The remaining term in the energy can be written as

i#j

In this double sum, terms with i = j vanish because g(0) = 0. Because
two vortices occupying the same lattice site are equivalent to a single
vortex whose circulation is the sum of the individual circulations, we
must also require that the vortices remain at least one lattice spacing
apart. In this way we are sure to count each distinct vortex configura-
tion only once, and the approximate form for the Green function,
(11.0.15), may be used. The energy for the vortex state is therefore

Ir,' - l’jl

E,=2w]Y.nn;1n (11.0.21)

i+ 0

Because the lattice spacing a is going to play a central role in the RG
calculation, let us rewrite (11.0.21) in terms of a. This gives rise to an
additional term, which can be interpreted as the “self-energy” of the
vortex, and plays the role of a chemical potential

I, — 1l
E,=2wJ) nn;In :
i#j Fy
e, — r/ " r
=27y nn;In L _2mIy n? 1n~a2 (11.0.22)
i#j i

Note that.in (11.0.22), use has been made of the neutrality condition,
(11.0.19). It is clear from (11.0.22) that vortices with two or more units

Fig. !1.0.2 Domains of integration for a four
function of the vortex gas.
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of circulation are energetically unfavorable, and therefore we will

b

restrict our attention to vortices with unit circulation

2 _ ; k:
n; =1 foralli (11.0.23)
;

In addition to the most probable field ¢(x), we must allow for the

field 6(x) to fl ust
52 by 0 fluctuate about ¢(x), and we define the “spin wave” field

0(x) = ¢(x) + ¢(x) (11.0.24)

Be.cause we have explicitly taken into account the topologically inter-
esting configurations of the field 6(x) in constructing the vortex states
we assume that the spin waves are nonsingular and in the long-wav. ,
length. 11m1.t, independent of the vortices. The partition functi§n th e_
factorizes into a spin wave and a vortex contribution o

Z=2Z,X%XZ, . (11.0.25)

where the spin wave partition function is

Z,, = [D[¢]exp - BT [dr|vy?| (11.0.26)

® O o
© ®

O

Dy D,

-vortex state evaluating the partition
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and the partition function for the vortex gas is

o K2n . I _rl
Z, =3, f : fd exp — 2mBJ Y n;n; In—

n=0 (n‘)Z i#j

(HQN)

The parameter K in (11.0.27) is the fugacity of the vortex gas and is
‘ simply related to the chemical potential u by

.
K =eP* M=2w1mf (11.0.28)

The factor of (n!)? is necessary to avoid counting states in which
vortices of like sign are simply permuted; each vortex state consists of
n positive and n negative vortices. The symbols D; indicate that the
domain of integration of each vortex must take into account the
restriction that no two vortices can overlap. Therefore define D, to be
the whole plane except for circles of radius a centered on the
positions of vortices j + 1,j + 2,...,2n. These domains of integra-
tion are shown in Fig. 11.0.2 for a four-vortex state.

11.1 REAL-SPACE RENORMALIZATION FOR THE VORTEX GAS

Before we become involved with the details of the RG for this system,
it is useful to get a good physical picture of just what is going on.

We are going to probe the states of the X-Y model by studying the
behavior of the spin—spin correlation function

G(r) = (S(r) - S(O)) (11.1.1)

In the low-temperature state, vortices can exist only as closely bound
pairs. The effect of such pairs on the spin—spin correlation function is
negligible, and the correlation function is determined solely by the
spin waves. As the temperature approaches the transition tempera-
ture, the vortices “ionize” and a transition to a vortex plasma state
takes place. The spin correlations are screened by the vortex plasma
and therefore decay exponentially. The order parameter for this
system is not as easily defined as in the case of a ferromagnetic
transition and the Mermin, Wagner, Hohenberg theorem [4, 8-9]
excludes spontaneous symmetry breaking in d = 2. As we will see
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when we apply the theory to superfluid helium films, the order
parameter, which in that case is the superfluid density, is related to a
kind of susceptibility.

As with any RG transformation, the first step is to “integrate out”
the microscopic details of the model. If one imagines the vortex gas at
low temperature as consisting of vortex pairs, some with large separa-
tions and some with very small separations, then out first objective is
to integrate out the very close pairs. By taking into account the effect
of such pairs, the interaction between more distant pairs is renormal-
ized. This is the physical basis for the original work of Kosterlitz and
Thouless [7], which motivates the construction of the Kosterlitz renor-
malization procedure [6].

We assume that the vortex gas is not too dense so that the
contribution to the free energy of vortex configurations in which three
or more vortices are close together is negligible. The decimation part
of the RG then consists of calculating explicitly the contribution from
vortex—antivortex pairs whose relative coordinate hes within an annu-
lus of radius da about a,

8(j):a <l —rl<a+da o (111.2)

Contributions from like-signed close pairs are neglected because such
states have a much higher energy than close neutral pairs. Once the
calculation for each pair has been performed, the allowed minimum
separation of vortices has increased from a to a + da. In order to
restore the problem to its original form, the second part of the RG
procedure, rescaling, must be implemented. In this case the scale
factor is

b1+
=1+~ (11.1.3)

The Kosterlitz RG transformation is an example of an infinitesimal
real-space RG.

Define new domains of integration D), i which are identical to the
D;, except that the forbidden circular regions about each vortex are of
radius a + da. Let §,(j) be the thin annular region of radius a and
width da centered about vortex j and let l_)j be the entire plane
except for the circular regions of radius a about the 2n — 2 vortices
besides i and j. These domains are illustrated in Fig. 11.1.1, again for
a four-vortex configuration. The decimation procedure is to first
integrate over r;, within the annular region §,(j) about vortex j, and
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®

5 1 )] 52

Fig. 11.1.1 Region of integration for the four-vortex state for carrying out decima-
tion of closely bound vortex pairs.

then to integrate r; over the domain D,. In this way the contribution
to the partition function from the close-bound pair i, j is taken into
account. This procedure must then be carried out for all possible
pairs. Schematically, this may be written as

fD d2r2n . fDlerl - fD,anern . fDleri + %Zf d2r2n ce

2n i#j D’2n
[ drr [ dirpee [ dP o [ dPry
D}y D; 8, D

v
1

(11.1.4)

In order to stay as close to the notation of Kosterlitz as possible, let us
define

p = (27J)"’n; (11.1.5)
Collecting all terms that involve vortices i and j, we wish to calculate

Iri -

. r, I, — 1l
f d*r, exp[ZB Y p;pi In——5 + 28 Epjpk-———} (11.1.6)
5,()) 3 a k a

Define a vector 4 = (r; — r;)/a and 1y = r; — r;. The logarithm in
the first sum in (11.1.6) can be rewritten as '

AL 2
2a - 1y N a

Infa + ryl = lnlrjkl + ln[l +

} (11.1.7)

2 2
lrjkl ‘rjkl

The first term in this expression is exactly cancelled by the second sum
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in (11.1.6) because we require that p, = —p;. Therefore, we wish to
calculate
2% - r. a2 Bpipg )
d*r[1[1 + oy 11.1
5() K I | I | (11.1.8)

Assuming that |7, — r,| > a, we have

Zﬁ - az Bpipy
i S+ -]

2 2
k ‘rjkl 'r jkl

=14 Z { ZBPiPkﬁ Tk ,Ba2pipk 2Bp;p(2Bp;py — 1)(ﬁ . rjk)z

2 2
k Il Il 7l !

P i A RICE rﬂ)} (11.1.9)

2 2
I+#k |rjk! Il'jzl

The integration over the annular region §,(;) is therefore

2 202
adaf doel|1 + Z_Z_Bpipk cos @
0 k rjkl

a2 Z:Bpipk(zﬁpipk - 1)

2

+4Bp%a® Y, [p"p’ ©0s(6 ~ B )eos(0 - 6, }} (11.1.10)

2
k-l Irjkl Irﬂlz

+Bpipk

a’®cos? 6

where we have defined 4 - 7, = cos(6 — ;). The result of the inte-
gration is (see Prob. 11.4)

2
2mwada|l + g*p* _a_.2. +28%% Y (; — 1) - (er = )Py Py
k Iy =l v R Iy — |
(11.1.11)

We must now integrate this expression over the domain 5,- j» Which is
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left as an exercise (Prob. 11.5). The result is

|l'k - rll

2madal A — 2wa*Bp* ). pyp;In (11.1.12)

k+1

where A is the area of the plane. Note that the sums over k and [ in
(11.1.12) run over the 2n — 2 remaining vortices. If we redefine the
summation variable n — n — 1, the vortex contribution to the parti-
tion can be written as

o K2n
Z,= ),

2
n=0 (n!) D,

2 2
d r2n PP f d rl
D)

K2 n+1 ‘l’k - l'1|
%1+ — 2ada(A _ 2a232p2 DD In ) e—_BH;.
(n+ 1) E, kz:?z e
(11.1.13)

Note that the sums in (11.1.13) over i and j are independent of i and
j, which leads to a multiplicative factor n(sn + 1). In the thermody-
namic limit the number of vortices is quite large, and we may take the
limit 1/n — 0. Because da/a < I, we can exponentiate the second
factor in (11.1.12), which gives

© K2n
7 = e_dp d2r R dzr
n2=:0 (n')Z fD’h 2 fD,l 1
da Ir, — r;l
X exp — B[l - (ZW)Zsz(KaZ)Z—] . pip;In p = (11.1.14)
a |i+j

Here dF is the contribution to the free energy from the closely bound
pairs. This completes the decimation part of the RG transformation.
The minimum separation between oppositely charged vortices is now
a + da. In order to restore the cutoff to its original value, we rescale
by a factor b = 1 + ba/a. For example, we can write

|l‘ij|
a + da

|rijl ry; da
m—L — ln[———————] = In + = (11.1.15)
a

a a +da —da

which leads to a renormalization of the fugacity [see (11.0.28)]

d
Ko (1 _ sz_aﬁ)K (11.1.16)
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Putting these results together, we have the following RG equations:

(Bp?) = Bp2[1 - (ZW)ZBpZ(KaZ)Z%} |
/ p '(11.1.17)
(Ka?y = Kaz[l - (Bp* - 2);}

Note that in the RG equation for Ka?, an extra term arises from the

( /‘ 2 anc t

x=pBp* -2
et (11.1.18)
the RG equations can be written as
1 ,
7= 72 | (11.1.19)
dy
=% (11.1.19b)

These equations have a fixed point at x* = y* = (), Expanding around

lt)he fixed point, we see that, multiplying (11.1.192) by x and (11.1.19b)
y Y, .

dxz

= —y? (11.1.20a)
dy? s
— = 2w (11.1.20b)

It is easy to show that the solutions of (11.1.20) satisfy

x?—y?=x2 - (11.1.21)
RG trajectories for x§ > 0 (7 < T,) and x$ <0(T > T,) are shown in
Fig. 11.1.12. The df)tted line x =y is the critical line and corresponds
to x, = 0, which gives 7, = 7J by (11.1.18).
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y

AN Y,

Fig. 11.1.2 Typical RG trajectories for T > T,and T < T..

11.2 ANALYSIS OF THE RENORMALIZATION
GROUP EQUATIONS

For T < T, the RG takes y to 0 and x to the real value x,, which, for
small x,, is related to the reduced temperature (T.-T)/T, by

T,— T
T

c

2

X2 ~ T<T, (11.2.1)

Because y — 0 for any initial value of (x,y), we see that the RG
transformation drives the fugacity of the vortices to 0; the vortices are
renormalized right out of the problem. The only remaining flegrees of
freedom are the spin waves, which determine the spin-spin correla-
tions for T < T,. As we will presently see, the correlation function in
the presence of spin waves decays algebraically, and therefore we have
for the correlation length

E = T<T, (11‘2‘2)

This is our first indication that the singularity associated with the
vortex dissociation transition is of a different character then Fhe usual
second-order phase transition we have been studying. There is no way
of defining the critical exponent » for T < T,. The general solution to
(11.1.20) in the neighborhood of the fixed point is (Prob. 11.6)

1 + exp(—2x,l)

x(1) = x, — (11.2.3)

exp(—2x,l)
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For T > T, the solution for T < 1, can be analytically continued by

taking x, — iy, in (11.2.3). This gives for the solution in the nelghbor-
hood of the fixed point

x(l) = (i1.2.4)

tan yol

Again, y, is a measure of the reduced temperature (T — T,) /T... Very
close to the critical point, the RG trajectory approaches to w1th1n Yo
of the fixed point and then diverges rapidly away from it. Physically,
this means that the system looks critical on the original length scale
because the correlation length is much greater than a. As we examine
the system on larger and larger length scales (increasing / ), we finally
reach a point where the length scale we are using is of the same order
as the correlation length, and for this value of /, l,, we expect the RG
trajectory to deviate substantially from the critical trajectory. It is
natural to take this as the point where y attains 1ts mlnlmum value y,.

Solving for /, from (11.2.4), we have :

1 Yo ™ ‘
l, = —tan! - — 11.2.5
° Yo x(1p) 2y, ( )

The correlation length is then given by

§~elo

T e 11.2.6
= exp T—-T (11.2.6)

For T > T, the critical behavior of the planar X-Y model is governed
by an essential singularity; the correlation length diverges faster than
any power of (T — T,) and therefore it is not possible to define the
exponent v in the usual way for 7> T,.

11.3 THE SPIN-SPIN CORRELATION FUNCTION

In this section we consider the spin-spin correlation function for
T < T,. As we have observed, the RG equations drive K, the fugacity
of the vortex gas, to 0. This has the effect of “renormalizing out” the
vortices, leaving only the spin waves. The only effect of the closely
bound vortex pairs is to renormalize the spin wave coupling constant.



358  X-Y MODEL AND THE KOSTERLITZ-THOULESS TRANSITION
The spin—spin correlation function is
G(r) = (S(r) - 8(0)) = (cos(6(r) — 6(0))) (11.3.1)

If the field 0 is decomposed into the vortex (¢) and spin wave (¢)
parts, we have

G(r) = (cos(d(r) — (0))cos(y(r) — ¢(0)))  (11.3.2)

Because, within the present approximation, the spin waves are inde-
pendent of the vortices, we can write

(cos(¢(r) — $(0))cos(¢(r) — ¥(0)))
= (cos(¢(r) — $(0))){cos(¢(r) — ¢(0))) (11.3.3)

By the preceding argument, under repeated renormalizations we
should have for 7' < T,

G(r;x,y) =G(r;x(1),y(1)) = llir{.loG(r;xO,O) (11.3.4)

Therefore, if we are interested only in the behavior of theT correlat@on
function below T,, we only need to evaluate the correlation function
due to the spin waves. Therefore, we must calculate

D[y ]exp(—BI[ d?r(Vp)*)cos(y(r) — w(r)
D[y exp(—BJI[ d*r(Vo)’)

G (r) =1 (11.3.5)

This may be rewritten as a Gaussian integral

(DI lexp( —BJI[ d?r(Vg)* + ifd?r - [8(r — ') — 8(rW(r))
DIy lexp(—BJ[ d*r(V¥)?)

G (r) =
(11.3.6)

Completing the square and noting that g(0) = 0, this gives (see Prob.
11.7)

Gsw(r) €Xp — %(E} (11.3.7)
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Therefore, the spin wave correlation function is given by

) p (L/—4mBJ .
swl\?) =|— ="

o o (113.8)
n(T) = 477']

Equation (11.3.8) proves our previous statement that the correla-
tions decay algebraically for all T < T,, and therefore the correlation

- length exponent is not well defined. Note that if we take 7 = T =xJ

in (11.3.8) we find n(T,) = 1/4. If we choose a value of T different
from T, then the RG trajectory terminates at x,, and the exponent 7
calculated in (11.3.8) will depend on x, (and therefore T'). This should
be contrasted with the usual situation for a second-order phase
transition in which the exponents do not depend on the temperature.

11.4 UNIVERSAL BEHAVIOR OF SUPERFLUID HELIUM FILMS
|
|
We conclude our study of the Kosterlitz—Thouless transition with a
discussion of the behavior of a system which should be described by
the two-dimensional X-Y model, thin films of superfluid He* [11]. In
applying the theory to liquid helium, we have come full circle as the
X-Y model was originally constructed as a model of helium.

It has long been known that quantized vortices exist in superfluid
helium [12, 13, 15], and it can also be shown that the two-dimensional
Bose fluid can be described in terms of quantized vortices [2]. The
superfluid state is described by a complex scalar order parameter
whose phase is equivalent to the field 6 in the X-Y model. The

" superfluid velocity is given by

h
v(x) = zVG (11.4.1)

It is beyond the scope of this text to delve into the details of the
microscopic theory of superfluidity, and we will simply quote the
result that the superfluid density p, can be calculated from
the superfluid velocity autocorrelation function [5]

m2kT m? X
W (T) ?fd r{v,(r) - v(0)) (11.4.2)
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Here m is the mass of the helium atom. In order to calculate the
preceding correlation function, we consider first the correlation func-
tion for the phase field itself.

By an argument completely parallel to that used previously to
evaluate the spin correlation function, we can argue that for T <T,
we only need to evaluate the spin wave part of (11.4.2). This is easily
done by introducing a generating functional

[D[¢]exp(—BI[ d*r(Vi)* + [d2rh(r)g(r))
[D[y]exp(—BIJ d*r(Vi)’)
where A(r) is an arbitrary field.

The desired correlation function is found by taking the appropriate
functional derivatives of F[A],

(11.4.3)

F[h] =

r ' li O°F[A] 11.4.4
(=) = 0 () oh(r) (1144)
The integral (11.4.3) is a Gaussian and can be evaiuated explicitly.
Keeping in mind that g(0) = 0, one finds (Prob. 11.8)

1
I(r—=r)=-— -ﬁ-g(r —r') (11.4.5)

Putting (11.4.1) and (11.4.2) and (11.4.5) together, the superfluid
density is given by

m2kT

PolT) fdzr 4 V,,(— —1-g(r - r’)) (11.4.6)

287

The Laplacian acting on g(r) yields a delta function, and the integral
over the plane can be performed, yielding

m?* kT 1
W p(T) 287
=277 (11.4.7)

If we now specialize this result to T = T, we have by (11.3.8)

m? kT,
w p(T.)

id 1148
2 ( ")
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pe(T)

|/

o

T

!I;g. 11].;4.1 TBehaVior of the superfluid density with temperature. Note the discontinu-
ityat T=17.

As first shown by Nelson and Kosterlitz [11] and illustrated in Fig.
11.4.1, the superfluid density rises discontinuously from 0 at 7., but
what is even more intriguing, their calculation implies that the ractio of
p{T,) /T, should be universal. It should not depend, for example, on
the type of substrate used or the areal density of the film.
Experimental results taken from Bishop and Reppy [1] for real
helium films are shown in Fig. 11.4.2. The agreement wﬁth the result

ps(T7) X 10° (gcm™2)

0 I | | | | | | | | |
0 0.4 0.8 1.2 1.6 2.0

T (K)

Fig. 11.4.2 Discontinuity in the superfluid density as measured by several methods
af.ter Bishop and Reppy [11]. Data are from: a Bishop and Reppy, T = const., ®
Bishop and Reppy, T, = const., O Hallock [3], A Mochel [10], and O Rudnick [1’4].
The straight line fit to the data is from the Kosterlitz—Thouless static theory [7].
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of Nelson and Kosterlitz is quite satisfying, and illustrates the real
power of the RG method.

PROBLEMS

11.1 Verify that (11.0.7) is a solution of Laplace’s equation and that
[ dl - Vo = 2mn

11.2 Construct the harmonic conjugate y to ¢ given by (11.0.7) and
show that it satisfies Poisson’s equation.

11.3 Assuming that all the vortices are far from the boundary of the
system (R > r;), show that the surface term in (11.0.4) is given
by (11.0.18).

114 To lowest order in alr,|, show that (11.1.10) follows from
(11.1.7). Evaluate the 1ntegral and derive (11.1.11).

11.5 Perform the integration of (11. 1 10) over the domain D and
verify (11.1.11).

11.6 Show that (11.2.3) is the most general solution to the fixed-point
RG equations (11.1.19) subject to the condition

Ihmx(l) - X

11.7 Evaluate the functional integral in (11.3.6) and derive the
expression (11.3.8) for G, (r). :

11.8 Evaluate the functional integral (11.4.3) and derive the result
(11.4.5) for T'(r).
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APPENDIX A

THE CUMULANT EXPANSION

In many places in physics, but especially in statistical mechanics, we
run across averages of the exponential of an operator

Z(A) = (™) (A.l)

The parameter A has been included to facilitate power counting, and
in some cases (e.g., high-temperature expansions) A is a real parame-
ter which is, in some sense, small.

One approach to evaluating Z(A) is to expand the exponential in a
power series and average term by term

o n

Z(A) = L (A" (A.2)

n=0

It is possible to derive a more accurate expression for Z(A) by
expanding what is essentially the free energy

F(A) = In Z(A) (A.3)

rather than Z(\) directly. Thus we write

oo n

F(A) = ), ;JCn (A.4)

n=1
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where C, is called the nth cumulant and the series (A.4) is the
cumulant expansion.

The cumulant expansion is equivalent to the sum of connected
graphs in field theory. The advantage of the cumulant expansion over
the direct series (A.2) is that in many cases the cumulants are much
easier to evaluate for a given order in A, and because the cumulants
give an approximation to F, they represent some of the terms to all
orders in A that appear in the direct expansion for Z(A).

By (A.4) we have

(A.5)

Note that the cumulants themselves are independent of the parameter
A, but we will find it useful to define v

an
C,(A) = —In(e*) 3 (A.6)
A"
With this definition we have
o) = A | N
1( )_ <e/\A> ( . )

and
<A26/\A> (Ae)‘A>2
(M) (M)

= (A4 = (A (A.8)

Cy(A) =

where we have defined the average ( -+ ), as

(e*B)
(B = My (A.9)
Furthermore, let us define /
B,(x) = {(A4 = {A) "N (A.10)
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Then
%Bn(’\) = B,,1(A) — nB,_(A)B,(A) (A.11)

[Note that B,(A) = 0.] By (A.11) we can generate all the cumulants
recursively:

C; = B;
C,=B, — 3B?
4 4 2 (A.12)
Cs = By — 15B,B, — 10B? + 30B;
and so on.
In general, the relationship between the B’s and C’s is
i 1 > n! "
Cn = 7 ) m; an T Bm (A13)
=1k m,, oy, mylmy! - omy LR ‘
The reciprocal relation is also easy to write down
no1 n!
B, = — é c c ---C A.14
n kz;:l k! ml,;,mk mllmz! . mk! Tmyn~m;—"m, my ( )

As an example of the advantage of the cumulant expansion over the
direct power-series expansion, we consider the Ising model on a
one-dimensional chain. The Hamiltonian is

H=-JYS.S,,, (A.15)

and we want to find
Z(J)="Tre# (A.16)

First, let us expand the exponential to sixth order in H (the trace of
all the odd powers of H give 0). The trace vanishes unless the indices
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are equal in pairs, groups of four, and so on. The second cumulant is

C, = T2Y Tr(S,5,,15,5,41) = NI? (A.17)
i
f
The trace of H* is

J4ZTr(SiSi+1Sij+1SkSk+1SlSl+1) (A.18)
ijkl

First, we count all terms in which the indices are paired. There are
three ways of pairing all the terms, which overcounts the number of
terms where all four indices are equal, so

B, = J*(3N? — 2N) (A.19)
By (A.12)

C,=J*BN? — 2N) — 3J*N?
= —2NJ* (A.20)

Note that the fourth cumulant, like the second cumulant, is propor-
tional to N, which reflects the extensive property of the free energy. If
you are not yet convinced, let us calculate the sixth-order contribution
to each of the two series. First, we will consider all possible ways to
pair six terms; there are 15 ways to do this, which gives a contribution
JeN?3. Each of these includes three terms in which the indices are
grouped with one pair and one quartet of equal indices. There should
only be 15 such terms, so we have overcounted by an amount 30J°N 2.
Finally, there is one single term in which all six indices are equal, but
we have undercounted by 15J°N, so we need to add 16J°N. Alto-
gether we have

B, = (I15N® — 30N2 + 16N)J® (A21)
The sixth cumulant is, by (A.12),

Cg = [I5N® = 30N? + 16N — 15(3N? — 2N)N + 30N3]JS
= 16NJ® (A.22)
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The series (A-16) for the partition function is

2

J 1
Z =21 +N—2— + z(?}N2 —2N)J*
1
+a(15N3—30N2+ 16N)J® + - - (A.23)
whereas the series for the free energy is
J: 2% 16J°¢

A few comments are in order here. First, we will consider the
all-important question of convergence of the two series. For large N
the “most divergent” (with N) terms in the series for Z, (A.21), are of
the form

Nn/ZJn
Z, ~ ——— (A.25)

" 2n/2(%)!

If we apply the ratio test we find

NI
= (A.26)

2 S

For large N series for Z must be carried out to very high order, n
~ VN, before the size of the terms begins to decrease and the partial
sums begin to settle down. On the other hand, the series for the free
energy looks perfectly convergent even at low order.

There is, however, a more compelling reason to prefer the cumu-
lant expansion over the direct-series expansion for Z, and this is
reflected in the extensive property of F. The fact that each cumulant
is proportional to N means that in summing over all terms there is
only one index that runs over the whole lattice. All the other summed
indices are tied to a particular lattice site; the other terms in the

Zn+2

cumulant expansion are from sites that are connected. Very often it is

possible to formulate simple graphical rules for constructing these
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terms, which makes the evaluation of the cumulants much easier than
the coefficients in the series for the partition function.
Let us consider the fourth cumulant, which we can write as

% Tr(HHH H,) - 3Tr(HH)Tre(H H)  (A27)
ij

where we have introduced the notation

H;, = —-JS

4

iSiv1 (A.28)

There are terms in the sum where, for example i =j, k =1, and
i # k. It is easy to see that in this case no contribution to (A.27) is
made because the first term factorizes

Tr(HZHP) = (Tt H?)(Tr HZ) i+ k (A.29)

The only term that survives is the one for which i = J =k =1, that is,

i

LTr(H) - 3(Te(H?)' = —2N1* (A30)

The same holds for the sixth cumulant. The coefficient appearing in

the cumulant expansion is found simply by summing the coefficients
for Cq, (A.12),

1-15-10+30=16 (A.31)

We come to the conclusion that to find the coefficients appearing in
the cumulant expansion all we need to consider are those terms in
which every index is the same. On lattices of higher dimension the
rules are not so simple because there are closed paths on the lattice.
Nevertheless, the effort in calculating the cumulants is much less than
calculating the corresponding coefficient in the direct expansion of Z.

PROBLEMS

A.l The partition function for the Ising chain can be calculated
exactly, and one finds

Z = 2¥(cosh J)"
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A2

THE CUMULANT EXPANSION

The free energy is therefore (apart from sign)

F=NIncoshJ

Expand In cosh J to sixth order and compare with the results of

the cumulant expansion, (A.24).

Using the relation (A.13), show that

aC,
-

n

fo.e]
2
n=1

and similarly, by (A.14), that
N'B

n
n
!

exp ), —

1+ )
n=1n

APPENDIX B '

FEYNMAN DIAGRAMS

»

B.1 RULES FOR CONSTRUCTING FEYNMAN DIAG?AMS

In this appendix we derive the rules for constructing Feynman graphs
for the free energy and two-point correlation function. We use only
the mathematical tools developed in the text. Those of you who are
interested in seeing similar derivations in the context of quantum field
theory are referred to Fetter and Walecka [3], Abrikosov, Gorkov, and
Dzyloshinski [1], and Amit [2]. In notation we most closely follow
Amit.

We begin with the functional integral for the partition function

7 = / D[¢] + e~ Edd1+LinleD (B.1)
where
1 | |
Lo[4] = 5 [ dx(V6, V9, + ré.0.) (B2)
and, for example, ,
A 4 2
L[] = 7 [ d%%($a(x)$()) (B3)

3n
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The generating functional Z[7] is given by
Zo[n] = fD[¢]6_L°[¢]+/ddx NalX)ba(X) (B.4)

With the aid of the generating functional, it is possible to rewrite (B.1)
as

7Z = 7}1—% e Lndd/2m7 4] (B.5)

Because the functional integral (B.4) is Gaussian, it can be evalu-
ated explicitly with the result

Zoln] = e 3 [ s [ a4y m,(2)GHx = my()] - (B9

where

eik(x—y)

P e (B.7)

is the “free” Green function.
We now establish the rule for evaluating derivatives of the Gaussian
functional (B.6) of the form'

5 P
lim Zoln
n-0 8n(x,,) dn(xy) olm]

= )L GOx; —x)GO(x5 —x) - GOxz1 — Xap)

all pairings

(B.8)

where the sum is over all possible pairs of points. We prove this
recursively as follows. The second functional derivative of Z[7] is, to

"In what follows we will suppress the internal indices in the interest of compactness of
notation.
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O(n?),
) B
dn(x;) dn(x,)

Zo["?]

XGO(x, = 2,)n(z)n(2,) Zy[n] (BI)

Taking two more functional derivatives, we have
o

n(xy)  om(xy)

= [GOx; = x)G (x5 — x4) + GO(x; — x)GO(x, — x3)
+GO(x; — 1)GO(x; — xg) + GO(x; — 1)GO(x; — x3))Zgln]

+ [G(O)(x1 - xz)fdzz GO(x; - Zz)/ dzy GO(x4 — z)m(25)(24)

Zo[n]

+GO(x, - X4)f dz; GO(x, — Zz)fdz3 GO(x; - z3)1(z2)n(z3)
+GO(x, - xa)f dzy GO(x; - Zz)f dz, GO(xy = z)m(z1)n(24)
+GO(x, — x4)[ dz; GO(x, — Zl)f dz3 GO(x;3 ~ z3)n(z)n(23)

+GO(xy — x3) [ dz; GO(x, — z3) [ dzy GOx4 = 2)n(z3)m(20) | Zolm]
+ terms fourth order in 7 (B.10)

Let us denote the sum over all pairs of n products of G’s, as in (B.8),
by S,,(xy, X5,. .., x,,). We assume that the pattern that emerges from
(B.9) and (B.10) continues so that we may write for the 2nth functional
derivative of Z,,

8 e 8 Z
8m(x3,) dn(xy) 0[77]4
= Son(x1 = %2,)Zo[ 1]

+ ) Sona(Xy,e s, xZn)f dzij' dz; GO(x, — z,)
i#j

XGO(x; = z;)n(z;)(2;)Zo[ ]
+ terms of order n* (B.11)
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In the second term of (B.11) it is understood that the arguments x;,
and x, are excluded from the function S,,_,. We now show that by
differentiating (B.11) two more times we arrive again at (B.11) with
n—-n-+1,

) ) b} )
0n(Xp42) 6""l(xzn+1) on(x3,) dn(x

1) ZO[n]

= 85,(%15 15 %2,) G(O)(x2n+2 — Xn41)

+/d22n+2fd22n+l G(O)(x2n+2 ~ Zyp42)

XGO(x3,41 — 22n+1)”’7(22n+2)’7(22n+1)]ZO["7]
+ §lS2n_2(x1, ey xz,,)[G(O)(xi — X2442)

i)
XGO(x; = X3,41) + GO(x; — X241)
XGO(x; = X342) Zo(m)]
+ [G(O)(xi - x2n+2)/ dzj/ dzy 11 G(O)(x}. - z)
XGO( %311 = Z2n11)M(2;)M(22041)
+GO(x,; — x2n+l)/ dzjf dzy o G(O)(xj - z)
XGO(x312 = Zans2)(2))M(22012)
+GO(x; - x2n+2)f dzif dz,1 GO(x; — z;)
XGO( X101 = Zon41)M(2)M(22041)
+GO(x; - ?C2n+1)fdzif 23,1 GO(x; — ;)
XGO(x3,.12 = ZapsIn(z0m(22012) | Zal )

+ terms fourth order in 7 (B.12)
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Combining terms, we have

31(%2,42) dn(x,) oln]

Son+2(X15 X0 v vs X2n42)Zo[M]

+ ZSZn(xD Xoseens x2n+2)fdzif dz; G(O)(xi —-2z;)

XG(O)(x,. - zi)G(O)(xi - Zj)”l(zi)”’l(zj)wzo[n] (B.13)

We have proved that if (B.11) is true for n, then it is true for n + 1.
By construction we know that (B.11) is true for n = 1 and 2, and so by
induction it is true for all n. Now the final step in the proof of (B.8) is
simply to set n = 0 in (B.11). For those with a field-theory back-
ground, this proof is essentially equivalent to Wick’s theorem.

The first element of the diagrammatic method is that for each
factor G@(x — y) we draw two points labeled x and y and connect

Xy X3

X1 Xq
X2 X3
X, Xa

3

X3
\. X
Fig. B.1 The three graphs corresponding to the

Koo o X, fourth functional derivative of Zy[7].
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them with a solid line. The expression (B.11), in the limit n — 0, is
therefore the sum of graphs constructed in the following way: Indicate
each of the 2»n arguments x,, x,, ..., x,, by a point, then connect the
points in pairs in all possible ways, as shown in Fig. B.1.

B.2 FEYNMAN GRAPHS FOR THE PARTITION FUNCTION

If the exponential in (B.5) is expanded in a power series, we have

Z=im ¥ (—'?—TL(LM{EH)”ZO[M (B.14)

17"’0 ’T]—)O nt

For the special case where L, [#] is given by (B.3), we may represent
L, . by a squiggly line with four “terminals,” two at each end, as
shown in Fig. B.2. There are two types of diagrams that occur in the
expression (B.14). Connected diagrams are diagrams in which every
part is connected to the whole by at least one line. A disconnected

diagram consists of two or more parts with no line connecting the

parts. Evidently, disconnected diagrams are simply products of con-
nected diagrams.

Generally, the nth-order contribution to the sum in (B.14) will
consist of a sum over all possible products of connected diagrams
whose separate orders add up to n. Let us denote the sum of all
connected diagrams of order k by (I)k Exactly which of the »n factors
of H,, go into a given factor ®, is immaterial. All permutations
among the various connected parts give identical contributions so, if
we can determine the number of connected parts, we can sum all of
these together and represent the entire sum by a single diagram.

Let us suppose that there are exactly / connected parts in a
particular set of diagrams of order m,, m,, ..., m;, and of course

ZI‘, - (B.15)

j=1

The number of ways of partitioning n factors of H,, into [ different

Fig. B.2 Graphical representation of >’\/\/)\\/\/"‘<
Lind¢] = O /4D d¥x(¢ (x)¢ (x))*. 7
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terms is

n!

f(n,my,my,...,m;) = (B.16)

mylmy! - my!

Now suppose that there are several of the m,; that are equal, so that
interchanging a factor H,, between them does not produce a new
term, but one that has already been counted. Obviously, (B.16) over-
counts in this case by a factor of P, !, where Pm, is the multiplicity,
and we must divide by P} !. Putting all this together we have

Z=§:O(_1)n ¥ %L(&)”l(&)“ 5(?,},}.7,1)

pipa... Pl Pt LTI 21
(B.17)
The sum on # can be performed with the result
Pz\
(=D ) (—1)2<I>2) |
‘- Z (—"‘_ Y—— i
. ].! Py pZ! 2!
1o,
= exp Zl % (5.15)
]= .

A comparison of the expression (B.18) with the cumulant expansion
shows that @; is in fact the jth cumulant.

We have enormously simplified the task of evaluating the diagrams
for the partition function, but we can go even further. Consider a
connected diagram of order m. Because there are no external points,
that is, all arguments x;, x, ... are integrated over, the diagram forms
a closed loop of n links. Which of the m factors of L, goes with
which link is completely arbitrary, and in fact there are (n — 1)! ways
of permuting the m factors. This allows us to represent the entire sum
of equivalent diagrams by just one, and we have
f

(B.19)

where &)j is the sum of all “topologically distinct” connected, closed
diagrams of order j. Topologically distinct just means that one dia-
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gram cannot be taken into another by a simple permutation of the
factors L.

With the particular choice of interaction, (B.3), there is a further
symmetry that always comes up. At each end of the interaction line,
there are two terminals for propagator lines with the same internal
index. If we connect these in a particular way, there exists another
diagram in which the terminals are switched, giving rise to an overall
factor of 2 - 2 = 4 for each interaction line. However, if the graph
contains a closed loop this equivalence is lost and we must correct
with a factor 1 /2. In addition, we pick up a factor of n, the number of
components of ¢,, from the trace of the identity associated with the
sum over internal indices around a closed loop. Finally, the wiggly
interaction line can be flipped end over end without changing the
value of the graph, and this leads to another factor of 2.

A particular graph may have symmetries in addition to those
described previously, and one must take these explicitly into account
graph by graph. In this way we only need to consider “topologically
distinet” graphs.

We may now list the rules for constructing Feynman graphs of
order m for the free energy in real space:

1. Draw all topologically distinct closed, connected graphs with m
interaction lines.

2. With each interaction line associate a factor of 8A /4!= A /3.
With each closed loop associate a factor n/2.

4. Multiply by (—1)” /m and by the symmetry factor for the graph
(if any).

w

B.3 GRAPHICAL REPRESENTATION OF THE TWO-POINT
GREEN FUNCTION

From a practical standpoint, the Green function

Gop(x =) =(a(x)ds(y)) (B.20)

is generally more convenient than the free energy for the following
reason. In the sum over graphs for the free energy, the order of the
graph appears (see rule 4) explicitly in the denominator. This factor
makes it impossible to decompose a complicated graph into simpler
subgraphs of lower order. There is a trick, called coupling-constant
integration, which does allow some progress.
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We introduce a parameter 0 < @ < 1 multiplying L,
energy is now

e+ The free

8

Fla) = —

(B.21)

To remove the pesky factor of 1/n, we integrate (B.21) from 0 to 1,
1da =
= [ — L (-1)"d,a" (B.22)
0o o

The sum in (B.22) is free of the factor 1/n, and we can now sum
the contributions from parts of the graph. Unfortunately, in order
to finally arrive at the free energy we must perform the integration
over a.

Graphs for the Green function, (B.20), are constructed by the same
rules as apply to the free energy except that now the graphs are
rooted in the points x and y.

A given graph will consist of a connected part rooted at x and y,
and a disconnected part that factorizes. If the overall order of the
graph is n and the connected part is of order p, there are
(n!/p'ghs, ., , equivalent permutations of the n factors L;, between
the connected and disconnected parts. Therefore, we can write

" ]

1 2 (=1 n!
G(x,y)=2n§0 —— L p!q!cp(x—y)anm,n (B.23)

p=0

where C,(x — y) means “the sum of all connected graphs of order p
rooted in x and y,” and D, is “the sum of all disconnected graphs of
order gq.”

The sum over n can be performed, and we have

G(x,y) = =

= (- 1) )(f (—pl!) -y ®2)

p=0

The sum over all closed disconnected diagrams is just the partition
function, and so the factor of 1/Z is cancelled and the Green function
is equal to the sum over connected diagrams only

_)P

G(x,y) = i C,(x —y) (B.25)
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Now consider a connected graph of order p rooted at the points x
and y. We can permute the p factors of L,, without changing the
value of the graph, and so if we allow a single graph to represent all
p! of these, the factor of p! cancels and we have

Ge(x —y) = Y (connected graphs rooted at x and y) (B.26)

The rules for assigning an algebraic expression to a graph need to
be modified only slightly:

1. Draw all topologically distinct graphs rooted in the points x and
y with m interaction lines.

2. With each interaction line associate a factor A /3.

3. With each closed loop associate a factor n/2.

4. Multiply by (—1)" and by the symmetry factor for the graph (f
any).
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APPENDIX C '

COMBINATORIAL SOLUTION
TO THE ISING MODEL

Y

In this appendix we present the details of the combinatorial method of
solving the two-dimensional Ising model presented in Chap. 5. The
solution was first given by Burgoyne [1], and this appendix is essen-
tially an expanded version of his 1962 paper, see also Stanley [2].
The partition function for the Ising model on the square lattice is

Z= Trexp(JZ SiSj) = (cosh )™ Tr[T (1 + 0S;S;) (C.1)
U RN

where N, is the number of bonds on the lattice and v = tanh J. The
parameter J is equal to the exchange coupling divided by k7.

If the product in (C.1) is expanded and the trace performed term by
term, only those factors that are multiples of the identity contribute to
Z. Because S? =1, this means only terms in which a given spin
variable appears 0,2,4,... times need be considered. To each such
term we can associate a graph G in which a line connecting two
nearest-neighbor sites represents a factor vS,S;. Evidently, only closed
graphs with an even number (0, 2, or 4) of lines at a given vertex
contribute to Z. The trace in (C.1) can therefore be written as

Trg(l +0S,S;) =1+ Y I(G) (C2)

381
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) ) )

1 (2) 3)

Fig. C.1 Three topologically distinct paths at a self-intersection of a graph.
Note (—1) factor associated with type (1).

where I(G) is the weight associated with each graph, which in our
case is simply v?, where b is the number of bonds in the graph.

We now establish a many-to-one correspondence between graphs G
and paths, which we will label by P, on the lattice. A “path” is a
directed graph on the lattice.

If the graph has no self-intersections, then it is clear that there is
just one possible path apart from the trivial multiplicity associated
with the sense in which the path is transversed. However, in the case
of self-intersection, there are three topologically distinct choices for
the path, as shown in Fig. C.1. If a graph has n self-intersections, then
there are 3" topologically distinct paths that “cover” the graph. We
assign a phase factor to the three types of intersection, as shown in
Fig. C.1, and define the weight function for a given path to be

W(P) = (—1)"I(G) (C.3)

where n, is the number of self-intersections of type 1 in the path. The
number of paths with n, self-intersections of type 1, n, of type 2, and
so on, is n!/(n!n,!n,!), so we have

!

.

(~1)"I(G)

Y 8 ——
+n,+ns,
mEmTet pon,ng!

(-1+1+1)"I(G)
= I(G) (C4)

L W(P)

Therefore, the sum of W(P) over all paths covering a given graph is
just I(G).
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‘ f
Fig. C.2 An improper path on the lattice in which some
bonds are traversed more than once.

We now wish to prove. the following theorem:
1+ Y I(G)=T1[1+w(P)] (C.5)
G P

where W(P) now includes all nonperiodic paths, which may or may
not correspond to an allowed graph. For example, in W(P) we allow
paths that traverse a given bond more than once, as shown in Fig. C.2.
Such terms never appear in the sum (C.2) because each factor US;S;
occurs at most once in the expansion on the left-hand side of the
product in (C.2). The improper path of Fig. C.2 can result from the
product of two proper paths, Fig. C.3. A periodic path is one in which
each bond is traversed in exactly the same way more than once, as for
example Fig. C.4, and these paths are, for the moment, forbidden.

T
I Ild
| |
| {
¢
| |
i
I |
I |
[ U —Y
(a)
===
d

Fig. C.3 Products of two paths, a and b, giving rise to the
* improper path in Fig. C.2. The bonds in the first path are

shown by solid lines, those in the second path are shown by
(b) dotted lines.
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® ®

Fig. C.4 A periodic path of period 2. > °

We have already proved that the sum over all paths in which no
bond is covered twice, and which therefore corresponds to an allowed
graph, reproduces L I(G). We now want to show that the sum of all
nonperiodic paths, (C.5), again reproduces the sum over graphs. In
the final step we will show that the sum over all paths, including
periodic paths, is equal to the sum over graphs.

Let us group together all terms in the expansion of the product in
(C.5) in which the same bonds are covered the same number of times.
The weights for these paths will differ only in sign.

Now choose a particular bond d which is covered N > 1 times. In
the product W(P,)W(P,)..., the paths P, either (i) contain the bond
d or (ii) they do not. In the example shown in Figs. C.2 and C.3, both
factors contain the bond d. Imagine removing the bond d from each
of the factors, giving N path segments which begin and end at the
ends of bond d. We call the N end points at either end of the bond d
" “terminals.” We group all terms that lead to the same set of path
segments into a subgroup. Bach subgroup will share identical paths of
type (ii), and the terms arising from each subgroup differ only in the
way in which the N bonds through d are connected. In Fig. C.5 we
~ show all six paths that belong to the group of the path shown in Fig.
C.2 together with the corresponding path segments. Note that each
subgroup in this case decomposes into two path segments. In general,
a subgroup will decompose into N path segments {01,0,,...,0n}
and all terms in the subgroup are formed by connecting the N “top”
terminals with the N bottom terminals. For N = 3 this is illustrated in
Fig. C.6.

The relative phase for each of the N! ways of attaching the
terminals is just the number of self-intersections of the N lines drawn
between the upper and lower sets of terminals. As one can see in Fig.
C.6, half of the terms have an even number of self-intersections and
half have an odd number of self-intersections. Therefore, the sum
over all terms in a subgroup gives 0. The see this in general, we note
that the number of intersections is equal to the minimum number
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_:j
0, r
A
Q3
f
(1a) (1b) ‘
——_Ll
Ql QZ
L%
(2a) (2b)
il
Q]
i ’ 99
|
| Q2
(3a) (3b)

Fig. C.5 The six terms in the group of Fig. C.2. To the right are the path segments,

which when joined in the two possible ways yield the two corresponding diagrams to
the left.

of permutations of 1,2,3,..., N to obtain the sequence S(1),
S(2),...,S(N). Exactly half of the permutations are even, and con-
tribute with a (+1) phase, and half are odd.

We assumed that the path segments {Q,, Q,,...,Q,} in the sub-
groups were all different because if two are the same then it is
possible to join them in a way which leads to a periodic or repeated
path. We now consider a subgroup S in which we allow path segment
Q, to occur r, times, O, occurs r, times, and so on, and ’

Zr,. =N (C.6)

The notation used in Fig. C.7 needs a little explanation. We have
labeled each path by the sequence of subpaths of which it is com-
posed, and the order of the subpaths in the label follows the actual
sequence in which the path is traversed. There is an arbitrariness as to
the sense in which the entire path is traversed, but inequivalent paths
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) )
(a) (b) (c)
") ) )
(d) (e) )
Fig. C.6 The six possible ways of linking three path segments through a single bond.

The sign attached to each term is the phase, relative to path (a), and is simply (1)
where ¢ is the number of self-intersections.

S

can be obtained by reversing the sense in which a subpath is traversed
relative to the rest of the diagram. We indicate that a path is traversed
in the opposite sense by a bar over the label.

The parenthesis around a particular sequence indicates that this
subpath is closed. Thus, for ‘example, the path (0,0,X(0,0,) is
allowed, whereas the periodic path (Q,0,(Q,0Q,) of Fig. C8 is
forbidden.

We now wish to prove that the contribution to the product (C5)
from paths such as those in Fig. C.7 also vanishes. If we decompose
such a subgroup, which we denote by 3, by removing bond d, and
then recombine the path segments in all possible ways, we will
generate some forbidden paths in addition to the allowed paths that
make up the subgroup. Therefore, we must show that (i) the forbidden
graphs so formed all cancel out and (ii) the allowed paths also all
cancel out as they did in the case where none of the path segments
were identical.

The proof is by induction. We first assume that it is true that all the
paths for the group

20={QO;Ql”"’Ql;QZV"’QZ"'-} (C-7)

cancel. This group is identical to 3 except that one path segment of
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) )

(0,02)(0,0 ' (9,0(0,05)
(@) (b)

3 <—;

—
|

(0,0,)(Q,0 (Q,0,)(0,0,)
(c) (d)
Fig. C.7 A sgbgropp, (a) through (d), consisting of four paths, which when decom-
posed lead to‘ldentlcal path segments. In this case there are two sets of identical path
segments, which we denote by {Q,, Q;, 0,, O,}. Note the paths (a) and (d) have sign

(—1), whereas (b) and (c) are (+1). In (e) we see the path segments formed when the
repeated bond is removed. ‘
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Ql\
Ql\\
17
o]
[o]
[
[o]
| L
QZ’*\»—)—
Fig. C.7 (Continued) (e)

the type Q,, which we have labeled Q,, is assumed to be different,
leaving r, — 1 identical path segments of type Q.

Each path in 3 corresponds to r; paths in %, because there are r;
places in which one can make the replacement Q, — Q;. Because
none of the paths in 3, are forbidden, replacing Q, by Q, cannot lead
to a forbidden diagram.

_ Now if we link the path segments in all possible ways and then

identify Q, = Q,, we will generate forbidden paths. That is, the path
containing Q, will either become periodic or will become equal to
another subpath.

In the first case the relevant subpath has the form

P = (QoXQ1X QIX)m—l (C-S)

Q. X is a nonperiodic subpath and, as the subscript indicates, occurs
w — 1> 1 times in P. On equating Q, = Q,, P becomes periodic
with period o > 2.

Now consider the path

P = (QOXQIX T QIX)w—Z (C,9)

Such a path occurs in a term of the form W(P")W(Q,X). This term
also belongs in 3, and leads to a forbidden path when Q, = Q, of the
second type, that is, one in which a subpath is repeated more than
once. Furthermore, the sign of the term W(P) is opposite to that of
W(P)W(QX) and therefore all the forbidden graphs cancel in pairs.
The remaining terms in 3, that correspond to the allowed paths in 3
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G} )

(Q002)(Q; Q) (Q0Q2)(Q,0Q2)

) )

(0002)(Q;02) (QQ2)(Q,0y)
Fig. C.8 Forbidden graphs which cancel pairwise when Q, = Q.

have already been assumed to cancel, and therefore all the terms in
3,, cancel.

For the example of Fig. C.7, on taking one of the path segments Q,
fgr Q,, we get 12 paths, eight of which are equivalent to the paths in
Figs. C.7a—d, and the remaining four are forbidden. These are shown
in Fig. C.8.

We have thus far proved that the product (C.3) over all nonperiodic
paths reproduces the sum over all allowed graphs in the partition
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function for the Ising model. We now show that we can write the free
energy as a sum over all paths, including periodic paths.

Taking the logarithm of the partition function, apart from uninter-
esting factors, we have

ln[l + ZI(G)] = Y in[1 + W(P)] (C.10)
G P
Expanding the logarithm on the right-hand side of (C.9),
1 1
Y In[1 + W(P)] = Z[W(P) —~ EW(P)z + EW(P)3 | (C11)
P P

The first term in the sum is over all nonperiodic paths, the second is
over period-2 paths, the third over period-3 paths, and so on.

In order to actually evaluate the sum in (C.11), we now show that
the terms in (C.11) can be represented as a Markov process; that is,
each step in a path (now including periodic paths) is, apart from the
restriction that the step cannot go backwards, independent of all the
previous steps. Let us label the possible directions in which a step can
enter and leave in site as shown in Fig. C.9. For each of the four
incoming directions, there are three possible outgoing directions. We
indicate the site by a Latin index, for example, i, and the outgoing
direction from site i by a Greek index, a. We denote this pair of
indices by

p=(i,a) (C.12)

The sign we attach to a path is (—1)"», where n, is the number of
self-intersections of the path. By a theorem of Whitney [3]

(-1 =-(-1" (C.13)

Fig. C.9 Labeling of the four directions by which
a path may leave a vertex.
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where ¢, is the winding number of the path, and is equal to the
number of counterclockwise rotations minus the number of clockwise
rotations. If we assign a phase e®/? at each vertex, where 6 is the
angle through which the path turns, then

(-1)7 = l:[exp(i—zj) (6.14)

This, together with Whitney’s result (C.13), gives a convenient way of
counting self-intersections. Let us now define a 4N X 4N “transition
matrix” M,(p, p'), which assigns the proper phase for making a step
from p’ = (j, B) to p = (i,a). Obviously, unless sites { and j are
nearest neighbors the corresponding matrix element will vanish. In
fact, there are only 12 nonvanishing matrix elements, which are
illustrated in Fig. C.10.

The sum of all paths of [ bonds connecting p and p’ is simply the
matrix product

»

M(p,p') = Z ZM(P,Pl) Ml(P‘zq’(I\!’,)

Pi-1

= Mi(p,p') (C.15)

Because M, is translationally invariant we can write
1 iq-(r—1)
M(p,p') = 3 Le M (6 @, B) (C.16)
q

where M(q; a, B) is the Fourier transform of M(p, p"). Introducing
this into the product (C.14) gives

L
My(p,p) = 5 LeMi(a; @, B) (C.17)
q

The Fourier transformed matrix M(q; @, B) is only 4 X 4 and has
the form [C.2]

e—iql e—ia-r/4e—-iq2 0 eiw/4eiq2
Ml(q) _ eiq-r/4e—iq1 Ae-—iqi. e*i‘""/"*ei‘h B 0 ’ (Clg)
0 em-r/4e iq, el e m-/4ezq2
e—iv'r/4e—iql 0 eiv‘r/4eiql eiq2
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BByt 18,5 eim/ts, .~ 16, 8,3
@ *
i
_r
=72
a=3 i j 6=0
i B e
i
ir/4
efm/As, 18 .yt 1845 5y 16, 805

(&) h)
Fig. C.10 The nonzero matrix elements, (a) through (1), of M{(p, p).

A closed path is obtained by setting g = ¢q’, so the sum over all
closed paths of / bonds (), can be written as

1
Q= - Try Mi(q) (C.19)
q

The factor of 1 /l‘arises because there are [ possible points along the
closed path at which to begin, all of which are equivalent. The overall
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16,4 elm/ts, .+ 18
(® ©)

y,y’aa’,l

Fig. C.10 (Continued)

minus sign comes from Whitney’s theorem, and we divide by 2
because a path can be traversed in two possible directions. If we
finally sum over all [ and replace the sum over wave vectors by an
integral, we have |

i

1 ZWidgl deqz Ml(l)

1 27 dq, dq, :
=T — | —m(-M C.20
il Ny n( 1) (C.20)

0277021711

Using the identity trln 4 = In Det A, we finally have

1 1 27rdq1 dq2 .
— = — — [ —InDet|1 — M c21
§ Tl WPl =5 o [ ZnDet[l = Mi@)] (C:21)
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Boldface numbers designate the main discussion of that subject.

Abelian group, 139
AF denotes antiferromagnetic
Algorithm, Metropolis, 231, 234
Antiferromagnet, 219
Antiferromagnetic Ising model, 205
Antiferromagnetism, 145
Antikink, 150
Aperiodic attractor, 54
Approximation:

cluster, 246

Hartree, 330, 337

mean field, 240

Migdal-Kadanoff, 223

ring, 339

self consistent, 337

Stirling’s, 150, 155
Asymmetric universality class, 130
Asymptotic series, 205
Attractor, 41, 44, 48

aperiodic, 42, 54, 55

chaotic, 42

Ball, d-dimensional, 2

Basin of attraction, 12, 43, 120
Baxter-Wu model, 213, 214

BCS theory, 238

Bernard, see Rayleigh-Bernard cell
Bessel function, 282

Bethe lattice, 83

Bifurcation, 34, 42-46, 60, 63, 64
pitchfork, 42

Binomial, 220
coefficient, 150

Block:
structure, matrix, 167,171, 173
transformation, 94

~ Block spin, 112, 113, 183, 198, 208,

209
nearest neighbor coupling, 185
triangular lattice, 184
Boltzmann:
factor, 159
weight, 345
Bond:
closed, 78
moving, 217, 225, 226
open, 78
percolation, 69, 86, 96, 127
renormalized, 88
renormalized horizontal open, 98
terminal, 101
Bose fluid, 359
Boundary:
conditions, periodic, 70,209 ,
site, 72
Brownian:
fixed point, 18
motion, 9, 22
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Calculation, gory details, 270
Cantor set, 3-9, 31, 55
Carpet, Sierpinski, 7, 31
Cauchy-Riemann relations, 346
Cayley tree, 86

critical probability, 90

order parameter, 84

paths, 85

percolation, 83, 105

percolation threshold, 80
Cell:

nine spin, 208

seven spin, 204

three spin, 198
Chain:

Ising, 369

rule, 135
Chaos, 34, 59

behaviour, 38, 39

large scale, 37

onset, 65

regions, 37, 39

transition to, 39
Characteristic function, 21
Charge, topological, 346
Chemical potential, 24, 350
Circulating square, 48
Circulation, 348
Cluster:

approximation, 246

average size, 74

bond, 87

connected, 70, 88

distribution function, 105

fractal dimension, 76

infinite, 70, 73, 76

isolated, 70

largest, 77

mean size, 85

number, 71, 73, 74, 76, 82

number of sites, 75

three-spin, 146, 246
Coarse grained, 10, 11, 15

Hamiltonian, 114, 116

lattice, 26, 89

parameter, 18

variable, 111
Combinatorial solution, Ising model, 381
Completeness relation, 193
Composition rule, 118
Condensate wave function, 344
Conjugate parameter, 119
Connectivity, 69, 70, 94
Conservative map, 65
Constraint, global, 323

Contour integration, 253, 326
Control parameter, 40, 53, 59, 64
Coordination number, 240
Corner rule, 26
Correlation:
exponent, 105, 106, 254
fixed point, 236
length, 26, 74, 88, 109, 121, 147, 254
divergence, 122, 126
exponent, 74, 89, 90, 122
at fixed point, 120
Ising, 149, 152
Correlation function, 110, 139, 178, 360
cumulant part, 125
decay, 141
determinant, 175
exponent, 154
Gaussian, 260, 262
Ising, 151, 152, 168
longitudinal, 269
order parameter, 120, 125
scaling form, 124
spin-spin, 147, 357
spin wave, 358
transverse, 269
two point, 371
Coulomb gas, 347
Coupling:
critical, 181
renormalized, 209
three spin, 198, 199
Covering lattice, 77
Critical:
behaviourd = 4, 317
coupling, 181
exponent, 25, 74, 76
determination, 285
epsilon, 287
invariant, 134
Ising, 180, 255
spherical model, 326, 328, 338
table, 80, 110, 180, 287, 328, 342
fluctuation, 109
index, 203
index table, 203
isotherm, 123, 242
line, 103
opalescence, 109
phenomena, 108
point, 1, 195, 357
liquid-gas, 109
signal, 121
probability, 80
surface, 12, 119, 195, 286
temperature, Ising model, 241

table, 161, 241
trajectory, 357
Crossover:
exponent, 130
phenomena, 129
Cumulant, 21
connected, 125
evaluation, 292
expansion, 186, 209, 271, 364
expansion asymptotic, 205
Feynman diagram, 274
first, 187, 197, 201
table of contributions, 202
with A, 197
revisited, 191
second, 188, 199, 245
evaluation, 277
table of contributions, 200
table for Ising model, 205
Curve, 2 )
continuous, 2
Cutoff:
momentum, 260
restore, 271

Decimation, 11, 116, 351
diamond lattice, 218
fields, 282
hierarchical lattice, 218
honeycomb lattice, 161
transformation, 114
Degrees of freedom, integrating out, 262
Delta function, Dirac, 15, 20, 113, 302
Detailed balance, 231
Determinant:
correlation function, 175
Toeplitz, 176, 178
DHL, see Diamond, hierarchical lattice
Diagram: '
Feynman, 272, 308, 371
Green function, 310
self energy, 308
Diagrammatic method, 375
Diamond:
hierarchical lattice, 87, 107
lattice, 80, 241
decimation, 218
Dielectric breakdown, 69
Diffusion, 9
Dilution, site-bond, 99
Dimension:
Euclidean, 1, 9, 10, 90
fractal, 2, 3, 10, 30
Hausdorff, 2
map, 34
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three, 20

topological, 2
Dirac, see Delta function, Dirac
Divergence, exponential, 35
Domain:

Ising, 158

of attraction, 194
Duality, 78

transformation, 167
Dyson equation, 312, 338, 339

Edwards-Anderson spin glass model, 219
Eigenvalue, 58
equation, 118
thermal, 286
Eigenvector, 13
Elastic properties, 99
Energy:
density, 124
internal, 146
self, 308, 348
Ensemble:
canonical, 24 >
grand canonical, 24
Entropy, 146, 206
€
critical exponent, 287
expansion, 239, 266, 267
expansion field theoretic approach, 307
expansion renormalization, 282
Equation: :
difference, 59
of state, 123
spherical model, 326, 327
‘Ergodic, 39
Euclidean, 1,9
dimension, 90
random walk, 10
Euler’s constant, 347
Exchange:
constant, 145, 149
coupling, 148, 153
Excitation, topological, 151, 345
Expansion:
1/n, 322,336
cumulant, 186, 209, 271
~ cumulant asymptotic, 205
€, 239, 266, 267
gradient, 281, 282
Exponent:
correlation, 254
critical:
determination, 285
g, 287
spherical model, 326, 328
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Exponent, critical (Continued)
table, 342
maximal, 129
specific heat, 255
susceptibility, 331

Factorial, 150
Feigenbaum-Cvitanovic:
equation, 51
universal function, 51
Ferroelectricity, 144
Ferromagnet, 14, 219
Ferromagnetic, fixed point, 149
Ferromagnetism, 113, 144
Feynman:
diagram, 272, 278, 308, 371
cumulant, 274
graph, 376
Field:
arbitrary, 360
internal space, 268
interpolation, 282
local, 239
momentum space, 265
product, 273
renormalized, 198
rescaling, 294
scalar product, 268
source, 124
symmetry breaking, 122, 131
theory, 248, 375
€ expansion, 307
1/n expansion, 336
Fig tree, 40
Finite size scaling, 131
Fixed point, 13, 40, 299
analysis, 192
Brownian, 18, 19
conservative map, 66
correlation length, 120
critical surface, 194
eigenvector, 194
ferromagnetic, 149, 153, 154
Gaussian, 263, 264, 276, 290, 318
Hamiltonian, 120
hierarchical lattice, 89
isolated, 126
logistic map, 43
neighborhood, 117
neighborhood RG, 134
nontrivial, 27, 89
paramagnetic, 154
parameter space, 193
phase transition, first order, 128
renormalization group, 117

sol-gel, 103

standard map, 65

table, 203

trivial, 27, 89, 121
Wilson-Fisher, 290, 318

Fluctuation, 1, 109, 258, 319
critical, 109
dissipation theorem, 127, 143
free energy density, 254
long wavelength, 327
order parameter, 109, 121, 344
quadratic, 244
thermal, 259
thermodynamic average, 127

FM denotes ferromagnetic

Fourier transform, 20, 112, 114, 140, 167,

251, 260, 323
Fractal, 2, §, 8, 55
Fractal dimension:

Cantor set, 5,9
cluster, 76

Koch island, 6, 30
random walk, 10
Sierpinski carpet, 7 *

Free energy, 125, 138
correlation function, 260
density, 117, 122, 128, 131

fluctuations, 254

functional, 342

Gaussian, 264

Gibbs, 146

homogeneity, 121

invariance, 112, 116
Landau-Ginzburg, 255, 257, 268, 291
minimizing, 244

Frustration, 206

Fugacity, 24, 28, 350, 354, 356

Functional:
derivative, 372
integral, 115, 362, 372

Gamma function, 341
incomplete, 214
Gas:
Coulomb, 347
vortex, 348, 350
Gaussian, 21, 31
distribution, 22
fixed point, 263, 264, 276, 318
fixed point stability, 264
free energy, 264
functional, 372
integral, 140, 248, 358
model, 17, 259
model RG analysis, 261

model susceptibility, 261
probability, 14
weight, 273
Gellation, 69
Generating;
function, 24, 124
functional, 372
potential, 125
Generator:
group, 291
hierarchical lattice, 86
rotation, 138
Global:
constraint, 323
structure, aperiodic attractor, 54
Goldstone:
bosons, 137
modes, 137
Gradient, expansion, 281, 282
Graph, 26
cancel pairwise, 389
cover, 382
decomposition, 163
forbidden, 157
loop, 164
partition function, 157, 163
path, 162, 163
rooted, 168, 169
self intersection, 382
subloop, 162, 164
sum over, 162
vertex, 162
Green function, 140, 272, 281, 341
diagram, 310
Dyson equation, 312, 337
free, 372
two point, 378
Group, xiii
abelian, 139
Gyration radius, 74, 75

Hamiltonian, 13

coarse grained, 111, 114, 116

fixed point, 120

Ising, 145, 148, 184

operator, 110

Potts model, 206

RG transformation, 110

universality class, 129
Hamilton-Jacobi theory, 35
Hamilton's equations, 35
Hartree approximation, 330, 337
Hausdorff dimension, 2
Heisenberg, order parameter, 287
Helium:
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superfluid, 345, 359

superfluid film, 359, 361
Henon-Heiles Hamiltonian, 36, 37, 39
Hierarchical lattice, 86, 87

decimation, 218 \

generator, 86
Honeycomb, lattice, 78, 80, 159, 160, 241
Hubbard-Stratonovich:

partition function, 255

transformation, 239, 247
Hyperbolic, 152, 156
Hypercube, 226, 323
Hyperscaling, 126, 127
Hypersphere, 323
Hypersurface, 37
Hypothesis:

scaling, 75, 319

universality, 91, 127, 256, 287

Image point, 57
Incommensurate, 145
Insertion:
polarization, 340
self energy, 310, 337, 340
Integral, functional, 115, 362‘. 372
Interaction, three spin, 201
Internal energy, 146
Intersecting storage ring model, 39
Invariance:
critical exponent, 134
scale, 1
Irrelevant, 299
scaling field, 121
variable, 13
Ising:
chain, 148, 369
critical exponent, 255
order parameter, 287
Ising model, 27, 78, 127, 144, 183, 217
antiferromagnetic, 183, 205, 207
bond dilute, 219
combinatorial solution, 381
correlation function, 168
critical temperature, 241
exact solution, 162, 168
ferromagnetic, 155, 183, 205, 206
Hamiltonian, 184
magnetic field, 152, 155
magnetization, 240
mean field theory, 239
Metropolis algorithm, 231
one dimension, 147, 152
one dimensional chain, 366
order parameter, 147, 240, 287

v

partition function, 162, 247, 250, 255, 381
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Ising model (Continued)
phase diagram, 222
random bond, 219
renormalization group, 183
renormalization group equation, 136
specific heat, 132
square lattice, 162, 168
table:
of critical indices, 203
of cumulant expansion, 205
of fixed points, 203
triangular lattice, 183
two dimensional, 155, 161
Isotherm, critical, 123, 242, 328
Iteration, 86

Jacks, 31
Jacobian, 58

Kagomé lattice, 181
dual, 105
KAM denotes Kolmogorov, Arnold, and
Moser -
KAM theorem, 37
Kink, 149, 150, 152, 158
Koch Island, 30
quartic, 6, 7
triadic, 5, 6
Kosterlitz, renormalization, 351
Kosterlitz-Thouless, transition, 141, 151,
344, 359
Kronecker delta, 113, 164, 165, 214, 302

Lagrangian, 259
Landau-Ginzburg:
form, 281
free energy, 255, 257, 268, 291
model, 322
theory, 330
Laplace’s equation, 345, 362
Lattice:
animal, 72, 73, 105
artificial, 86
Bethe, 83
body centered cubic, 80, 241
Bravais, 86, 90, 95, 145
chain, 80, 241
coarse grained, 89
covering, 77, 90
diamond, 80, 86, 241
dual, 78, 79
face centered cubic, 80, 241
gas, 144
hierarchical, 86
hierarchical self-similar, 89

honeycomb, 78, 80, 159, 160, 241
hypercubic, 226
isolated site, 71
Kagomé, 105, 181
matching, 78
self dual, 159
self-matching, 79
simple cubic, 80, 241
site, 69
square, 71, 78, 79, 80, 241
square self dual, 160
square site percolation, 94
square transformed, 114
three dimensional, 77
triangular, 78, 91
triangular block spin, 113
triangular decomposition, 207
triangular dual, 159
triangular lattice, 92
triangular majority rule, 93
triangular three site cell, 93
Law:
large numbers, 22
scaling, 110, 122, 126, 127
Left-to-right rule, 106
Length:
correlation, 109
large scale, 285
rescaling, 276
Liouville'’s theorem, 56, 57
Logistic map, 40, 42-47, 63-66

Ma ordering, 329, 337
Macromolecule, 69
Magnetic field:

Migdal-Kadanoff transformation, 227

renormalization group, 196
Magnetization, 124, 146, 147, 151, 178
Ising, 179,240
spherical model, 327
spontaneous, 179
Majority rule, 91, 112, 207, 208
triangular lattice, 93
Map, 26
area preserving, 56, 58
conservative, 56, 57, 65
dissipative, 56, 65
dynamical, 39
linearizing, 57
logistic, 40, 42-47, 63-66
nonconservative, 56, 57
nontrivial, 40
one dimensional, 39, 47
Poincaré, 36, 37
renormalized, 49, 50, 60, 64, 66

sine, 41

standard, 58-61

stroboscopic, 38

two dimensional, 34, 56, 57

universal behaviour, 56

universal properties, 65
Marginal, variable, 13, 16
Markov process, 390
Master equation, 231
Matrix:

block structure, 171, 173

elements, nonzero, 392
MC denotes Monte Carlo

MCRG denotes Monte Carlo renormalization

group, 231, 236

MCS denotes Monte Carlo steps per spin

Mean field, 238
Ising model, 239
magnetization, 240
variational, 243
Melting, 108
Menger sponge, 32
Metropolis algorithm, 231, 234
MFT denotes mean field theory
Microscopic details, 112
Migdal-Kadanoff:
approximation, 223
method, 217, 223
potential, 224
transformation, 223
transformation, magnetic field, 227
MK denotes Migdal-Kadanoff
Mode:
long wavelength, 262
short wavelength, 262, 333
Model, see also Ising model
Baxter-Wu, 213, 214
Gaussian, 17, 259
RG analysis, 261
susceptibility, 261
Landau-Ginzburg, 322
n-vector, 322, 329
spherical, 322
X-Y, 151, 344, 359
planar, 357
Molecular field, 144
Weiss, 238
Moment, 21
Momentum: .
cutoff, 111, 114, 260, 262
shell, 293, 303
space, 112, 114
field, 265
variables, 115
Monte Carlo:
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calculation, 93, 94, 95, 96
Ising model, 133
renormalization group, 230

Neighbors, number of nearest, 80
Newton’s method, 192
Nonanalytic, 108
Nonintegrability, 34

Numerical solution, 35

n-vector model, 329

Occupation probability, 75
Qil flow, 69
Opalescence, critical, 109
Operator:
Hamiltonian, 110
irrelevant, 119
marginal, 119
parameter space, 118
projection, 111, 193
relevant, 119
Orbit, 35, 40
Hamiltonian, 117 »
period-1, 41, 45, 46
period-2, 41, 45, 46
period-4, 63, 64 }
superstable, 48, 49, 53, 67
unstable, 41
Order:
long range, 141
short range, 141
Ordering, Ma, 329, 337
Order parameter, 109
Cayley tree, 84
correlation function, 120, 125
fluctuation, 121, 344
Heisenberg, 287
Ising model, 147, 240, 287
percolation, 73
renormalized, 123
scaling relations, 110
Overcounting, 209

Paramecium, 72

Parameter:
physically adjustable, 14
relevant, 130

Partition function, 24, 78, 115, 124, 270
coarse grained, 112
Feynman graph, 376
graph, 156, 157, 162 ’
honeycomb lattice, 161
Hubbard-Stratonovich, 255
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Ising, 146, 148, 156, 162, 165, 168, 170, 247,

250, 255, 381
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Partition function (Continued)
spherical model, 325
spin wave, 349

Partitioning, 115

Path:
forbidden, 388
graph, 162, 163
rooted, 169
segments, 385

Percolation, 69
applications, 83

bond, 69, 77, 79, 80, 84, 86, 90, 96, 127
bond-cell for, 97
Cayley tree, 83
critical exponent table, 80
one dimension, 81
order parameter, 73
site, 69, 77, 80, 84, 90, 91
site on square lattice, 94
site RSRG, 97
threshold, 70, 73, 80
Period doubling, 34, 39, 41, 45-47, 51, 59
Perturbation theory, 1 ’
Phase:
disordered, 108
ordered, 108
space, 35
thermodynamic, 108
Phase diagram:
Ising model, 222
sol-gel, 103
Phase transition:
first order, 108, 128
fixed point, 128
liquid-gas, 238
second order, 108, 118, 128
zero temperature, 141
Physical subspace, 120
Pitchfork bifurcation, 42
Plaquette:
square lattice, 79
triangular lattice, 206
Plasma, 350
Poisson equation, 362
Polarization insertion, 340
Polymer, 22
Potential, generating, 125
Potts model, 206

three state, 211

two state, 207, 214
Power law, 320
Probability:

bond, 85

critical, 80

distribution, 15, 20
renormalized, 16
rescaled, 16

Gaussian, 14

occupation, 73, 75

renormalized bond, 88

renormalized site, 95

site, 78

Projection operator, 111, 193 -
Propagator line, 378

Quad'rature, solving coupled equations, 288
Quasicontinuous, 220

Random bond Ising model, 219
Random walk, 9, 16
coarse grained, 10
with drift term, 19
renormalization group, 14
self avoiding, 17, 22
self-similar, 16
universality class, 20
unrestricted, 14
Rayleigh-Bernard cell, 40
Real space renormalization group, 22, 96
Relevant: ,
parameter, 130
scaling field, 121
variable, 13
Renormalization, 12
cell, 94
equations, 27
solution, 296, 360
to order g, 282
group:
fixed point, 117
Gaussian model, 261
Monte Carlo, 230
group equation, 12, 149, 192, 196, 210, 355
356 ’
group generator, 291
group in limit n — oo, 332
group Ising, 183
group linearized, 135
group majority rule, 91
group momentum space, 112
group real space, 22, 96
group transformation, 269
Kosterlitz, 351
transformation, 11, 49, 110
on Bravais lattice, 95
on square cells, 96
Renormalized:
away, 88

coupling, 148, 209
field, 153, 198
horizontal bond, 102
order parameter, 123
site probability, 95, 100
trajectories, 130
Rescaling, 11,15, 18,50
field, 294
length, 276
variable, 263
Resistor network, 69, 98
Reynolds number, 40
RG denotes renormalization group
RG equation:
magnetic field, 196
second order, 198
Ring approximation, 339
RMS denotes Toot mean square
distance, 9, 10, 16
Rotation:
generator, 138
operator, 138
symmetry, 137, 281
RSRG denotes real space renormalization
group
Rule:
chain, 135
composition, 118
corner, 26-
left-to-right, 106
majority, 91, 112, 207,208
majority triangular lattice, 93
symmetric, 99, 100
Rushbrooke scaling law, 127, 142
RW denotes random walk

SAW denotes self avoiding walk
Scale:
factor, 8, 11,118
factor renormalization group, 270
invariance, 1
invariant, 4
large length, 285
loss of, 1, 109, 121
small, 14
transformation, 62
Scaled temperature, 134
Scaling, 47
behaviour, 109
equation, 116
exponent, 17, 18, 124
field, 13, 117, 121
irrelevant, 121
one dimensional map, 52
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relevant, 119, 121
sol-gel, 104
finite size, 131
form of correlation function, 124
hypothesis, 75, 319
law, 76, 110, 122, 126, 127
law, Rushbrooke, 127,142
linear, 290
order parameter, 110
relation, 3, 110
source, 125

Self:

avoiding walk, 22, 96
consistent approximation, 337
dual, 78, 159
energy, 308, 348
energy diagram, 308
energy insertion, 310, 337, 340
intersection, 384
Self-similar:
aperiodic attractor, 55
Cantor set, 5
Cayley tree, 83
hierarchical lattice, 89
orbit, 65
random walk, 16
Self-similarity, 1,3, 4
Semiconvergent, 205
Series, asymptotic, 205
Sgn denotes the sign of, 186, 187
Shear modulus, 99
Sierpinski carpet, 7,31
Sine map, 41
Site:
bond dilution, 99
bond problem, 69
percolation, 69
terminal, 86
Sol-gel:
phase diagram, 103
renormalization group trajectories, 104
transition, 99
Source:
field, 124
scaling, 125
Space, internal of fields, 268
Specific heat, 122, 131, 146,243
critical exponent, 255
discontinuity, 245
figure, 132, 133
Ising, 132, 168
scaled, 133, 134 /
Spherical model, 322
critical exponent, 326, 328,338
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Spherical model (Continued)
equation of state, 326, 328
magnetization, 327
partition function, 325
susceptibility, 327

Spin:
glass, 145
—spiﬁ correlation function, 357
wave, 139, 349, 356, 358, 360
wave partition function, 349

Sponge, Menger, 32

Standard map, 58-61

Star-triangle transformation, 160, 181

Statistical: :
independence, 84
weight, 75, 87, 91

Steepest descent, 250, 325

Step function, 303

Stirling’s approximation, 150, 155

Stochastic, 37

Subbranch, 84, 85

Subspace, physical, 120

Superconductivity, 238

Superfluid:
density, 361
helium, 345, 359
transition, 14
velocity, 359

Superstable, 48

Surface, 2
critical, 12, 119, 195, 286

Susceptibility, 109, 127, 146
exponent, 331
Gaussian model, 261
noninteracting system, 316
spherical model, 327
zero field, 123

Symmetric rule, 99, 100

Symmetry:
breaking, 122, 126, 127, 156, 241, 258

spontaneous, 255
breaking field, 131
rotational, 281
spontaneously broken, 269

continuous, 141

Szegd’s theorem, 176

Tadpole, 339
Temperature:
parameter, 154
relevant parameter, 121
rounding, 131
scaled, 134
Texture, 345

Thermal:

eigenvalue, 286

fluctuation, 259
Thermodynamic:

action, 247

density, 128, 129

fluctuation average, 127

function, 110

limit, 131, 354
Third-order calculations, 204
Three-body problem, 35
Threshold, percolation, 70, 73, 80, 86, 96

triangular lattice, 91

RG transformation, 106
Toeplitz determinant, 176, 178
Topological:

charge, 346

distinct, 377

excitation, 151

excitations, 345

invariant, 346
Trajectory:

critical, 357

of Hamiltonian, 117

renormalized, 130

RG of sol-gel transformation, 104
Transformation:

approximate renormalization group,

86

block, 94

block spin, 112

decimation, 114

duality, 78, 167

Hubbard-Stratonovich, 239, 247

renormalization group, 11, 110, 269

RG on Bravais lattice, 95

star-triangle, 160, 181
Translation invariance, 170
Triangular lattice:

decomposition, 207

Ising, 183

plaquette, 206
Truncation, 191, 209

parameter space, 111

Uncorrelated site and bond problems, 69
Universal:

behaviour superfluid, 359

function, 50

parameter, 53
Universality, 40, 47, 126, 127

class, 20, 58, 127

asymmetric, 130
hypothesis, 91, 127, 256, 287

Variable:
coarse grained, 111
irrelevant, 13
marginal, 13, 16
relevant, 13
rescaled, 263
separation of, 52

Variational theory, mean field theory,
243

Vertex, function, 273
Vortex, 345
bound, 357
bound pair, 352
circulation, 348
dissociation, 356
fugacity, 356
gas, 348, 350
ionized, 350
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plasma, 151, 350

quantized, 359

state, 349
Vorticity, 348

Wavefunction, condensate, 344 f
Wegner-Houghton:

generator, 296

infinitesimal renormalization, 291
Weight function, 382
Weiss molecular field, 238
WF denotes Wilson-Fisher
‘Whitney’s theorem, 390
Wick's theorem, 375
Winding number, 169

X-Y model, 151, 344, 359
planar, 357
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